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TyW��� �AqybWt��

TyW��� �AqybWt�� 1.1

�§CA`� .1.1.1

­rkf�� £@¡ �m`� �wF f : Rp −→ Rn
�ybWt�� ¨� ¨W��� �ybWt�� �whf� Aq�AF Anh��¤ dq�

.Ty�A`K�� ��ºASf�� �ym� Yl�

w¡ F w�� E �� f �ybWt��  � �wq� .K �q��� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 1.1.1 �§r`�

:�yy�At�� �yVrK�� �q�§  A� �Ð� ¨W� �ybW�

f(u+ v) = f(u) + f(v) An§d� u, v ∈ E �� ��� �� .(0)

.f(λ · u) = λ · f(u) An§d� λ ∈ K ¤ u ∈ E �� ��� �� .(0)

�r`m�� f �ybWt�� : 1 �A��

f : Rr3 → R2

(x, y, z) 7→ (−2x, y + 3z)

¨qyq�  d� λ ¤ R3 �� �§rOn� v = (x′, y′, z′) ¤ u = (x, y, z) An§d� , ���w�� ¨� .¨W� �ybW� w¡
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.�y�

f(u+ v) = f(x+ x′, y + y′, z + z′)

=
(
− 2(x+ x′), y + y′ + 3(z + z′)

)
= (−2x, y + 3z) + (−2x′, y′ + 3z′)

= f(u) + f(v)

¤

f(λ · u) = f(λx, λy, λz)

= (−2λx, λy + 3λz)

= λ · (−2x, y + 3z)

= λ · f(u)

Q�w� .2.1.1

F w�� E �� ¨W� �ybW� f  A� �Ð� K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 1 ��rt��

: ��

,f(0E) = 0F •

.u ∈ E �� ��� �� f(−u) = −f(u) •

:AS§� Ty�At�� Q�w��� An§d�

f �ybWt�� : �� F w�� E �� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 2 ��rt��

,K �� µ ¤ λ ¨mlF �� ��� ��¤ E �� v ¤ u �� ��� ��  A� �Ð� Xq�¤ �Ð� ¨W�

f(λu+ µv) = λf(u) + µf(v).

K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

. : 2.1.1 �§r`�

ºASfl� �zy�Cw�w�¤� ¤� �zy�Cw�¤E� AS§� ¢�� F w�� E �� �r`m�� ¨W��� �ybWt��  � �wq� •
.¨�A`K��

.L(E,F ) z�r�A� Ah� z�r§ F ¨� E �� TyW��� �AqybWt�� T�wm��

E �� TyW��� �AqybWt�� T�wm�� �zy�w� ¤d��� Ew�� E �� �r`m�� ¨W��� �ybWt�� ¨ms� •
.L(E) z�r�A� Ah� z�r§ F ¨�

�y¡�r�� ¨my¡�r� :ÐAtF±�4­rks� rSy� dm�� T`�A�
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¨W� �ybW� ­�w�¤ ­Cw} .3.1.1

T�wm�� A �kt� .F w�� E �� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky�

.E �� Ty¶z�

Ah� z�r� A T�wm�ml� ­rJAb� ­Cw} ¨¡ A T�wm�m�� r}An`� f TWF�w� CwO�� �ym�

:T�r`m�� .F �� Ty¶z� T�wm�� ¨¡¤ .f(A) z�r�A�

f(A) =
{
f(x) | x ∈ A

}
.

:z�r�A� Ah� z�r�¤ ¨W��� �ybWt�� ­Cw} Yms� f(E)  �� ¨W� �ybW� f : E → F  A� �Ð�

.=(f)

. : 3 ��rt��

.F �� ¨¶z� ¨�A`J ºAS� ¨¡ f(E ′)  �� E �� ¨¶z� ¨�A`J ºAS� E ′ 
�A� �Ð� (1

.F �� ¨¶z� ¨�A`J ºAS� ¨¡ =(f) T}A� TfO� (2

.=(f) = F �Ð� Xq�¤ �Ð� r�A� f : f(E) ­rJAbm�� ­CwO�� �§r`� �®� �� An§d� : 1 T\�®�

.F w�� E �� ¨W� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 3.1.1 �§r`�

: 0F �� A¡Cw} ¨t�� E �� r}An`�� T�wm�� Ker(f) z�r�A� f �ybWt�� ­�wn� z�r�

Ker(f) =
{
x ∈ E | f(x) = 0F

}
:�w}w�� ºASf� ©rfO�� �A`Kl� T� Abtm�� ­CwO�� ¨¡ ­�wn�� , r�� Yn`m�

Ker(f) = f−1{0F}.

­�w� .F w�� E �� ¨W� �ybW� f ¤ K �q��� Hf� Yl� �yy�A`J �y¶AS� F ¤ E �ky� : 4 ��rt��

.E �� ¨¶z� ¨�A`J ºAS� ¨¡ f �ybWt��

�r`m�� ¨W��� �ybWt�� f �ky� : 2 �A��

f : Rr3 → Rr2

(x, y, z) 7→ (−2x, y + 3z)

­rks� rSy� dm�� T`�A�5�y¡�r�� ¨my¡�r� :ÐAtF±�
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�ky� .Ker(f) ­�wn�� 
As� •

(x, y, z) ∈ Ker(f) ⇐⇒ f(x, y, z) = (0, 0)

⇐⇒ (−2x, y + 3z) = (0, 0)

⇐⇒

 −2x = 0

y + 3z = 0

⇐⇒ (x, y, z) = (0,−3z, z), z ∈ R

¨¡ : Ker(f) = V ect
{
(0,−3, 1)

}
«r�� T�yO� .Ker(f) =

{
(0,−3z, z) | z ∈ R

}
¢n�¤

.�yqts� �kK�

.(x′, y′) ∈ R2 @��� .f ­Cw} 
As� •

(x′, y′) = f(x, y, z) ⇐⇒ (−2x, y + 3z) = (x′, y′)

⇐⇒

 −2x = x′

y + 3z = y′

An§d� (x′, y′) ∈ R2 ©� ��� �� ,T}®��� ¨� .z = 0 ,y′ = y ,x = −x′

2
�A�m�� @�� �yWts�

.r�A� �ybW� f  �� =(f) = R2 ¢n�¤ .f(−x′

2
, y′, 0) = (x′, y′)

.f(X) = AX ¨l§ Am� �r`m�� f : Rp −→ Rn ¨W��� �ybWt�� �ky�¤ .A ∈ Mn,p(R) �kt� : 3 �A��

: Ker(f) =
{
X ∈ Rp | AX = 0

}
¢n�¤

.AX = 0 Ts�A�tm�� TyW��� Tlm�l� �wl��� T�wm�� ¨¡ X ∈ Rp  �� ¨�At�A�¤

.A T�wfOm�� ­dm�� �� d�wm�� ¨�A`K�� ºASf�� ¨¡ =(f)  � � Aq�� Cw�m�� ¨� «r� �wF

�y¡�r�� ¨my¡�r� :ÐAtF±�6­rks� rSy� dm�� T`�A�


