
�Ä¤±� �Of��

Tf�ASm��¤ TWysb�� �®þþ�Akt��

 ¤d�m�� ��Akt�� , Am§C ��Ak� 1.1

ºz� n Y�� [a, b] �A�m�� �sq� .[a, b] �A�m�� Yl� T�r`� T�� f : [a, b] → R �kt� : 1.1.1 �§r`�

�y� Tyfy� TWq� ξk �kt�¤ ,¨fy�

ξk ∈ [xk−1, xk] , 1 ≤ k ≤ n.
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Sn =
n∑
k=0

f (ξk) (xk − xk−1)

z�r� An��� ,n → ∞ A�dn� [a, b] �A�m�� �ysq� Tq§rW� �l`t� ¯ ­ ¤d�� T§Ah� Sn �wm�ml�  A� �Ð�

z�r�A� T§Ahn�� £@h�∫ b

a

f (x) dx.

 Am§C 	s� ��Aktl� Tl�A� f  � �wq� ¤ . [a, b] �A�m�� Yl� f T��dl�  Am§C ��Akt� T§Ahn�� £@¡ Yms� ¤

	tk�¤ .[a, b] �A�m�� Yl�

lim
n→∞

Sn =

∫ b

a

f (x) dx.

Q�w� .1.1.1

.TyW���¤ Ty�A�§³� , Chasles �AJ T�®� ¨¡ ��Aktl� T�®��� Tysy¶r�� P¶AO���

�AJ T�®�

Tl�A� f  �� [c, b] �A�m�� ¤ [a, c] �A�m�� Yl� ��Aktl� Tl�A� f 
�A� �Ð� .a < c < b �ky� : 1 ��rt��

	tk�¤ [a, b] �A�m�� Yl� ��Aktl�∫ b

a

f(x) dx =

∫ c

a

f(x) dx+

∫ b

c

f(x) dx.

AS§� An§d�∫ a

a

f(x) dx = 0 ��� ��¤ a < b

∫ a

b

f(x) dx = −
∫ b

a

f(x) dx.

��Akt�� Ty�A��


�A� �Ð� .[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f ¤ �yyqyq� �§ d� a ≤ b �kt� : 2 ��rt��

 �� f ≤ g∫ b

a

f(x) dx ≤
∫ b

a

g(x) dx.

¨�db�  Ahy� :­ÐAtF±�4­rks� rSy� dm�� T`�A�



Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of�� ¤d�m�� ��Akt�� , Am§C ��Ak� .1.1

 �� f ≥ 0  A� �Ð� :	�w� Tb�wm�� T��d�� ��Ak� , QwO��� ¢�¤ Yl�∫ b

a

f(x) dx ≥ 0

��Akt�� TyW�

.[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� f, g �kt� : 3 ��rt��

An§d� ¤ ��Aktl� Tl�A� T�� f + g (1∫ b

a

(f + g)(x) dx =

∫ b

a

f(x) dx+

∫ b

a

g(x) dx.

An§d�¤ ��Aktl� Tl�A� λf , λ �� ��� �� (2∫ b

a

λf(x) dx = λ

∫ b

a

f(x) dx.

λ, µ �� ��� �� ©� ��Akt�� TyW� An§d� ¢n�¤

∫ b

a

(
λf(x) + µg(x)

)
dx = λ

∫ b

a

f(x) dx+ µ

∫ b

a

g(x) dx

[a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� f5g (3

An§d� �wm`�� Yl� �k�∫ b

a

(fg)(x) dx 6=
(∫ b

a

f(x) dx

)(∫ b

a

g(x) dx

)
.

An§d� ¤ [a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� |f | (4

∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ ≤ ∫ b

a

∣∣f(x)
∣∣ dx

: 1 �A��∫ 1

0

(
7x2 − ex

)
dx = 7

∫ 1

0

x2 dx −
∫ 1

0

ex dx = 7
1

3
− (e− 1) =

10

3
− e

.
∫ 1

0
ex dx = e− 1 ¤

∫ 1

0
x2 dx = 1

3
: ®b� A¡An§�C ¨t�� �A�As��� An�d�tF�

­rks� rSy� dm�� T`�A�5¨�db�  Ahy� :­ÐAtF±�



Tyl}±� ��¤d�� 
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.n→ +∞ A�dn� In → 0  � 
b�� .In =
∫ n

1
sin(nx)
1+xn

dx �ky� : 2 �A��

|In| =
∣∣∣∣∫ n

1

sin(nx)

1 + xn
dx

∣∣∣∣ ≤ ∫ n

1

| sin(nx)|
1 + xn

dx ≤
∫ n

1

1

1 + xn
dx ≤

∫ n

1

1

xn
dx

:ry�±� ��Akt�� �@¡ 
As� Xq� Yqb§∫ n

1

1

xn
dx =

∫ n

1

x−n dx =

[
x−n+1

−n+ 1

]n
1

=
n−n+1

−n+ 1
− 1

−n+ 1
−−−−→
n→+∞

0

.(
1

−n+1
→ 0 ¤ n−n+1 → 0 )  ±

�A� �kK� An§d� ��Aktl� ��A� f5g  � �� ��r�A� ¢�� ^�¯ : 1 T\�®�∫ b

a

(fg)(x) dx 6=
(∫ b

a

f(x) dx

)(∫ b

a

g(x) dx

)
.

¤ x ∈ [0, 1
2
[  A� �Ð� f(x) = 1 TWF�w� ­ d�m�� T��d�� f : [0, 1] → R �ky� , �A�m�� �ybF Yl�

¤ x ∈ [1
2
, 1[  A� �Ð� g(x) = 1 þ� T�r`m�� T��d��g : [0, 1] → R �kt� . x /∈ [0, 1

2
[ ��� �� f(x) = 0

.x /∈ [1
2
, 1[ ��� �� g(x) = 0

¤
∫ 1

0
f(x) dx = 1

2
�y�

∫ 1

0
f(x)g(x) dx = 0 ¤ x ∈ [0, 1] �� ��� �� f(x)g(x) = 0 ¢n�¤

.
∫ 1

0
g(x) dx = 1

2

Tyl}±� ��¤d�� 
As� 2.1

�y� T�� f �kt��¤ R ¨� �A�� I = [a, b] �ky� : 1.2.1 �§r`�

f : I → R

�y� f T��dl� Tyl}� T�� F  � �wq�

F : I → R

¨l§ A� �q�� �Ð�

.I �wtfm�� �A�m�� Yl� �AqtJ²� Tl�A� F (−1

¨�db�  Ahy� :­ÐAtF±�6­rks� rSy� dm�� T`�A�



Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��Tyl}±� ��¤d�� 
As� .2.1

(−2

∀x ∈ I, F ′ (x) = f (x)

Tyl}� T�� �bq� f : I → R ­rmts� T�� �� : 1.2.1 T§r\�

Tyl}� T�� �bq� f �y� f : I → R T��d�� �kn� : 2.2.1 T§r\�

¨¡ f T��dl� Tyl}±� ��¤d�� T�wm��

{F + c, c ∈ R}

.f T��dl� T}A� Tyl}� T�� F �y�

:	tk�¤ f T��dl� Tyl}±� T��dl�

∫
f(t)dt þ� z�r�

F (x) =

∫
f(x)dx

 ¤d�m�� ��Akt�� .1.2.1

.b ≥ a �y� [a, b] �A�m�� Yl� ­rmtsm�� ¤ f : [a, b]→ R T��d�� �kn�

�� �®�Aktl� Tt�A� �y�  A�§� ¨� ¯Am`tF� r��� «r�� Tq§rW� ��Akt�� �§r`� �km§

:Ty�At�� T§r\n�� �®�

T�r`m�� F : [a, b]→ R T��d�� �kn� : 3.2.1 T§r\�

F (x) =

∫ x

a

f(t)dt

: �q��¤ �AqtJ²� Tl�A� F T��d��  � ¨n`§ f T��dl� Tyl}� T�� ¨¡

F ′ (x) = f (x) ,∀x ∈ [a, b]

z�r�A� ¢� z�r� ©@�� f T��dl�  ¤d�m�� ��Akt�� ¨ms� : 2.2.1 �§r`�∫ b

a

f (x) dx

­rks� rSy� dm�� T`�A�7¨�db�  Ahy� :­ÐAtF±�



Tyl}±� ��¤d�� 
As� .2.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

	tk� ¤ f T��dl� Tyl}±� T��d�� ¨¡ F �y� F (b)− F (a) ¨qyq���  d`��∫ b

a

f (x) dx = F (b)− F (a) .

:Ty�At�� �®�Akt�� 	s�n� : 1 �A��

¢n�¤ ,Ah� Tyl}� T�� F (x) = ex �kt� f(x) = ex ��� �� −1∫ 1

0

ex dx =
[
ex
]1

0
= e1 − e0 = e− 1.

¢n�¤ ,Ah� Tyl}� T�� G(x) = x3

3
�kt� g(x) = x2 ��� �� −2∫ 1

0

x2 dx =
[
x3

3

]1
0

= 1
3
.

−3∫ x

a

cos t dt =
[

sin t
]t=x
t=a

= sinx− sin a

.cosx T��dl� Tyl}� T�� 

 � �tnts�¤ (Aq�¯ �¡rb�) Ty�¤E T�� Tyl}±� Aht��  wk� T§ r� T�� 
�A� �Ð� −4∫ a

−a
f(t) dt = 0.

��Akt�� �rV .2.2.1

T¶z�t�A� ��Akt��

:  �� [a, b] �A�m�� Yl� �yt�r`m�� C1 T·f�� �� �yt�� v ¤ u �kt� : 4.2.1 T§r\�

∫ b

a

u(x) v′(x) dx = [uv]ba −
∫ b

a

u′(x) v(x) dx

: ¤d�  ¤d� �k�¤ Ahsf� ¨¡ Tyl}±� T��dl� T¶z�t�A� ��Akt�� T�y}∫
u(x)v′(x) dx = [uv]−

∫
u′(x)v(x) dx.

¨�db�  Ahy� :­ÐAtF±�8­rks� rSy� dm�� T`�A�



Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��Tyl}±� ��¤d�� 
As� .2.1

��Akt�� 
As�� : 2 �A��∫ 1

0

xex dx

.v′(x) = ex ¤ u(x) = x �S�

Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 1 T��d��  � �l`�

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤ v′ T��dl�

∫ 1

0
xexdx =

∫ 1

0
u(x)v′(x) dx

= [u(x)v(x)]10 −
∫ 1

0
u′(x)v(x) dx

= [xex]10 −
∫ 1

0
1 · ex dx

= (1 · e1 − 0 · e0)− [ex]10

= e− (e1 − e0)

= 1

��Akt�� 
As�� : 3 �A��∫ e

1

x lnx dx.

.v′(x) = ¤ u(x) = ln x ­rm�� £@¡ �S�

T��dl� Tyl}±� T��d�� ¨¡ v = x2

2
T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′ =

1

x
T��d�� ¢n� ¤

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤ v′

∫ e

1

lnx · x dx =

∫ e

1

uv′ = [uv]e1 −
∫ e

1

u′v =

[
lnx · x

2

2

]e
1

−
∫ e

1

1

x

x2

2
dx

=

(
ln e

e2

2
− ln 1

12

2

)
− 1

2

∫ e

1

x dx =
e2

2
− 1

2

[
x2

2

]e
1

=
e2

2
− e2

4
+

1

4
=
e2 + 1

4

��Akt�� 
As�� : 4 �A��∫
arcsinx dx

­rks� rSy� dm�� T`�A�9¨�db�  Ahy� :­ÐAtF±�



Tyl}±� ��¤d�� 
As� .2.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

,v′(x) = 1 ¤ u(x) = arcsin(x) �S� �y� º�d� �kJ �� Ahl`�� arcsin(x) T��dl� Tyl}� T��  A�§³

d�n� T¶z��A� ��Akt�� T�y} �bW� �� ,v(x) = x ¤ u′(x) =
1√

1− x2
An§d� �y�∫

1 · arcsin(x)dx = [x arcsin(x)]−
∫

x√
1− x2

dx

= [x arcsin(x)]−
[
−
√

1− x2
]

= x arcsin(x) +
√

1− x2 + c

��Akt�� 
As� : 5 �A��∫
x2exdx.

.v′(x) = ex ¤ u(x) = x2 �S�

T��d�� ¨¡ v(x) = ex T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 2x T��d��  � �l`�

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤ v′(x) T��dl� Tyl}±�∫
x2ex dx =

[
x2ex

]
− 2

∫
xex dx

:d�� Tq�As�� ��¤Asm�� �� ¨�A��� ºz��� Yl� Ty�A��� ­rml� T¶z�t�A� ��Akt�� dy`�∫
xex dx = [xex]−

∫
ex dx = (x− 1)ex + c

d�� ry�±� ¨�∫
x2ex dx = (x2 − 2x+ 2)ex + c.

ry`tm�� ryy�t� �þ�Akt��

T·f�� �� ϕ : J → I ��Aqt�� �ky� ¤ I = [a, b] �A�m�� Yl� T�r`� T�� f 
�A� �Ð� : 5.2.1 T§r\�

:An§d� a, b ∈ J �� ��� �� .C1

∫ ϕ(b)

ϕ(a)

f(x)dx =

∫ b

a

f (ϕ(t)) · ϕ′(t)dt

«r�� TfO� .(f ◦ ϕ) ·ϕ′ T��dl� Tyl}±� T��d�� ¨¡ F ◦ϕ  �� f T��dl� Tyl}� T�� F 
�A� �Ð�(∫
f(x) dx

)
◦ ϕ =

∫
f (ϕ(t))ϕ′(t) dt

¨�db�  Ahy� :­ÐAtF±�10­rks� rSy� dm�� T`�A�



Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of����ry�t� ­d� ��Ð ��¤d�A� ry�@� .3.1

.ϕ ¤ f T��d�� �� �� 	y�r� �� �tn� f(ϕ(t))ϕ′(t) T��dl� Tyl}±� T��d��  � ©�

�S� TWsb� T�yO� ¤� ,ry�tml� ryy�� ®`� ��m�

∫
f(x) dx =

∫
f (ϕ(t))ϕ′(t) dt ­CAb`��

: AnyW`§ A� dx = ϕ′(t) dt ©�
dx

dt
= ϕ′(t) �AqtJ³A� A¡d`� d�� ¢n�¤ x = ϕ(t)∫ ϕ(b)

ϕ(a)

f(x)dx =

∫ b

a

f(ϕ(t))ϕ′(t)dt.

��Akt�� 
As� : 6 �A��∫ π
2

0

sin2 (x) cos (x) dx

�Rw�

sin (x) = t =⇒ sin (x)′ = cos (x) = dt

¨l§ Am� t Y�� x �� ��Akt��  ¤d� ry�t� ¢n�¤

x = 0 =⇒ t = sin (0) = 0

x =
π

2
=⇒ t = sin

(π
2

)
= 1

d�� ¢n�¤

x = 0 =⇒ sin (0) = 0

x =
π

2
=⇒ sin

(π
2

)
= 1

∫ π
2

0

sin2 (x) cos (x) dx =

∫ 1

0

t2dt

=
1

3
t3
]1

0

=
1

3
.

��ry�t� ­d� ��Ð ��¤d�A� ry�@� 3.1

�km§¤ , R3
¤� R2

Yl� T�r`m�� ­ d`tm�� ��ry�tm�� ��Ð ��¤d�� xCd� �wF ºz��� �@¡ ¨�

�Ðwmn�� �� ��¤d�� £@¡  wktF ¨�At�A�¤ Rn
Yl� ©� �A`�� CAV³� ¨� AhtF�C AS§�

f : E ⊂ Rn → R,

­rks� rSy� dm�� T`�A�11¨�db�  Ahy� :­ÐAtF±�



��ry�t� ­d� ��Ð ��¤d�A� ry�@� .3.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

¨`ybV  d� n ≥ 1 �y�

,x = (x1, . . . , xn) �kK�� �� T`J� E T§�db�� T�wm�� r}An�  wktF , «r�� ­CAb`�

.Tyqyq�  �d�� Ty¶Ahn�� T�wm�m�� r}An�  wktF¤

Ty�Ayb�� �wFr�� ¨l§ Amy� .x 7→ f(x) ,T�A� Xs�� ¨¡¤ :f : I ⊂ R → R ,n = 1 (1 : 1 �A��

: x 7→ arccosx ¤ x 7→ x cosx ��¤dl�

x

y

x cosx

(0, 0)

(x, f(x))

x

f(x) x

y

arccosx

0 1−1

π

π
2

�t§ ,(x, y) 7→ f(x, y) ��¤d�� .(x, y) z�r�A� ��ry�tm�� Y�� z�r� .f : E ⊂ R2 → R ,n = 2 (2

: �WF±� �®� �� ,�A�m�� �ybF Yl� ,Ahly�m�

−2 −1 0 1 2 −1
0

1
−0.5

0

0.5

x
y

.(x, y) 7→ −x · e−x2−y2 T��d�� ��m§ Yn�n�

.��ry�t� ­d� ��Ð ��¤dl� Ty�wFC T§¦C Yl� �wO��� �d� 	`O�� �� , n > 2  wk§  �  r�m�
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Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of����ry�t� ­d� ��Ð ��¤d�A� ry�@� .3.1

�A§Ahn�� .1.3.1

­d� ��Ð ��¤d�� Yl� d��¤ ry�t� ��Ð ��¤dl� C�rmtF¯�¤ �A§Ahn�� �whf� �ym`� �km§

.©dyl�³� CAy`m�A� TqlWm�� Tmyq�� ��dbtF� ¨fk§ ,dyq`�  ¤ ��ry�t�

.x0 TWqn�� «d�A� x0 ∈ Rn
TWqn�� C�w� ¨� T�r`� f : E ⊂ Rn → R T�� f �kt�

: A� �Ð� x0 Y�� �¤¥§ x A�dn� ` ¨qyq���  d`�� T§Ahn� �bq� T��d�� : 1.3.1 �§r`�

∀ε > 0, ∃δ > 0, ∀x ∈ E : 0 < ‖x− x0‖ < δ =⇒ |f(x)− `| < ε

	tk�¤

lim
x→x0

f(x) = ` ¤� f(x) −→
x→x0

`

: ¨l§Am� limx→x0 f(x) = +∞ T§Ah�¯Am�� ¨� T§Ahn�� �r`� Tq§rW�� Hfn�

∀A > 0 ∃δ > 0 ∀x ∈ E : 0 < ‖x− x0‖ < δ =⇒ |f(x)| > A

¨l§ Am� T�r`m�� f T��d�� �kt� : 2 �A��

f(x, y) = x2 + y sin(x+ y2).

.(x, y)→ (0, 0) Am� 0 Y�� �¤¥� f  � 
b�n� (1

−2 0
2

4 −2
0

2
4

0

10

x
y

d�� : | sin(t)| ≤ 1 �Am`tFA� ­ ¤d�� f(x, y) T��d��

∣∣f(x, y)
∣∣ =

∣∣x2 + y sin(x+ y2)
∣∣ ≤ x2 + |y|

∣∣ sin(x+ y2)
∣∣ ≤ x2 + |y|

­rks� rSy� dm�� T`�A�13¨�db�  Ahy� :­ÐAtF±�



��ry�t� ­d� ��Ð ��¤d�A� ry�@� .3.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

��� �� ,x2 < ε
2

An§d� ,x ∈] − a, a[ ��� �� ¾�Ð� ,b = ε
2

¤ a =
√

ε
2
, 0 < ε < 1 @���

.|y| < ε
2
An§d� y ∈]− b, b[

:d�� (x, y) ∈]− a, a[5]− b, b[ ��� �� ¢n�¤

∣∣f(x, y)
∣∣ ≤ x2 + |y| < ε

2
+
ε

2
= ε

|x| < δ = ε
2
≤
√

ε
2
 �� ‖(x, y)‖ < δ  A� �Ð� ,¾Tqyq� δ = ε

2
¨¡ T§Ahn�� �q�� ¨t�� δ �y� d��

.(0, 0) Y�� �¤¥� (x, y) Am� ,0 T§Ah� �bq� f : �tnts� .|f(x, y)| < ε ¢n�¤ |y| < δ = ε
2
¤

An§d�  wk§ (x, y) ∈ U �� ��� �� �y�� 0 Yl� ©wt�§ �wtf� �A�� U �� ��b� (2

.|f(x, y)| < 1
100

,]− a, a[5]− b, b[ �A�m�� �� (x, y) �� ��� �� .b = 1
200

¤ a = 1√
200

An§d� ε = 1
100

��� ��

.|f(x, y)| < 1
100

An§d�

x

y

a =
√

ε
2

b = ε
2 δ

�A§Ahn�� Yl� �Aylm�

�� :T�A`�� �A§r\n�� �d�ts� , ��Ð �� ¾¯d� ¤ �A§Ahn�� 
As� ¨� �§r`t�� �d�ts§ A� �C A�

.��Ð ¨� T��d� ¤� T�w`} ©� d�w� ®� ,��ry�t� ­d� ��Ð ��¤d�� Yl� �A§Ahn�� Yl� �Aylm�

An§d� .x0 dn� T§Ah� �bq� g ¤ f �y� x0 ∈ Rn C�w� ¨� �yt�r`�f, g : Rn → R �kt� : 1 ��rt��
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Ty�At�� Q�w���

lim
x0

(f + g) = lim
x0
f + lim

x0
g, lim

x0
(fg) = lim

x0
f lim

x0
g

lim
x0

1

g
=

1

limx0 g
, lim

x0

f

g
=

limx0 f

limx0 g

��ASm�� ��Akt�� 4.1

.D ⊂ R2
­ ¤d�m�� T�wm�m�� Yl� T�r`� T�� f : R2 −→ R �kt�

�� Ki �A`�rm�� �� Sδ T�wm�m�� D T�wm�ml� T¶z�� ¨ms� ,δ > 0 �� ��� �� : 1.4.1 �§r`�

:�yty¶z��� �yt¶z�t�� rbt`� .δ �AyF ­wW� ©� ¨� D �mK� ¤� ¨W�� ¨t�� δ 	n�

,(�CA��� ��) Tl�AJ TyW�� ¨n`� Sextδ •

.(���d�� ��) �CA} ºAW� ¨n`� S intδ •

.S intδ ⊂ Sextδ An§d�¤ , �A`�rm�� ��  ¤d��  d� Yl� Ty¶z��� T¶z�t�� ©wt�� ,  ¤d�� D  ±¤

.D þ� ∂D XbS�A� T�A��� ¨W�� Sextδ \ S intδ T�wm�m�� ¨� ­ w�wm�� �A`�rm�� , ���w�� ¨�

Sext/intδ Ty¶z��� T¶z�tl� ���rm�� f  Am§C �w�� ¨ms� ,(xi, yi) ∈ Ki ∩D ªAqn�� �� CAyt�� ©±

�y�A�m�� {(xi, yi)} ªAqn�� ¨� ¤

R
ext/int
δ (f, {(xi, yi)}) =

∑
Ki∈S

ext/int
δ

f(xi, yi) δ
2,

­CAJ� �� f(xi, yi) �Af�C¯� ¤Ð Ki T§E�wtm�� ­d�Aq�� �� ©rb��� ����� ��m§ f(xi, yi) δ
2 d� ©� �y�

.(xi, yi) dn� f ­CAJ� ¨¡ ¨t�� ±

�A§Ahn�� 
�A� �Ð� : 2.4.1 �§r`�

lim
δ→0

R
ext/int
δ (f ; {(xi, yi)})

¨ms� T�A��� £@¡ ¨� .�q�AWt� �h� (xi, yi) ∈ Ki ∩ D ªAqn�� CAyt�� �� Tlqts� ¨h� , ­ w�w�

:T§Ahn�� £@¡ D Yl� f þ� ¨¶An��� ��Akt��∫∫
D

f(x, y) dx dy = lim
δ→0

R
ext/int
δ (f ; {(xi, yi)}).
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Hy�¤ ¨qyq�  d�) ¢tn�
∫∫

D
f(x, y) dx dy ��Akt��  A� �Ð�  Am§C 	s� D Yl� f ��Ak� ¢�� �wq�

.(±∞
. ¤d��  wk§ D  �� ­rmts� f T��d�� 
�A� �Ð� T}A� T�A�

��Ð T�r`m�� ��¤d�� �mKy� �Fwm��  d�m�� ��Akt�� ��w�� d�� w¡ ¨¶An��� ��Akt�� : 3.4.1 �§r`�

 A� (xOy) ©wtsm�� �� D ¨� T�r`� f(x, y) T��d�� 
�A� �ÐA� , �§ry�t�∫∫
R
f (x, y) dxdy

.D ¨� f(x, y) T��dl� ��ASm�� ��Akt�� ¤� ¨¶An��� ��Akt�� Yms§

TWFwtm�� z��rm��  A�§�¤ �wWs�� T�As�  A�§� ¨� Ty¶An��� �®�Akt�� Tym¡� �mk�¤

¨¶An��� ��Akt�� �WF 
�� ���w�� �����  A�§�¤ T§wtsm�� �wWsl� ¨��@�� CwOq�� �z�¤

. «r�� �yR�w�¤ �y�Akym��¤ Ty�wO�� �A�wm��¤ ­C�r���¤ TysyVAn��¤rhk�� ¨�¤

©@��¤ ¨l��d�� ��Akt�A� ¯¤� �db� ,£®�� T�yO�� ¨� �ybm�� ¨¶An��� ��Akt�� �� ��� ��¤

¢l�Ak� ©@��¤ ¨�CA��� ��Akt�� Tmy� d�� �� At�A� y ry�tm�� rbt`� �y� x þ� Tbsn�A� ¢l�Ak�

.y þ� Tbsn�A�

¨¶An��� ��Aktl� ¨Fdnh�� Yn`m��

x

y

z

x y

z

þ� ¨�Ayb�� �Fr�� �y� CwO�m�� ºz�l� ©rb��� ����� ¨¡
∫∫

D
f(x, y) dx dy Tmyq�� (1 : 1 T�yt�

.xOy «wtsm��¤ f
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.xOy «wtsm��¤ f þ� ¨�Ayb�� �Fr�� �y�  w�wm�� zy��� ºz� ��� w¡
∫∫

D
|f(x, y)| dx dy Amny� (2

­rk�� ��� : 1 �A��

B =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 1
}
­rk�� �O� ��� �`R w¡

B+ =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 1, y ≥ 0
}
,

�Ð� An§d� . xOy Cw�m��¤ z =
√

1− x2 − y2 T��d�� Yn�n� �y� ­CwO�m��

V olume(B) = 2

∫∫
D

√
1− x2 − y2 dx dy, �y� D =

{
(x, y) ∈ R2 | x2 + y2 ≤ 1

}
.

.�y� d�� �ytq§rV¤ Ty�At�� P¶AO��� �d�ts� ,Ty¶An��� �®�Akt�� 
As��

¨nyby� T§r\� ¨¶An��� ��Akt�� 
As�

.D = [a, b]5[c, d] �yWtsm�� Yl� T�r`� ¤ ­rmts� T�� f : R2 −→ R �kt� :Y�¤±� T�A��� ¨�∫∫
D
f(x, y) dx dy =

∫ b
a

(∫ d
c
f(x, y) dy

)
dx =

∫ d
c

(∫ b
a
f(x, y) dx

)
dy. : 1.4.1 T§r\�

: 2 T�yt�∫∫
[a,b]5[c,d]

f1(x) f2(y) dx dy =

∫ b

a

f1(x) dx

∫ d

c

f2(y) dy.

:­CAb`�� T�At� AS§� Annkm§ : 1 T\�®�∫ b

a

dx

∫ d

c

dy f(x, y) =

∫ b

a

(∫ d

c

f(x, y) dy

)
dx.

. : 2 �A��

¨�At�� ¨¶An��� ��Akt�� 	s�n� (1∫∫
[0,1]5[0,π/2]

x cos y dx dy =

∫ 1

0

x dx

∫ π/2

0

cos y dy

=

[
1

2
x2

]1

0

[sin y]π/20 =
1

2
.
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:��Akt�� 	s�n� (2∫∫
[−1,1]5[0,1]

(x2y − 1) dx dy =

∫ 1

−1

dx

∫ 1

0

(x2y − 1) dy

=

∫ 1

−1

dx

[
1

2
x2y2 − y

]y=1

y=0

=

∫ 1

−1

(
1

2
x2 − 1

)
dx

=

[
1

6
x3 − x

]1

−1

= −5

3
.

,Tyfyk�� D ­ ¤d�m�� T�wm�m�� Yl� T�r`� ­rmts� T�� f : R2 −→ R �kt� :Ty�A��� T�A���

:¢n�¤

a ≤ x ≤ b �y� a, b ∈ R �yq�� d�w� (x, y) ∈ D �� ��� �� (1

c(x) ≤ y ≤ d(x) �y� c(x), d(x) ∈ R �yq�� d�w� x ∈ [a, b] �� ��� �� (2

¢y�  wk§ ©@�� w�n�� Yl�

D =
{

(x, y) ∈ R2 | x ∈ [a, b], y ∈ [c(x), d(x)]
}
.

�yyn�nm��  � ^�®�

∂D− =
{

(x, y) ∈ R2 | x ∈ [a, b], y = c(x)
}

¤

∂D+ =
{

(x, y) ∈ R2 | x ∈ [a, b], y = d(x)
}

:��Aqm�A� .D T�A� �� �mK§

c ≤ y ≤ d �y� c, d ∈ R �yq�� d�w� (x, y) ∈ D �� ��� �� (1

a(y) ≤ x ≤ b(y) �y� a(y), b(y) ∈ R �yq�� d�w� ,y ∈ [c, d] �� ��� �� (2

¢y�  wk§ ©@�� w�n�� Yl�

D =
{

(x, y) ∈ R2 | y ∈ [c, d], x ∈ [a(y), b(y)]
}
.
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 Ayn�nm�� Am¡  �@¡ , T�A��� £@¡ ¨�

∂D− =
{

(x, y) ∈ R2 | y ∈ [c, d], x = a(y)
}

¤

∂D+ =
{

(x, y) ∈ R2 | y ∈ [c, d], x = b(y)
}

.D T�A� ��  ®mK§  �@l��

:Ty�At�� T§r\n�� ��Ð d`� An§d� , D �}w� £dmt`� �wF ©@�� CAy��� Yl� ¾ºAn�

: 2.4.1 T§r\�∫∫
D

f(x, y) dx dy =

∫ b

a

(∫ d(x)

c(x)

f(x, y) dy

)
dx =

∫ d

c

(∫ b(y)

a(y)

f(x, y) dx

)
dy

.

, �fF±� ¨� y = x2 ¸�Akm�� �Wq�� xwq� � d�� xOy «wtsm�� �� ºz��� w¡ D  � |rfn� : 3 �A��

T�wm�m�� ¢�� Yl� D �}¤ ��Ð d`� Annkm§ .Yl�±� ¨� y = 1 X���¤

D =
{

(x, y) ∈ R2 | x ∈ [−1, 1], y ∈ [x2, 1]
}
.

:An§d� ��@�∫∫
D

x2y dx dy =

∫ 1

−1

x2dx

∫ 1

x2
y dy

=

∫ 1

−1

x2

[
1

2
y2

]1

x2
dx

=

∫ 1

−1

1

2
(x2 − x4) dx

=
1

2

[
1

3
x3 − 1

5
x5

]x=1

x=−1

=
2

15
.

ry�tm�� ry�� , ¨¶An��� ��Akt�� 
As�

¨¶An��� ��Akt�� �ky�∫∫
D

f(x, y) dx dy
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ry�tm�� ryy��¤

(x, y) = h(u, v) =
(
x(u, v), y(u, v)

)
�� rb`�  � 	�§ f̃(u, v) = f

(
x(u, v), y(u, v)

)
T��d�� TWF�w� ��Akt�� �� rb`�  � ��� �� .

¢n�¤ :(u, v) TWF�w� dx dy º�d��� ¤ D

TqWnm�� Y�� D TqWnm�� �w�� (1

D̃ = h−1(D) =
{

(u, v) ∈ R2 | (x, y) = h(u, v) ∈ D
}
.

Y�� �w�t� dy ¤ dx r}An`�� (2
dx = ∂x

∂u
du+ ∂x

∂v
dv

dy = ∂y
∂u
du+ ∂y

∂v
dv

©�

 dx

dy

 = Jh(u, v)

 du

dv

 �y� Jh(u, v) =


∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v


.�Ay��d�³� ryy�t� Ty�wq`y�� T�wfOm�� ¨¡

:¨�wq`y�� ��A`l� TqlWm�� Tmyq�� �� , Ty�At�� T�yO�� ¨nb� ¨fk§¤

dx dy =
∣∣∣∂x
∂u

∂y

∂v
− ∂x

∂v

∂y

∂u

∣∣∣ du dv =
∣∣∣ det Jh(u, v)

∣∣∣ du dv.
:An§d� TybWq�� �Ay��d�³� T�A� ¨� ry�tm�� ryy�� , QwO��� ¢�¤ Yl�

dx dy = ρ dρ dϕ .

:Ty�At�� T§r\n�� Y�� A¾ry�� �O�

: 3.4.1 T§r\�∫∫
D

f(x, y) dx dy =

∫∫
h−1(D)

f (x(u, v), y(u, v)) |det Jh(u, v)| du dv.

��� �� : 4 �A��

B =
{

(x, y, z) ∈ R3 | x2 + y2 + z2 ≤ 1
}

	s��

V olume(B) = 2

∫∫
D

√
1− x2 − y2 dx dy, �y� D =

{
(x, y) ∈ R2 | x2 + y2 ≤ 1

}
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,TybWq�� �Ay��d�³� ¨� ��ry�tm�� ryy�� ��

(x, y) = h(ρ, ϕ) = (ρ cosϕ, ρ sinϕ).

:An§d� x2 + y2 = ρ2  ±

√
1− x2 − y2 =

√
1− ρ2 ¤

h−1(B) =
{

(ρ, ϕ) ∈ [0,∞[5[0, 2π[
∣∣ ρ ≤ 1

}
= [0, 1]5[0, 2π[

:An§d� �tn§ ,��ry�tm�� �Of� ¨nyby� T§r\� �m`ts� ¤ dx dy = ρ dρ dϕ  � Aml� ,¢n�¤

V olume(B) = 2

∫∫
[0,1]5[0,2π[

√
1− ρ2 ρ dρ dϕ = 2

∫ 1

0

√
1− ρ2 ρ dρ

∫ 2π

0

dϕ.

t = 1− ρ2 An`R¤ �Ð� , r�µ� ºz��� ��� �� .
∫ 2π

0
dϕ =

[
ϕ
]2π

0
= 2π : Xys� w¡ ϕ ¨� ��Akt��

An§d�

ρ = 0 =⇒ t = 1 ¤ ρ = 1 =⇒ t = 0,√
1− ρ2 =

√
t = t1/2,

dt = −2ρ dρ =⇒ ρ dρ = −1

2
dt,

:Yl� �O�� ¾�ry��¤

V olume(B) = −2

2
2π

∫ 0

1

t1/2 dt = 2π

∫ 1

0

t1/2 dt = 2π

[
1

1
2

+ 1
t
1
2

+1

]1

0

= 2π
2

3

[
t
3
2

]1

0
=

4π

3
.

¨¶An��� ��Akt�� Tmy� 	s�� : 5 �A��

∫∫
D

(
3y2 − x

)
dxdy

 � 
ml� �Ð�

D = {(x, y) : 0 ≤ x ≤ 2, 1 ≤ y ≤ 2}
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¢n�¤

∫∫
D

(
3y2 − x

)
dxdy =

∫ 2

1

(∫ 2

0

(
3y2 − x

)
dx

)
dy

=

∫ 2

1

3xy2 − 1

2
x2

∣∣∣∣2
0

dy

=

∫ 2

1

(
6y2 − 2

)
dy

= 2y3 − 2y
∣∣2
1

= 12

¨¶An��� ��Akt�� Tmy� 	s�� : 6 �A��

∫ 2

1

∫ y2

y

dxdy.

¢n�¤

∫ 2

1

∫ y2

y

dxdy =

∫ 2

1

x|y
2

y dy

=

∫ 2

1

(
y2 − y

)
dy

=
1

3
y3 − 1

2
y2

∣∣∣∣2
1

=
5

6
.

¨¶An��� ��Akt�� Tmy� 	s�� : 7 �A��

∫ π

0

∫ x

0

x sin ydydx
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¢n�¤

∫ π

0

∫ x

0

x sin ydydx =

∫ π

0

(∫ x

0

x sin ydy

)
dx

=

∫ π

0

−x cos y|x0 dx

=

∫ π

0

−x (cosx− 1) dx

=
1

2
x2 − x sinx− cosx

∣∣∣∣π
0

=
π2

2
+ 2.

¨�®��� ��Akt�� 5.1

T�r`m�� ­ ¤d�� T�wm�� Ω ⊂ R3
�kt�¤ (x, y, z) ��ry�t� �®� ��Ð T�� f : R3 −→ R �kt�

.f T��d�� Ahyl�

þ� Sδ T¶z�tl� ��rm��  Am§C �wm�� T§Ah� Ω Yl� f T��dl� ¨�®��� ��Akt�� �r`� : 1.5.1 �§r`�

:rfOl� ¨htn§ δ �y� δ3  A`�±� ��Ð Ki ­ry�O�� �Ab`km�� Yl� Ω

∫∫∫
Ω

f(x, y, z) dx dy dz = lim
δ→0

∑
Ki∈Sδ

f(xi, yi, zi) δ
3,

.(xi, yi, zi) ∈ Ki ªAqn�� CAyt��  A� A§�

�®�Akt��  �� , ¨�At�A�¤ .3 d`b�� ¨� Ty¶An��� �®�Akt�� �§r`� ry\� w¡ �§r`t�� �@¡

rmts§ f)  w�w�� �A§r\� Hf�¤ ,A¾A�Am� T�¤ zm�� �®�Akt�� P¶AO� Hf� Ah� Ty�®���

.( ¤d�� Ω Yl�

����� �bO§ , xAyq�� �§rV �� :T§d§r�� r��� ¨�®��� ��Aktl� ¨Fdnh�� Yn`m�

(©rb���) ¨�A�r�� ����� xOy «wtsm��¤ f þ� ¨�Ayb�� �Fr�� �y� T�Asm�� ºz�� (©rb���)

.Oxyz ºASf��¤ f þ� ¨�Ayb�� �Fr�� �y� Ty�A�r�� T�Asm�� �� ºz��
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¨nyby� T§r\� ¨�®��� ��Akt�� 
As�

: �� , �wWs�� ©E�wt� Ω = [a, b][c, d][e, g]  A� �Ð� (1 : 1.5.1 T§r\�∫∫∫
Ω

f(x, y, z) dx dy dz =

∫ b

a

dx

∫ d

c

dy

∫ g

e

dz f(x, y, z) £d§r� ©@�� 	y�rt�A� .

 A� �Ð� (2

Ω =
{

(x, y, z) ∈ R3
∣∣ x ∈ [a, b], y ∈ [c(x), d(x)], z ∈ [e(x, y), g(x, y)]

}
: Ð� , ­ ¤d�� T�wm�� ©� ¨¡∫∫∫

Ω

f(x, y, z) dx dy dz =

∫ b

a

dx

∫ d(x)

c(x)

dy

∫ g(x,y)

e(x,y)

dz f(x, y, z) ©rs� 	y�r� .

��Akt�� 	s�n� (1 : 1 �A��∫∫∫
[0,1]5[1,2]5[2,3]

(x2 − 2yz) dx dy dz =

∫ 3

2

dz

∫ 2

1

dy

∫ 1

0

dx (x2 − 2yz)

=

∫ 3

2

dz

∫ 2

1

dy

[
1

3
x3 − 2xyz

]x=1

x=0

=

∫ 3

2

dz

∫ 2

1

dy

(
1

3
− 2yz

)
=

∫ 3

2

[
1

3
y − y2z

]y=2

y=1

dz =

∫ 3

2

(
2

3
− 4z − 1

3
+ z

)
dz

=

∫ 3

2

(
1

3
− 3z

)
dz =

[
1

3
z − 3

2
z2

]3

2

=
3

3
− 27

2
− 2

3
+

12

2
=

1

3
− 15

2

= −43

6
.

D =
{

(x, y, z) ∈ R3 | x2 +y2 ≤ 1, z = 0
}

Qrq�� Ah�d�A� , Tl�Ak�� T��wWF¯� ¨¡ Ω  A� �Ð� (2

	tk�  � �yWts� 3 �Af�C³� ¤Ð

Ω =
{

(x, y, z) ∈ R3 : | x2 + y2 ≤ 1, 0 ≤ z ≤ 3
}

=
{

(x, y, z) ∈ R3 : | x ∈ [−1, 1], y ∈
[
−
√

1− x2,
√

1− x2
]
, z ∈ [0, 3]

}
¨�db�  Ahy� :­ÐAtF±�24­rks� rSy� dm�� T`�A�
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¢n�¤

∫∫∫
Ω

(1− 2yz) dx dy dz =

∫ 3

0

dz

∫∫
D

(1− 2yz) dx dy

=

∫ 3

0

dz

∫ 1

−1

dx

∫ √1−x2

−
√

1−x2
(1− 2yz) dy

=

∫ 3

0

dz

∫ 1

−1

[
y − y2z

]y=
√

1−x2

y=−
√

1−x2 dx

=

∫ 3

0

dz

∫ 1

−1

(√
1− x2 − (1− x2)z +

√
1− x2 + (1− x2)z

)
dx

=

∫ 3

0

dz

∫ 1

−1

2
√

1− x2 dx

= 3

∫ π/2

−π/2
2 cos2 t dt = 3π.

ry�tm�� ry�� ¨�®��� ��Akt�� 
As�

: �� ry�t� ryy�� (x, y, z) = h(u, v, w)  A� �Ð� : 2.5.1 T§r\�

∫∫∫
Ω

f(x, y, z) dx dy dz

=

∫∫∫
h−1(Ω)

f (x(u, v, w), y(u, v, w), z(u, v, w)) |det Jh(u, v, w)| dudvdw

T§¤rk�� �Ay��d�� ¤� Ty��wWF±� �Ay��d�²� ��ryy�t�� ��� �� , QwO��� ¢�¤ Yl�

: An§d�

dx dy dz = ρ dρ dϕ dz = r2 sin θ dr dϕ dθ.
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x

z

y

O

M

H

−→ex
−→ez −→ey

x

y

z

M

r = r1 surface

z = z1 plane

φ = φ1 plane

φ1

r1

z1
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O

H

x

y

X

Y

Z

M

θ

Omega Tl�Ak�� T��wWF¯� Yl� f(x, y, z) = 1 − 2yz T��d�� ��Ak� «r�� ­r� r�@tn� : 2 �A��

�Ay��d�³� ¨� .3 �Af�C³� ¤Ð D =
{

(x, y, z) ∈ R3 | x2 + y2 ≤ 1, z = 0
}

Qrq�� Ah�d�A� ¨t�A,

:An§d� , Ty��wWF±�

Ω =
{

(x, y, z) ∈ R3 | x2 + y2 ≤ 1, 0 ≤ z ≤ 3
}

=
{

(ρ, ϕ, z) | ρ ∈ [0, 1], ϕ ∈ [0, 2π[, z ∈ [0, 3]
}

 ± ,¨�At�A�¤

dx dy dz = ρ dρ dϕ dz
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:An§d� �tn§∫∫∫
Ω

(1− 2yz) dx dy dz =

∫ 3

0

dz

∫∫
D

(1− 2yz) dx dy

=

∫ 3

0

dz

∫ 1

0

ρ dρ

∫ 2π

0

(1− 2ρ sinϕz) dϕ

=

∫ 3

0

dz

∫ 1

0

ρ dρ [ϕ+ 2ρ cosϕz]ϕ=2π
ϕ=0

=

∫ 3

0

dz

∫ 1

0

(2π + 2ρz − 2ρz) ρ dρ

=

∫ 3

0

dz

∫ 1

0

2π ρ dρ = 3 π
[
ρ2
]1

0
= 3π.
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Ty�At�� �®�Akt�� 	s�� : 1 �§rm�

1)
∫ √

3x log xdx 3)
∫
x2exdx

2)
∫ 1

0
(7x2 − ex) dx 4)

∫
x
√
x2 + 1dx

¨�At�� ��Akt�� �y� xC � : 2 �§rm�

In =

∫ 1

0

sin(πx)

x+ n
dx,

.n > 0 �� ��� ��

0 ≤ In+1 ≤ In  � 
b�� −1

.limn→+∞ In  � �tntF� �� In ≤ ln n+1
n

 � 
b�� −2

��Akt�� Tmy� 	s�� −3

lim
n→+∞

nIn.

Ty�At�� �A§Ahn�� 	s�� : 3 �§rm�

1) lim
x→0
y→0

√
x2y2 + 1− 1

x2 + y2
3) lim

x→0
y→0

x2 + y2√
x2 + y2 + 1− 1

2) lim
x→0
y→2

sinxy

x2 + y2
4) lim

x→∞
y→k

(
1 +

y

x

)x
k ∈ R

(x0, y0) = (0, 0) TWqn�� dn� f T��d�� T§C�rmtF� xC � : 4 �§rm�

f (x, y) =


x3 + y3

x2 + y2
, (x, y) 6= (0, 0)

0, (x, y) = (0, 0)
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(x0, y0) = (0, 0) (x0, y0) = (0, 1) TWqn�� dn� g T��d�� ��

g (x, y) =

 x+ y, (x, y) 6= (0, 1)

0, (x, y) = (0, 1)

¨�At�� ��Akt�� �y� xC � : 5 �§rm�

In =

∫ 1

0

sin(πx)

x+ n
dx,

.n > 0 �� ��� ��

0 ≤ In+1 ≤ In  � 
b�� −1

.limn→+∞ In  � �tntF� �� In ≤ ln n+1
n

 � 
b�� −2

��Akt�� Tmy� 	s�� −3

lim
n→+∞

nIn.

�þþ���

¤ 0 < x + n ≤ x + n + 1 An§d� ,0 ≤ x ≤ 1 �� ��� �� : 0 ≤ In+1 ≤ In  � �Ab�� −1

d�� , ¢n�¤ ,sin(πx) ≥ 0

0 ≤ sin(πx)

x+ n+ 1
≤ sin(πx)

x+ n

.��Akt�� Ty�A�§� Ty}A� �ybWt�

An§d� 0 ≤ sin(πx) ≤ 1 �®� �� −2

sin(πx)

x+ n
≤ 1

x+ n

d��

0 ≤ In ≤
∫ 1

0

1

x+ n
dx = [ln(x+ n)]10 = ln

n+ 1

n
→ 0.

��Akt�� Tmy� 
As� −3

lim
n→+∞

nIn.
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u′(x) = − 1

(x+ n)2
¢n�¤ v′(x) = sin(πx) ¤ u(x) =

1

x+ n
�S��y� ,T¶z�t�A� ��Ak� ©r�n�

d�� v(x) = − 1

π
cos(πx) ¤

nIn = n

∫ 1

0

1

x+ n
sin(πx) dx

= −n
π

[
1

x+ n
cos(πx)

]1

0

− n

π

∫ 1

0

1

(x+ n)2
cos(πx) dx

=
n

π(n+ 1)
+

1

π
− n

π
Jn

Tmy�  A�§� An� Yqb§

Jn =

∫ 1

0

cos(πx)

(x+ n)2
dx.

∣∣∣n
π
Jn

∣∣∣ ≤ n

π

∫ 1

0

| cos(πx)|
(x+ n)2

dx ≤ n

π

∫ 1

0

1

(x+ n)2
dx

=
n

π

[
− 1

x+ n

]1

0

=
n

π

(
− 1

1 + n
+

1

n

)
=

1

π

1

n+ 1
→ 0.

:¢n�¤

lim
n→+∞

nIn = lim
n→+∞

n

π(n+ 1)
+

1

π
− n

π
Jn =

2

π
.

­rks� rSy� dm�� T`�A�31¨�db�  Ahy� :­ÐAtF±�



¨�®��� ��Akt�� .5.1Tf�ASm��¤ TWysb�� �®þþ�Akt�� . �Ä¤±� �Of��

¨�db�  Ahy� :­ÐAtF±�32­rks� rSy� dm�� T`�A�



2 ��C �§CAmt�� TlslF

:Ty�At�� Tf�ASm�� �®�Akt�� 	s�� : 6 �§rm�

1)
∫∫

D
(xy + y2 + 1) dxdy D = {(x, y) ∈ R2 : 1 ≤ x ≤ 2, 0 ≤ y ≤ 3}

2)
∫∫

D
(xyex+y) dxdy D = {(x, y) ∈ R2 : 1 ≤ x ≤ a, 1 ≤ y ≤ b}

3)
∫∫

D
(xexy) dxdy D = {(x, y) ∈ R2 : 1 ≤ x ≤ 2, 1 ≤ y ≤ 2}

4)
∫∫

[0,1][0,1]

1

x+ y + 1
dxdy

¨�At�� ¨¶An��� ��Akt�� 	s�� : 7 �§rm�∫∫
D

(
xyex+y

)
dxdy, D =

{
(x, y) ∈ R2 : x ≥ 0, y ≥ 0, x2 + y2 ≤ 1

}
:¨l§Am� T�r`m�� ∆ T�As� 	s�� : 8 �§rm�

∆ =
{

(x, y) ∈ R2 :
x

a2
+
x

b2
≤ 1
}
, (a, b) 6= (0, 0)

:¨�At�� ¨�®��� ��Akt�� 	s�� : 9 �§rm�∫∫∫
D

xaybzcdxdydz, (a, b, c) ∈
(
R∗+
)3

D =
{

(x, y, z) ∈ R3 : 0 ≤ x ≤ 1, 0 ≤ y ≤ 1, 0 ≤ z ≤ xy
}

:¨�At�� ¨�®��� ��Akt�� 	s�� : 10 �§rm�∫∫∫
V

x y z dx dy dz,

V =

{
(x, y, z) ∈ R3 :

x2

a2
+
y2

b2
+
z2

c2
≤ 1

}
(a, b, c) 6= (0, 0, 0)
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