
��A��� �Of��

TylRAft�� �¯ A`m��

TylRAft�� �¯ A`m�� ¨� �AyFAF� 1.3

�¡� ��¤ , TylRAft�� �¯ A`m�� ¨� �y¡Afm��¤ �Af§r`t�� �� T�wm�� �Of�� �@¡ �mSt§

: �y¡Afm�� �l�

�ky�¤ ��A� ry�t�¤ x �ky�¤ �qts� ry�t� �y� ©¤As� T�®� ¨¡ : TylRAft�� ¢� A`m�� : 1.1.3 �§r`�

... TylRAft�� �AqtKm�� �� r���¤� d��¤ �� , y(x)

. T� A`m�� ¨� TqtK� Yl�� Tb�C ¨¡ : TylRAft�� T� A`m�� Tb�C : 2.1.3 �§r`�

¨� ¨lRAf� ��A`� Yl�� x� ¤� ­w� ¤� T�C ¨¡ :TylRAft�� T� A`m�� T�C : 3.1.3 �§r`�

. T§rs� «w� ©w�� �®�A`� Yl� T� A`m�� º�wt�� �d� ªrK� T� A`m��

. T� A`m�� ¨� �AqtJ� Tb�C Yl�± x� rb�� ¨¡ �Aq§ ¤�

TylRAft�� �¯ A`m�� �� .1.1.3

: 
�A� �Ð� F (x, y, y′, y′′, . . . , yn) TylRAft�� T� A`ml� ®� y = y(x) ¢��d�� ¨ms� : 4.1.3 �§r`�

. ­r� n �AqtJ°� Tl�A� -1

: ©� TylRAft�� T� A`m�� �q�� -2

F (x, y(x), y′(x), . . . , y(n)(x)) = 0
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TylRAft�� �¯ A`ml� QA��� ����¤ �A`�� ���� .2.1.3


��w��� �� n Yl� ©wt�§ �� w¡ n Tb�r�� �� TylRAf� T� A`m� �A`�� ���� : 5.1.3 �§r`�

. TylRAft�� T� A`m�� �q�§ �bW�A�¤ T§CAyt�±�


��w��� �� n Yl� Am¶� dmt`§ �A`�� Ahl�  � d�� n Tb�r�� �� TylRAf� T� A`� ©� : 6.1.3 �§r`�

: ­CwO�� Yl� 	tk§¤ T§CAyt�±�

F (x, y, c1, c2, ..., cn) = 0

T§d���¤ ª¤rK��¤ Ty¶�dt�³� ª¤rK�� .3.1.3

 A�§� AS§� �nkm§ ,T§ A`�� TylRAft�� T� A`m�� �� �� �q�t�� �n� 
wlWm�� �¶Asm�� ¨�

Ty¶�dt�³� ª¤rK�� �§rV �� �t§ ��Ð¤ ,T� A`ml� �A`�� ���� ¨� ­r¡A\�� T§CAyt�³� 
��w���

. T§�db�� ¨� YW`� ¨t��

�yt�A� Yl� ©wt�� ,®�� Ty�A��� Tb�r�� �� TylRAf� T� A`m� �A� ��  w�¤ �A� ¨�¤

.T� A`ml� �yy�AR� �yVrJ �yt�A��� d§d�t� �zl§ ,�y§CAyt��

ª¤rK�� 
�A� y(x2) = y2 , y(x1) = y1 �ytflt�� �ytWq� dn�  AVrK�� 
yW�� �Ð�

Tmyq�� T��sm� T§d��� ª¤rK�� Y�� T�AR³A� TylRAft�� T� A`m�� ¨ms� A¡dn� , T§d� AV¤rJ

.T§d���

TylRAft�� �¯ A`m�� ¨� �§CA`� 2.3

r��� ¤� ��At� �AqtK� ¤� �®RAf� Yl� ©w�� T� A`� �� ¨¡ TylRAft�� T� A`m�� : 1.2.3 �§r`�

�kK�� �� ¨¡¤ �¯w�tm� Tbsn�A�

(E) F
(
x, y, y′, . . . , y(n)

)
= 0

: 1 �A��
dx

dy
z + ydx = u
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: Y�� TylRAft�� T� A`m�� �nO�¤

T§ A� �®RAf� ¤� �AqtK� Yl� ©w�� TylRAf� T� A`� ¨¡ : T§ A� TylRAf� T� A`� -1

r��� ¤� ��At�

: 2 �A��

ydx+ xdy = ez

Ty¶z� �®RAf� ¤� �AqtK� Yl� ©w�� TylRAf� T� A`� ¨¡ : Ty¶z� TylRAf� T� A`� -2

r��� ¤� ��At�

: 3 �A��
∂x

∂y
= zx

��At�� �� �k� Tbsn�A� TyW�  wk� ¨t�� T� A`m�� ¨¡ : TyW��� T§ A`�� TylRAft�� T� A`m�� -3

. Ah� ��º�d� Yl� ©w�� ¯ ¤ Ah�AqtK�¤ ���wt�� ¤�

�AqtKml� Tbsn�A� TyW�  wk� ¨t�� T� A`m�� ¨¡ : TyW��� Ty¶z��� TylRAft�� T� A`m�� -4

.­ w�wm�� ���wt�� ¤� ��Atl� Ty¶z���

. : 1 T\�®�

.Ahy�  w�w� �tK� Yl�� Tb�r� ¨¡ T� A`m�� Tb�r�  � -1

.Ahl� �yhst� r�µ �kJ �� TylRAft�� T� A`m�� �§w�� �km§¤ -2

Y�¤±� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� 3.3

�y�¤ y (T�wh�� rbt`�) T�� �y� T�®� ¨¡ , Y�¤±� Tb�r�� �� TylRAft�� T� A`m�� : 1.3.3 �§r`�

. y þ� x ry�tm��¤ Y�¤±� AhtqtK�

dy

dx
= F (x, y)

¤�

M(x, y)d(x) +N(x, y)d(y)

: Ty�At�� �rW�� �bt� �¯ A`m�� £@¡ ��� ���¤
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��ry�tm�� �O� Tq§rV .1.3.3

­CwO�� Yl� T� A`m�� �R¤ �k�� �Ð�

f(x)dx+ g(y)dy = 0

 wk� ��ry�tm�� �O� Tylm�  �� ��@�¤ y ¨� ¢�� g(y) ¤ Xq� x ¨� T�� f(x)  � �y�

: ����  wky� rJAbm�� ��Akt�� �d�ts� , �Of�� Tylm� d`� T� A`m�� ���¤ 
qq��∫
f(x)dx+

∫
g(y)dy = c

©CAyt�¯� 
�A��� �R¤ �km§¤ , �A`�� ���A� ���� ��Ð Yms§¤ , ©CAyt�� 
�A� c �y�

. �A`�� ���� �kJ Xysb� �AblWt� 	s� ­Cw} ©� Yl�

.A}A� ®�  wk§ ��An�� ����¤ ©CAyt�¯� 
�A��� �@� �yWts� , ¨¶�dt�� ªrJ �l� �Ð�¤

: Ty�At�� TylRAft�� T� A`m�� �� : 1 �A��

xy2dx+ (1− x2)dy = 0

: Yl� �O�n� y2(1− x2) Yl� T� A`m�� ¨�rV �sq� : ����

xdx

1− x2
+
dy

y2
= 0

: ¨l§Am�  wk� Ahl� Tq§rV¤ ��ry�tm�� �Of� Tl�A� TylRAf� T� A`� ¨¡ ¨t��¤

�y�rW�� ��Akt�∫
xdx

1− x2
+

∫
dy

y2
= 0⇒ −1

2
ln
(
x2 − 1

)
− 1

y
= c

⇒ ln
(
x2 − 1

)− 1
2 − 1

y
= c

⇒ 1

y
= ln

(
x2 − 1

)− 1
2 − c

w¡ TylRAft�� T� A`m�� �� ¨�At�A� ¤

y =
(

ln
(
x2 − 1

)− 1
2 − c

)−1
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T�At�� TylRAft�� �¯ A`m�� .2.3.3

: TylRAft��T� A`m�� 
�A��Ð�

P (x, y)dx+Q(x, y)dy = 0

:  � �y� f(x, y) T�� d�w� T��� , T�A�

P (x, y)dx+Q(x, y)dy = df

:  � ©�

(1)
∂f

∂x
= P (x, y)

¤

(2)
∂f

∂y
= Q (x, y)

d�� x þ� Tbsn�A� (2) T� A`m�� ¤ y þ� Tbsn�A� (1) T� A`m�� TlRAfm�

∂2f

∂x∂y
=
∂P

∂y
¤

∂2f

∂y∂x
=
∂Q

∂x

: ¨�At�� ªrK�� r�w� ©C¤rS�� �m� T�A� T� A`m��  wk� Yt�¤

∂P

∂y
=
∂Q

∂x

 ± �q�� w¡ ¤

∂2f

∂x∂y
=

∂2f

∂y∂x

: Ah`bt� ��wW� �S� �An¡ T�At�� T� A`m�� ���

�q�� A� T�� |rtf� -

df (x, y) =
∂f

∂x
dx+

∂f

∂y
dy = 0

�q�� ¤ .
�A� c  � �y� f(x, y) = c Ahl�  wky�

∂f

∂x
= P ¤

∂f

∂y
= Q
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d�� ��Akt�A�

(3) f (x, y) =

∫
P (x, y) dx+ ψ (y)

. x Y�� Tbsn�A� 
�A� C�dq� ψ (y)  � �y�

d��
∂f
∂y

= Q T� A`m�� ��d�tF�¤ y � Tbsn�A� Ay¶z� (3) ��rV� �RAf� -

∂f

∂y
=

∂

∂y

∫
P (x, y) dx+ ψ′ (y) = Q (x, y)

 � ©�

ψ′ (y) = Q (x, y)− ∂

∂y

∫
P (x, y) dx

?(�ÐAm�) . Xq� y ¨� ¢�� Am¶� ­ry�±� T� A`m�� ¨� �m§±� �rW��  � ^�®�

: �y� ψ′ (y) ¢��d�� �kJ �tnts� , y Y�� Tbsn�A� ­ry�±� T� A`m�� ¨�rV ��Ak� -

ψ (y) =

∫
Q (x, y) dy −

∫ (
∂

∂y

∫
P (x, y) dx

)
dy

Yl�  wk§¤ , T�At�� TylRAft�� T� A`m�� �� Yl� �O�� (3) T� A`m�� ¨� {§w`t�A�¤

: ­CwO��

∫
P (x, y) dx+

∫
Q (x, y) dy −

∫ (
∂

∂y

∫
P (x, y) dx

)
dy = c

: T� A`m�� �� d�¤� : 2 �A��

(6x2 + 4xy + y2)dx+ (2x2 + 2xy − 3y2)dy = 0)

: ����

: �S�

∂P

∂y
=

d(6x2 + 4xy + y2)

dy
= 4x+ 2y

∂Q

∂x
=

d(2x2 + 2xy − 3y2)

dx
= 4x+ 2y

¨�db�  Ahy� :­ÐAtF±�48­rks� rSy� dm�� T`�A�



TylRAft�� �¯ A`m�� .��A��� �Of��Y�¤±� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� .3.3

�S� : ¨l§A� �bt� T� A`m�� ���¤ . T�A� T� A`m��  � ¨n`§ �@¡¤

P (x, y) =
∂f

∂x
= 6x2 + 4xy + y2

Q (x, y) =
∂f

∂y
= 2x2 + 2xy − 3y2

: d�� ��Akt�A�∫
P (x, y) dx = 2x3 + 2x2y + xy2∫
Q (x, y) dy = 2x2y + xy2 − y3

d�� �RAft�A�

∂

∂y

∫
P (x, y) dx = 2x2 + 2xy

d�� ��Akt�A� ¤∫ (
∂

∂y

∫
P (x, y) dx

)
dy = 2x2y + xy2

:Yl� �O�t�  w�Aq�� �bW�

2x3 + 2x2y + xy2 + 2x2y + xy2 − y3 −
(
2x2y + xy2

)
= c

⇔ c = f(x, y) = 2x3 + 2x2y + xy2 − y3.

Ts�A�tm�� TylRAft�� �¯ A`m�� .3.3.3

Tl�A� �bO� �}±� ¨� ��ry�tm�� �Of� Tl�A� ry��� TylRAft�� �¯ A`m�� �� �nO�� �@¡

. ry�tm�� �§w�� d`� �Ofl�

: �kK�� Yl� Aht�At� �km§ �¯ A`m�� £@¡

dy

dx
= F

(
x

y

)
:  � d�� v = y/x �Rw� ��Ð¤ �Ofl� ��A� �bO§ �¯ A`m�� �� �wn�� �@¡

y = vx⇒ dy

dx
= x

dy

dx
+ v.
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Tl�A� Y�¤±� Tb�r�� �� TylRAf� T� A`� Yl� �O�� Tyl}±� T� A`m�� ¨� {§w`t�A�¤

. ��ry�tm�� �Of�

: Ty�At�� T� A`m�� �� d�¤� : 3 �A��

y′ =
x2 + y2

xy

¨l§A� T�At� �km§ F (x, y) = x2+y2

xy
�Rw�

F (x, y) =
x

y
+
y

x

Tyl}±� TylRAft�� T� A`m�� ¨� {§w`t�A�¤ . Ts�A�t� TylRAft�� T� A`m��  � �tnts� v = y/x �Rw�¤

:  � d��

dy =

(
1

v
+ v

)
dx

y = xv :�k�¤

�bO§ �y�rW�� �RAft�¤

dy = xdv + vdx

: Ty�At�� T�®`�� Yl� �O�� dy �� ¯d� {§w`t�A�¤

xdv + vdx =

(
1

v
+ v

)
dx⇒ xdv =

1

v
dx⇒ vdv =

dx

x

d�� �y�rW�� ��Akt�∫
vdv =

∫
dx

x
+ c⇒ 1

2
v2 = lnx+ c

­CwO�A� T� A`m�� T�At� �km§¤

y2 = 2x2 lnx+ 2x2c.

: �kK�� �� 	tk� ¨t�� TylRAft�� �¯ A`m�� : 2.3.3 �§r`�

N (x, y)
dy

dx
= M (x, y)

. Ts�A�t� TylRAf� �¯ A`� Ah�� �wq� ,T�Cd�� Hf� �� Ts�A�t� ��¤ M , N  � �y�

: �kK�� �� Aht�At� �km§¤

dy

dx
= F

(
x

y

)
. ��ry�tm�� �Of� Tl�A� �bO� ry�tm�� �§w�� d`� ¨�At�A�¤
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T�Cd�� �� Ts�A�t� Ah�� (x, y) �y� �� ��� �� T�r`m�� g(x, y) ¢��d��  � �wq� : 3.3.3 �§r`�

:  A� �Ð� n

g(tx, ty) = tng(x, y)

.(x, y) �y� �� ��� ��

? Ahl� d�¤� �� Ts�A�t� Ty�At�� T� A`m�� 
�A� �Ð� Amy� �y� : 4 �A��

xy′ − y = xex/y

T�At� �km§ :����

xy′ − y = xex/y ⇒ xy′ = y + xex/y

�Rw�

N (x, y) = x ¤ M (x, y) = y + xex/y

d��

N (tx, ty) = tx = tN (x, y)

¤

M (tx, ty) = ty + txetx/ty = t
(
y + xex/y

)
= tM (x, y)

: �kK�� �� Aht�At� �km§ Y�¤±� T�Cd�� �� Ts�A�t� ��¤ M , N ��¤d��  �� ¢n�

dy

dx
= F

(
x

y

)
: ¢� A`m�� �bO� x Yl� T� A`m�� ¨�rV Tmsq� : ¨l§Am� Ahl� Tq§rV

y′ − y

x
= ey/x ⇒ y′ =

y

x
+ ey/x

d�� v = y/x �Rw�

y = vx⇒ y′ = x
dv

dx
+ v

:Yl� �O�� �AW`m�� TylRAft�� T� A`m�� ¨� |w`�

x
dv

dx
+ v = v + ev ⇒ x

dv

dx
= ev ⇒ dx

x
= e−vdv
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Yl� �O�� �y�rW�� ��Akt�∫
e−vdv =

∫
dx

x
+ c =⇒ −e−v = lnx+ c

�y�rW�� Yl� ln þ�� �A� ��

ln
(
−e−v

)
= ln (ln x+ c) =⇒ v = ln (ln x+ c)

T� A`m�� �bO� v = y/x �Rw�

y

x
= ln (lnx+ c) =⇒ y = x ln (lnx+ c)

TyW��� TylRAft�� T� A`m�� 4.3

�� T� A`m�� ¨� T�AqtK�¤ ��At��ry�tm��  A� �Ð� TyW� TylRAft�� ¢� A`m��  wk� : 1.4.3 �§r`�

. Y�¤±� T�Cd��

:  wk� Y�¤±�Tb�r�� �� TyW��� TylRAft�� T� A`ml� T�A`�� ­CwO�A�

dy

dx
+ yP (x) = Q (x)

.y ¨� TyW� Yms�¤

: ­CwO�� Yl� Ah��� x ¨� TyW��� T� A`m�� A��

dx

dy
+ xa (y) = b (y)

: �kK�� �� Y�¤±� Tb�r�� �� TylRAft�� T� A`ml� �A`�� ����

y = e−I(x)

(∫
eI(t)Q (t) dt+ c

)
: �y�

I (x) =

∫
P (x) dx

. 
�A�  d� c ¤
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: Ty�At�� TylRAft�� T� A`ml� �A`�� ���� d�¤� : 1 �A��

(y + y2)dx− (y2 + 2xy + x)dy = 0

: ¨�At�� �kK�� Yl� Ah`R¤ �km§ �y� , x ¨� TyW� T� A`m�� : ����

dx

dy
+ xa (y) = b (y)

d�� dy(y + y2) Yl� T� A`m�� ¨�rV Tmsq�

dx

dy
− y2 + 2xy + x

y + y2
= 0

 � ©�

dx

dy
− y2

y + y2
− 2xy + x

y + y2
= 0 =⇒ dx

dy
− 2y + 1

y + y2
x =

y2

y + y2

d�� Y�¤±� T� A`m�� �� T��An�� T� A`m�� T�CAqm�

b (y) =
y2

y + y2
, a (y) = −2y + 1

y + y2

¢n�¤

I (y) = e
−
∫ 2y+1

y+y2
dy

= e
ln
(

1
y+y2

)
= e− ln(y+y2) =

1

y + y2

¤∫
I (y) b (y) dy =

∫
1

y + y2

y

y + 1
dy =

∫
1

(y + 1)2dy = − 1

y + 1

T� A`m�� ��  wk§

I (y)x =

∫
I (y) b (y) dy + c

1

y + y2
x = − 1

y + 1
+ c

©�

x = −y + c(y2 + y), c ∈ R

. TylRAft�� T� A`ml� �A`�� ���� w¡¤
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Ty�A��� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� 5.3

Tb�r�� �� TylRAf� T� A`� �wl�  A�§� Tyfy� �rK§ ©@�� ¨�At�� ¨�yRwt�� �A�m�� �ky�

.Ty�A���

:Ty�At�� T� A`m�� �wl�  A�§� �� 
wlWm�� : 1 �A��

x2y′′ + xy′ + y = 2

�� �lt�� T� A`m�� £@¡ �k�¤ ,Aq�AF A¡A�r�Ð Yt�� Tq§rW�� Ahn� �rV ­d`� T� A`m�� £@¡ �� �nkm§

T� A`m��

y′′ + ay′ + by = 0

.x ¨� T�� £@¡ �®�A`�  � ¨�

: Tt�A��� �®�A`m�� ��Ð TyW��� �¯ A`m�� w¡¤ r�µ� �wn�� A��

(II) y′′ + ay′ + by = Q(x)

: w¡ Ah� �A`�� ����¤

y = C1e
r1x + C2e

r2x + QA� ��

�� rb`§ «@�� Y¶z��� ��Akt��  A�§� �� ��¤ Ts�A�t� TylRAf� T� A`� 
�A� w� Am� ��� Yn`§

. �m§±� �rW�� ¨� Yt�� T��d��

: �kt�¤ ,Ts�A�t� TylRAf� T� A`� ��� ¾¯¤� �db�

y′′ + 3y′ − 4y = 0

 � |rf� :T�A��� £@¡ ¨�

y = Cerx

Y�¤±� TqtKm�� d�w�  µ� .¢yl� �O�� �y� Aq�¯ �rK� �wF (
�A�) A� Yqyq�  d� r �y�

£®�� TylRAft�� T� A`m�� ¨� Ty�A���¤

y′ = rerx ¤ y′′ = r2erx

d�� T� A`m�� ¨� {§w`t�A�

y′′ + 3y′ − 4y = 0
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r2erx + 3rerx − 4erx = 0

d�� �rtK� ��A� erx @���

erx[r2 + 3r − 4] = 0

: Y�A��� ���� @��� ¾�Ð� ,�y�ts� �@¡¤ erx = 0 A�� Ahn�¤

r2 + 3r − 4 = 0 =⇒ (r + 4)(r − 1) = 0.

.r = −4 ¤� r = 1 d��

: ¨¡ Tq�As�� T� A`ml� Tnkmm�� �wl��� �ym�  wk� ¢yl� ºAn�¤

y1 = C1e
x

¤� y2 = C2e
−4x

. 
��w� C2 ¤ C1  � �y�

T� A`ml� �A`�� ����  wk§ ¢n�¤ .¾AS§� T� A`ml� ®�  ®kK§ �yl�l� ¨W��� �zm�� ®�  � �Ab�� �km§

: �kK�� ��

y = C1e
x + C2e

−4x

: �kK�� Yl� y′′ + ay′ + by = 0 TylRAft�� T� A`ml� �A`�� ���� T�A� TfO�¤

y = C1e
r1x + C2e

r2x

­zymm�� T��dl� ¾�C¤@� Am¡ r2 ¤ r1 �y��

r2 + ar + b = 0

: ¨�At�� �kK�� Yl� Yt�� ©� Ts�A�tm�� ry� �¯ A`m�� Y�� Y���  µ�

(II) y′′ + ay′ + by = Q(x)

: w¡ Ah� �A`�� ����¤

y = C1e
r1x + C2e

r2x + QA� ��

Ts�A�tm�� ry� T� A`m��  µ� �kt�

y′′ + 3y′ − 4y = x2
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w� Am� ��� �¯ A`m�� �� �wn�� �@¡ . rfO�� �� ¾¯d� x2 �R¤ �� Tq�As�� T��d�� Ahsf� ¨¡ ^�®�

.Ts�A�t� y′′ + 3y′ − 4y = 0: 
�A�

: �wq�� AnflF� Am� �A`�� Ahl�¤

y = C1e
x + C2e

−4x

:  � T�} An� d�¥§ «@�� ���� �� ��b�  µ ,TylRAft�� T� A`m�� £@h� Y¶z� �� w¡ ���� �@¡

y′′ + 3y′ − 4y = x2

A���  � |rf� ��@� Ty�A��� T�Cd�� ��  ¤d� ry�� T�� �� ­CAb� �m§±� �rW��  � ^�®�  µ�

: �kK�� �� ¨¡ ¢� T�A`�� ­CwO��¤ Ty�A��� T�Cd�� �� T�� w¡ Ah� QA���

y = ax2 + bx+ c

d�� T� A`m�� ¨� {§w`t�A� y′′ = 2a ¤ y′ = 2ax+ b ¢n�¤

y′′ + 3y′ − 4y = x2 =⇒ 2a+ 3(2ax+ b)− 4(ax2 + bx+ c) = x2

. 
��w� a, b, c  � CAbt�� �� r�}±� x±� Y�� rb�±� x±� �� T� A`m�� £@¡ 	�r�

2a+ 6ax+ 3b− 4a2 − 4bx− 4c− x2 = 0

(−4a− 1)x2 + (6a− 4b)x+ (2a+ 3b− 4c) = 0

:©� rf} ©¤As§ º¯¥¡ �� ��A� ��  wk§  � ªrtK� T�y�} T� A`m�� £@¡  wk� ¨k�

4a− 1 = 0 =⇒ a = −1/4

6a− 4b = 0 =⇒ b = −3/8

Ts�A�tm�� ry� T� A`m�� £@h� �A`�� ����  wk§ ¢n�¤ . c = −13/32 AnyW`§ 2a+ 3b− 4c = 0 ¾�ry��¤

: w¡

y = C1e
x + C2e

−4x − (1/4)x2 − (3/8)x− (13/32)

: 
�A�  d� A �y� ? x2 
sy�¤ ¾®�� Q(x) = A sin(x) ¨¡ T��d�� 
�A� w� �`f� ÐA�

:¨�At�� �kK�� �� w¡ QA��� ����  � |rf� An¡

y = C sinx+D cosx
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¾®�  A�§³ Anl`� Am� ¾AV¤rJ �S� �� ��¤ ,Tyl}±� T��d�� ¨� |w`�¤ ¨�A���¤ �¤±� �tKm�� 
As��

. D ¤ C ��

.y = Cx+D �kK�� �� ©� Tyf��� T�� QA��� ����  � |rf� A��� Q(x) = ax T��d�� 
�A� w�

. y = CeAx:  � |rf� An��� Q(x) = eAx ¨¡ �m§±� �rW�� ¨� T��d�� 
�A� w�

. �m§±� �rW�� ¨� Yt�� T��d�� TlyO� Hf� ��  wk� TyRrf�� CAOt���

.x ¨� «r�� T�� ���w`�� Ahy� Yt�� T�A��� Y�� �qtn� ¢�AK� 
wlF��

(III) P (x)y′′ + q(x)y′ +R(x)y = Q(x)

.�wn�� �@¡ �� TylRAft�� �¯ A`m�� �� Tq§rV A`� �hf� ¨� �¤rWm�� �A�m�� �� �}�w�

x2y′′ + xy′ + y = 2

��A`t� ©� (TlkKm�� 
ht��¤) x ¨� Tt�A� T�� A¡rbt�� ¤� x ¨� T�� �m§±� �rW��  � ^�®�

. Ty�A��� T�Cd�� �� Ts�A�t� ry� TylRAf� T� A`�

: ¨¡¤ ­d��¤ ­rk� ¨� P�lt� YJw� - rl§¤� Tq§rV

: �kK�� Yl� «r�� T� A`� Y�� Tq�As�� � A`m�� �§w�� �nkm§

y′′ + ay′ + by = 2

t r�� ry�t� Y�� x ry�tm�� �� T��d�� �qn� �A�n� Tq§rW�� £@¡ �t� ¨k� �k�¤ ,
��w� b , a �y��

(x®� ¯ �§w�t� ¾Ay¶z� Th�AK� Tq§rV ¨¡¤)

d2y

d2x
Ahn� dOq� y′′ 	tk� A�dn�¤

dy

dx
w¡ Ahn�  wOqm�� y′ T�At� dn� Tq�As�� T� A`m�� ¨� ^�®�

. x þ� Tbsn�A� ¨�A��� �tKm�� ©�

.
dy

dt
Y��

dy

dx
�w�§ ®§w�� �S�  µ�
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t þ� Tbsn�A� �y�rW�� �tK� x = et :  � |rf�

dx

dt
= et

: Ty�At�� ­d�Aq�� �Am`tF��
dy

dt
d§r� Annk� x þ� ¾AS§� Y�¤±� TqtKm��¤ et = x  � �l`�

dy

dt
=
dx

dt
.
dy

dx

¾�Ð�
dx

dt
= x An§d� �k�¤

dy

dt
= x

dy

dx

d�� t ry�tml� Tbsn�A� Ty�A� ­r� �tK�

d2y

d2x
=

d

dt

(
x
dy

dx

)
: ¨�At�� �kK�A� ���� Xysb� �nkm§

d2y

d2x
=

d

dx

(
x
dy

dx

)
.
dx

dt

:©�

d2y

d2x
=

(
dy

dx
+ x

d2y

d2x

)
dx

dt

{§w`t�A�
dy

dt
= x  �  Aml�

d2y

d2x
=

(
dy

dx
+ x

d2y

d2x

)
x

d2y

d2x
= x

dy

dx
+ x2 d

2y

d2x

:  � d�� T��sm�� �¤� Yl� ­r\� Yq��

x
dy

dx
=
dy

dt

{§w`t�A�

d2y

d2x
=
dy

dt
+ x2 d

2y

d2x

: ¢n�¤

x2 d
2y

d2x
=
d2y

d2x
− dy

dt
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d�� x2y′′ + xy′ + y = 2 Tyl}±� T� A`m�� ¨� {§w`t�A�

d2y

d2x
− dy

dt
+
dy

dt
+ y = 2

. rOt��

d2y

d2x
+ y = 2

. AnflF� Am� Ahl� �nkm§ �y�� .t ry�tm�� ¨� Ts�A�t� ry� Tyl}Af� T� A`� Y�� 
�w��

: �kK�� ��  wk§ Ahl�

y = C1e
r1t + C2e

r2t + QA� ��

. ­zymm�� T� A`ml� ¾�C¤@� r2 ¤ r1 . 
��w� C2 ¤ C1 �y�

: �Rw� £®�� T� A`ml� Y¶z��� ���� d�w� ¾¯¤�

d2y

d2x
+ y = 0

����  wk§ ¢n�¤ . Tyly�� ­d�¤ i �y� r2 = −i ¤ r1 = i ¢n� ¤ r2 + 1 = 0: ¨¡ ­zymm�� T� A`m��

�kK�� Yl�

y = C1e
it + C2e

−it + QA� ��

.( rl§¤� T�y} ¨¡¤ «r�� ­Cw} ¨� ¢`R¤) C�dqm�� �@¡ Xysb� d§r� An¡¤

C1e
it = C1 cos(t) + iC1 sin(t)

¤

C2e
−it = C2 cos(t)− iC2 sin(t)

:d�� (Th�AKm��  ¤d��� ­A��r� ��) ¾A`� �yt� A`m�� �m��

y = C1e
it + C2e

−it = (C1 + C2) cos(t) + i(C1 − C2) sin(t)

: ¨¡ T� A`m�� �bOt� 2 þ� ©¤As� QA��� ����  � ©�
d2y

d2x
+ y = 2 T� A`m�� ¨� {§w`t�A� ¤

y = A cos(t) +B sin(t) + 2

: w¡ (x ¨�) T� A`m�� �kJ �bO§ ry�±� ¨�¤ t = ln(x) : �tn§ �y�rWl� ln @��� x = et: þ� �w�r�A�

y = A cos(ln(x)) +B sin(ln(x)) + 2

. T� A`ml� �A`�� ���� w¡ �@¡¤
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TylRAft�� T� A`m�� �kt� : 1.5.3 T§r\�

(I) y′′ + ay′ + by = Q(x)

�h� ­zymm�� T� A`m�� zym� ∆ �ky�¤

r2 + ar + b = 0

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� ¾�C¤@� r2 ¤ r1 
�A� ¤ ∆ > 0  A� �Ð� -1

y = C1e
r1x + C2e

r2x + QA� ��

.
��w� C2 ¤ C1 �y�

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� Af�AS� ¾�C@� r  A� ¤ ∆ = 0  A� �Ð� -2

y = erx (C1 + C2x) + QA� ��

.
��w� C2 ¤ C1 �y�

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� ¾�C@� r = α + iβ  A� ¤ ∆ < 0  A� �Ð� -3

y = eαx (C1 cos (βx) + C2 sin (βx)) + QA� ��

.
��w� C2 ¤ C1 �y�
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:Ty�At�� TylSlft�� �¯ A`m�� �wl� R �� I �A�m�� ¨� d�¤� : 1 �§rm�

1) x lnxy′ + y = x, I =]1,+∞[

2) x(xy′ + y − x) = 1, I =]−∞, 0[

3) 2xy′ + y = x4, I =]−∞, 0[

�þþ���

 � Y�� ryK� .Y�¤±� T�Cd�� �� TyW� Ahl� �§rmt�� �@¡ ¨� Ahl� 
wlWm�� TylRAft�� �¯ A`m��

. (EH) ¨¡ Ah� Tb�AOm�� Ts�A�tm�� T� A`m�� ¤ (E) T�rtqm�� TylRAft�� T� A`m��

I ¨� ­rmts� x 7→ 1

lnx
¤ x 7→ 1

x lnx
 At��d�� −1

�� w¡ y1 ¤ (EH) þ� H�A�tm�� �� w¡ y0 �y� y0 + λy1 �kK�� �� I Yl� (E) �wl�  � �l`�¤

.(E) þ� �¤d`� ry� QA�

.I Yl� (E) T� A`ml� �� Ah�� �wq� I Yl� �AqtJ²� Tl�A� T�� y �kt�

⇔ ∀x ∈ I, x lnxy′(x) + y(x) = x

⇔ ∀x ∈ I, lnxy′(x) +
1

x
y(x) = 1

⇔ ∀x ∈ I, (lnx.y)′(x) = 1

⇔ ∃λ ∈ R, ∀x ∈ I, y(x) =
x+ λ

lnx
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I Yl� ­rmts� x 7→ 1 +
1

x2
¤ x 7→ 1

x
��¤d�� −2

.I Yl� (E) T� A`ml� �� Ah�� �wq� I Yl� �AqtJ²� Tl�A� T�� y �kt�

⇔ ∀x ∈ I, x(xy′(x) + y(x)− x) = 1

⇔ ∀x ∈ I, (xy)′(x) = x+
1

x

⇔ ∃λ ∈ R, ∀x ∈ I, xy(x) =
x2

2
+ ln(−x) + λ

⇔ ∃λ ∈ R, ∀x ∈ I, y(x) =
x

2
+

ln(−x) + λ

x
.

�kK�� �� ��¤ ¨¡ I Yl� (E) �wl�

x 7→ x

2
+

ln(−x) + λ

x
, λ ∈ R

I Yl� ­rmts� x 7→ x3

2
¤ x 7→ 1

2x
��¤d�� −3

.I Yl� (E) T� A`ml� �� Ah�� �wq� I Yl� �AqtJ²� Tl�A� T�� y �kt�

⇔ ∀x ∈ I, y′(x) +
1

2x
y(x) =

x3

2

⇔ ∀x ∈ I, eln |x|/2y′(x) +
1

2x
eln |x|/2y(x) =

x3

2
eln |x|/2

⇔ ∀x ∈ I, (
√
−xy)′(x) = −1

2
(−x)7/2

⇔ ∃λ ∈ R/ ∀x ∈ I,
√
−xy(x) =

1

9
(−x)9/2 + λ

⇔ ∃λ ∈ R/ ∀x ∈ I, y(x) =
1

9
x4 +

λ√
−x

�kK�� �� ��¤ ¨¡ I Yl� (E) �wl�

x 7→ x4

9
+

λ√
−x

, λ ∈ R
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TylRAft�� T� A`m�� �wl� ]0,+∞[ T�wm�m�� ¤ } −∞, 0[ T�wm�m�� ¨� d�¤� : 2 �§rm�

|x|y′ + (x− 1)y = x3

:]0,+∞[ �A�m�� Yl� T� A`m�� �wl���  A�§��þþ���

¢n� ¤ ,T� A`ml� �� ��m� ¨t�� ]0,+∞[ �A�m�� Yl� �AqtJ²� Tl�Aq�� f T��d�� �kt�

∀x ∈]0,+∞[, |x|f ′3

⇔ ∀x ∈]0,+∞[, xf ′3

⇔ ∀x ∈]0,+∞[, f ′(x) + (1− 1

x
)f(x) = x2

⇔ ∀x ∈]0,+∞[, ex−lnxf ′(x) + (1− 1

x
)ex−lnxf(x) = ex−lnxx2

⇔ ∀x ∈]0,+∞[, (
ex

x
f)′x = ((x− 1)ex)′

⇔ ∃λ ∈ R, ∀x ∈]0,+∞[, f(x) = xe−x((x− 1)ex + λ) = x2 − x+ λxe−x

�kK�� �� ��¤ ¨¡ ]0,+∞[ �A�m�� Yl� T� A`m�� �wl�

x 7→ x2 − x+ λxe−x, λ ∈ R

:]−∞, 0[ �A�m�� Yl� T� A`m�� �wl���  A�§�

¢n� ¤ ,T� A`ml� �� ��m� ¨t�� ]−∞, 0[ �A�m�� Yl� �AqtJ²� Tl�Aq�� f T��d�� �kt�

⇔ ∀x ∈]0,+∞[, −x (f ′)
3

⇔ ∀x ∈]−∞, 0[, f ′(x) + (−1 +
1

x
)f(x) = −x2

⇔ ∀x ∈]−∞, 0[, e−x+ln |x|f ′(x) + (−1 +
1

x
)e−x+ln |x|f(x) = −e−x+ln |x|x2

⇔ ∀x ∈]−∞, 0[,
(
(−xe−xy)′

)3
e−x (∗)

. (ax3 + bx2 + cx+ d)e−x �kK�� �� x 7→ −x3e−x T��dl� Tyl}±� T��d�� �� ��b�

((ax3 + bx2 + cx+ d)e−x)′3 + bx2 + cx+ d) + (3ax2 + 2bx+ c))e−x

= (−ax3 + (3a− b)x2 + (2b− c)x+ c− d)e−x,
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¤

(
((ax3 + bx2 + cx+ d)e−x)′

)3
e−x ⇔


−a = −1

3a− b = 0

2b− c = 0

c− d = 0

⇔


a = 1

b = 3

c = 6 = d

.

d�� ¢n� ¤

(∗)⇔ ∃λ ∈ R, ∀x ∈]−∞, 0[, xe−xf(x) = (x3 + 3x2 + 6x+ 6)e−x + λ

⇔ ∃λ ∈ R, ∀x ∈]−∞, 0[, f(x) = x2 + 3x+ 6 +
λex + 6

x
.

�kK�� �� ��¤ ¨¡ ]−∞, 0[ �A�m�� Yl� T� A`m�� �wl�

x 7→ x2 + 3x+ 6 +
λex + 6

x
, λ ∈ R.
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