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TyW��� �¯ A`m�� �m� .1.6 TyW��� �¯ A`m�� .x As�� �Of��

... TyFdnh�� �wl`��¤ ,  AOt�¯�¤ , ºAymyk��¤ , ­Ay��� �wl�¤

xAF±� �kK� Ah�± , �A�Ays�� �� d§d`�� ¨� Ah�AqybW� �®� �� TyW��� �¯ A`m�� ��d�

¨� ¨W��� rb��� �A§r\� �� ryb� ºz� T��A`m� �ms� Ah�� Am� .¨W��� rb�l� ¨�As���

.Tyhtnm��  A`�±� ��Ð ��ºASf��

�� ¤� �¯ A`m�� �� ¨fy�  d� ��Ð TyW��� �m��� �wRwm� ºz��� �@¡ PiO�� �wF �@h�

�rK� T§ d`�� Tl��±� {`� �� �m��� £@¡ ��� ��� �rV ­d� xCd� �wF ¤ .�y¡A�m��

.Tq§rV �k� ���� ºAn�� T`btm�� ���rm��

TyW��� �¯ A`m�� �m� 1.6

.K = R ∨ C ¨l§dbt�� �q��� rbt`� ,�Of�� �@¡ �� ¨��yF A� �� ¨�

�®�A`� ��Ð TyW� Tlm� ¤� �wh�� m ¤ T� A`� n ��Ð TyW� Tlm� ¨ms� : 1.1.6 �§r`�

:�kK�� �� �¯ A`� Tlm� �� ,K �q��� ��

(S)


a11x1 + a12x2 + · · ·+ a1pxp = b1

a21x1 + a22x2 + · · ·+ a2pxp = b2
...

an1x1 + an2x2 + · · ·+ anpxp = bn

�A`K�� A�� .K �� bi ¤ aij �®�A`m�� 1 ≤ j ≤ p ¤ 1 ≤ i ≤ n �� ��� �� �y�

x =


x1

x2
...

xp

 ∈ Kp

.S Tlm�l� ¾®� Yms§ ¤ ,S Tlm�l� T�wkum�� �¯ A`m�� �ym� �q�§

�y¡�r�� ¨my¡�r� :ÐAtF±� 150 ­rks� rSy� dm�� T`�A�
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TyW��� �¯ A`m�� .x As�� �Of�� TyW��� �¯ A`m�� �m� .1.6

�A`K��

b =


b1

b2
...

bn

 ∈ Kn

.S TyW��� Tlm�l� ¨�A��� �rW�� £w�dn�

T�wm�m�� Yms�

H (S) = {x ∈ Kp, S Tlm�l� �� x }

.(S) Tlm��� �wl� T�wm��

T}A� �¯A� 1.1.6

.T`�r� Tlm� Yms� S Tlm���  �� ,n = p :  A� �Ð� (1

Yms� @¶dn�¤ ,Ts�A�t� Tlm� S Tlm��� ¨ms� An��� ,b1 = b2 = · · · = bn = 0 :  A� �Ð� (2

: �wh�� p ¤ ¾T� A`� n ��Ð S0 Tlm���

(S0)


a11x1 + a12x2 + · · ·+ a1pxp = 0

a21x1 + a22x2 + · · ·+ a2pxp = 0
.
.
.

an1x1 + an2x2 + · · ·+ anpxp = 0

.S TyW��� Tlm�l� Tq��rum�� Ts�A�tm�� Tlm���

©� ,�wl��� T�wm�� Hf� Amh�  A� �Ð�  At·�Akt� S2 ¤ S1 �ytlm���  � �wq� : 2.1.6 �§r`�

.H(S1) = H(S2)

­rks� rSy� dm�� T`�A� 151 �y¡�r�� ¨my¡�r� :ÐAtF±�
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TyW��� �m��� �� �rV .2.6TyW��� �¯ A`m�� .x As�� �Of��

TyW� �¯ A`� Tlm�� Ty�wfOm�� T�Atk�� 2.1.6

Ty�At�� TyW��� Tlm��� �kt�¤ .�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky� : 3.1.6 �§r`�

(S)


a11x1 + a12x2 + · · ·+ a1pxp = b1

a21x1 + a22x2 + · · ·+ a2pxp = b2
...

an1x1 + an2x2 + · · ·+ anpxp = bn

�S�

A :=


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp

 , X :=


x1

x2
...

xp

 , B :=


b1

b2
...

bn


.Tlm�l� ¨�A��� �rW�� B ¤ �wl��� �A`K� X ¤ (S) TyW��� Tlm��� T�wfOm� A T�wfOm�� Yms�

:T�Atk�� An§d� �tn§ ¢n�¤

AX = B

	tk�  � �km§ ©�

(S∗)


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp




x1

x2
...

xp

 =


b1

b2
...

bn


.(S) TyW��� Tlm�l� Ty�wfOm�� T�Atk�A� S∗ Yms�

TyW��� �m��� �� �rV 2.6
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TyW��� �¯ A`m�� .x As�� �Of��TyW��� �m��� �� �rV .2.6

{§w`t�� Tq§rV 1.2.6

Tq§rW��  �� ,�wl��� 
As��¤ ,TyW� Tlm�� r��� ¤� d��¤ �� �An¡  A� �Ð� A� T�r`m�

:Ty�At�� TyW��� Tlm�� Tbsn�A� �A�m�� �ybF Yl� .{§w`t�� Tq§rV ¨¡ Y�¤±�

(S)

 3x+ 2y = 1

2x− 7y = −2

y |w`� ¤� �dbts� y = 1
2
− 3

2
x ¨�At�� �kK�� Yl� 3x+ 2y = 1 �¤±� rWs�� T�At� dy`�

: T·�Ak� Tlm� Yl� �O�t�
1
2
− 3

2
x ­CAb`�A� Ty�A��� T� A`m�� ¨� y = 1

2
− 3

2
x

2x− 7(1
2
− 3

2
x) = −2

:TVAs� �k� Ahl� Annkm§¤ ,Xq� x ry�tm�� Yl� ©wt�� Ty�A��� T� A`m�� y = 1
2
− 3

2
x

(2 + 73
2
)x = −2 + 7

2

⇐⇒

 y = 1
2
− 3

2
x

x = 3
25

:Y�¤±� T� A`m�� ¨� Ahyl� �wO��� �� ¨t�� x Tmy� {§w`� Xq� Yqb§ y = 8
25

x = 3
25

: ¨¡ �wl��� T�wm�� ¢n�¤ .( 3
25
, 8
25

) �dy�¤ ®� �bq� Tlm��� ¢n�¤

H(S) =

{(
3

25
,

8

25

)}
.

r��r� Tq§rV 2.2.6

Tq§rV TWF�w� TyW� Tlm� �� Tq§rV r��� �hf� ¨� TWys� TyW� Tlm� T�A� @���

�ky� ,�@h� r��r�

∆ =

∣∣∣∣∣∣ a b

c d

∣∣∣∣∣∣ = ad− bc

­rks� rSy� dm�� T`�A�153�y¡�r�� ¨my¡�r� :ÐAtF±�
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TyW��� �m��� �� �rV .2.6TyW��� �¯ A`m�� .x As�� �Of��

.�y�wh�m�� ¤ �yt� A`m�� ��Ð TyW��� Tlm���  d�� ax+ by = e

cx+ dy = f

: ¨¡ (x, y) ¢�Ay��d�� �dy�¤ ¾®� d�� ,ad− bc 6= 0  A� �Ð�

x =
∆x

∆
=

∣∣∣∣∣∣ e b

f d

∣∣∣∣∣∣
ad− bc

, y =
∆y

∆
=

∣∣∣∣∣∣ a e

c f

∣∣∣∣∣∣
ad− bc

¤ T� A`ml� ¨�A��� �rW�A� �¤±�  wm`�� �dbts� , x Y�¤±� Ty��d�³� Xsb� Tbsn�A�

.T� A`ml� ¨�A��� �rW�A� ¨�A���  wm`�� �dbts� , y Ty�A��� Ty��d�²� Tbsn�A�

Tlm��� �kt� : 1 �A�� tx− 2y = 1

3x+ ty = 1

:w¡ Tlm���  d�� .t ∈ R XyFw�� �y� 	s�

∆ =

∣∣∣∣∣∣ t −2

3 t

∣∣∣∣∣∣ = t2 + 6

:�q�§ (x, y) ���� ,r��r� Tlm� ¨¡ TyW��� Tlm���¤ dy�¤ �� d�w§ �@h�¤ �d`n§ ¯

x =

∣∣∣∣∣∣1 −2

1 t

∣∣∣∣∣∣
t2 + 6

=
t+ 2

t2 + 6
, y =

∣∣∣∣∣∣t 1

3 1

∣∣∣∣∣∣
t2 + 6

=
t− 3

t2 + 6
.

:¨¡ �wl��� T�wm�� t �� ��� ��

H(S) =

{(
t+ 2

t2 + 6
,
t− 3

t2 + 6

)}
.
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TyW��� �¯ A`m�� .x As�� �Of��TyW��� �m��� �� �rV .2.6

Qwþ� Tq§rV 3.2.6

Tq§rV Qw� Tq§rV rbt`� ,A T�wfOm�� rWF� Yl� TyFAF±� �Aylm`�� �Am`tF� �Sf�

 wk� �y�� Ah� T·�Ak� S ′ «r�� TyW� Tlm� Y�� S TyW��� Tlm��� �§w�t� �ms� Ty�hn�

¨� Am� T§rW� ­C¤rS�A� Hy�¤ ,Xq�) T§wl� Ty�l�� ­d§d��� TyW��� Tlm��� T�wfO�

 wk�  � A§C¤rR Hy�) T�¤d`� ry� T§rWq�� A¡r}An� ��¤ ,( � Cw� - Qw� Tq§rV

rWq�� �fF� �q� ¨t�� T�wfOm�� r}An� �ym� �`� Y�� Y`s� Qw� Tq§rV .(1 þ� T§¤As�

.T�Cdt� T�wfO� TyW��� Tlm�l�  � ©� T�¤d`� ¨sy¶r��

�¯ A`m�� Tlm� Yl� AhqybW� Annkm§ ¨t�� Ty�¤±� �®§w�t�� {`� r�@� ,�db�  � �b�¤

:¨¡ �®§w�t�� £@¡¤ ,���� Hf� Ah� ©� ,T·�Ak� �¯ A`� Tlm� Yl� �O�� �y��

.���� ry�§ ¯ ¢�� �R�¤ �@¡¤ :�yt� A`� �§db� •

�� 
rS� ¢���  A§¤Ast�  A�rV An§d�  A� �Ð� :�¤d`� ry�  d`� T� A`� ¨�rV 
rR •
.�y§¤Ast� �y�rV Yl� AS§� �O�nF  d`�� Hfn� �rV

. «r�� T� A`� ��  d`� T�¤rS� T� A`� �m� •

TyW��� �¯ A`m�� Tlm� �§w�� w¡ Qw� Tq§rV �db�  �

(S)


a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
.
.
.

an1x1 + an2x2 + · · ·+ annxn = bn

: �kK�� �� T·�Ak� �¯ A`� Tlm� Y��

(S ′)


c11x1 +c12x2 + · · · +c1nxn = d1

+c22x2 + · · · +c2nxn = d2
. . .

.

.

.
.
.
.

+cnnxn = dn

Tlm� ¨f� .�¯w�tm�� �y� 
As� ¢`� �hs§ ¨�l�� �kJ Y�� �¯ A`m�� Tlm� �§w�� ©�

�b�Am�� T� A`m�� ¨� AhRw`�¤ ,T�whs� xpYl� �O�� ­ry�±� T� A`m�� �� ,T·�Akm�� �¯ A`m��
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TyW��� �m��� �� �rV .2.6TyW��� �¯ A`m�� .x As�� �Of��

Yt� �@k¡¤ Yl� �O�n� Ahlb� ¨t�� T� A`m�� ¨� �ytmyq�� |w`�¤ xp−1 Yl� �O�n� ­ry��

.x1 Tmy� d�� ¨� Ahyl� AnlO�� ¨t�� �yq�� �ym� |w`n� Y�¤±� T� A`ml� �O�

�®§w�t�� º�r��

a11 Yl� Y�¤±� S �¯ A`m�� Tlm� �� Y�¤±� T� A`m�� Anms� �Ð� : rfO�� ©¤As§ ¯ a11 |rf�

�¯ A`m�� Tyq� Yl� Tq§rW�� Hf� �bW�¤ Ty�A��� T� A`m�� �� A¡An�rV �� a21 ¨� A¡An�rR ¤

:Ty�At�� T�yO�� 	s�

a
(1)
ij = aij −

a1j · ai1
a11

, i, j = 2, ..., n

�y�� Ahyl� ¨t�� �¯ A`m�� �� ©� �� Y�¤±� T� A`m�� �§dbt� A¡dn� �wq� a11 = 0  A�  ��

A¡dn� rfO�� ©¤As� Ahl� 
�A�¤ ,d�� ��  �� .rWs�� ��C w¡ i �y� ai1 6= 0 d���  wk§

(r��� ¤�) �¯ A`m�� «d��  � 	bs��¤ ,dy�¤ �� Ah� Hy� TyW��� �¯ A`m�� Tlm�  wk�

:�kK�� �� TyW� Tlm� Yl� �O�� �§w�t�� �@¡ d`� .«r�� �¯ A`m� AyW� TWb�r�

(S(1))


a11x1 +a12x2 + · · · +a1nxn = d1

+a
(1)
22 x2 + · · · +a

(1)
2nxn = d

(1)
2

. . .
.
.
.

.

.

.

+a
(1)
n2x2 +a

(1)
nnxn = d

(1)
n


b��  �� Tylm`�� Crk� .Y�¤±� T� A`m�� d`� T� A`m�� �ym� �� �¤±� d��� An�@� �@k¡¤

T� A`m�� �sq� An�� ©� Y�¤±� Tq§rW�� Hfn� �¯ A`m�� ¨�A� Yl� �m`�¤¤ Y�¤±� T� A`m��

Hfn� �@k¡¤ T��A��� �� Ah�rW�¤ a
(1)
32 þ� Ah�rS�¤ a

(1)
22 w¡¤ A¡Cw�� Yl� (­d§d���) Ty�A���

: Ty�At�� T�yO�� 	s� Tyqb�� �� ��wnm��

a
(2)
ij = a

(1)
ij −

a
(1)
2j · a

(1)
i2

a
(1)
22

, i, j = 3, ..., n

Hfn� Tylm`�� �}�w� .Ty�A��� T� A`m�� d`� T� A`m�� �ym� �� AS§� ¨�A��� d��� An�@� �@k¡¤

 wk� T�A��� £@¡ ¨� �®§w�t�� ¨� T�A`�� T�yO��¤ Ty�l�� Tlm� Yl� �O�t� Yt� ��wnm��

�y¡�r�� ¨my¡�r� :ÐAtF±�156­rks� rSy� dm�� T`�A�
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TyW��� �¯ A`m�� .x As�� �Of��TyW��� �m��� �� �rV .2.6

:¨l§ Am�

a
(k)
ij = a

(k−1)
ij −

a
(k−1)
kj · a(k−1)ik

a
(k−1)
kk

, k = 1, ..., n− 1, i, j = k + 1, ..., n.

: Tlm��� �wl�  A�§³ Qw� Tq§rV �m`tsn� : 2 �A��
x+ y + 2z = 3

x+ 2y + z = 1

2x+ y + z = 0

: 	tk�¤
x+ y + 2z = 3 L1

x+ 2y + z = 1 L2

2x+ y + z = 0 L3

⇐⇒


x+ y + 2z = 3

y − z = −2 L2 ← L2 − L1

−y − 3z = −6 L3 ← L3 − 2L1

⇐⇒


x+ y + 2z = 3

y − z = −2

−4z = −8 L2 ← L3 + L2

⇐⇒


x = −1

y = 0

z = 2

T�wfOm�� xAk`�� Tq§rV 4.2.6

¨�wfOm�� �kK�A� TyW��� Tlm��� ax+ by = e

cx+ dy = f
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TyW��� �m��� �� �rV .2.6 TyW��� �¯ A`m�� .x As�� �Of��

¸�Ak�

A =

a b

c d

 , X =

x
y

 , Y =

e
f

 , �y� AX = Y

¤� TFwk� A T�wfOm��  �� ,ad− bc 6= 0 �Ð� ©� , �¤d`� ry� A T�wfOm��  d��  A� �Ð�

¤ 	lql� Tl�A�

A−1 =
1

ad− bc

 d −b
−c a


:�kK�� �� 	tk§ Tlm�l� X =

x
y

 dy�w�� ���� ¤

X = A−1Y.

Ty�At�� TyW��� Tlm��� ��n� : 3 �A�� x+ y = 1

x+ t2y = t

: w¡ Tlm���  d�� .t ∈ R XyFw�� �y� 	s�∣∣∣∣∣∣1 1

1 t2

∣∣∣∣∣∣ = t2 − 1.

.t 6= −1 ¤ t 6= +1 :Y�¤±� T�A��� (1

T�wfOm�� .t2 − 1 6= 0  ��

A =

1 1

1 t2


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TyW��� �¯ A`m�� .x As�� �Of�� TyW��� �m��� �� �rV .2.6

Ah�wlq�¤ TFwk�

A−1 =
1

t2 − 1

 t2 −1

−1 1

 .

�kK�� �� X =

x
y

 ����¤

X = A−1Y =
1

t2 − 1

 t2 −1

−1 1

1

t

 =
1

t2 − 1

t2 − t
t− 1

 =

 t
t+1

1
t+1

 .

¨¡ �wl��� T�wm�� t 6= ±1 �� ��� ��

H(S) =

{(
t

t+ 1
,

1

t+ 1

)}
.

:�kK�� Yl� 	tk� TyW��� Tlm��� .t = +1 :Ty�A��� T�A��� (2 x+ y = 1

x+ y = 1

:�wl��� �� ¢tn� ry�  d� �An¡ . Atq�AWt�  At� A`m��¤

H(S) = {(x, 1− x) | x ∈ R} .

:�kK�� Yl� 	tk� TyW��� Tlm��� .t = −1 :T��A��� T�A��� (3 x+ y = 1

x+ y = −1,
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6 ��C �§CAmt�� TlslF .3.6TyW��� �¯ A`m�� .x As�� �Of��

¨�At�A�¤ �ytq��wt� ry� �yt� A`m��  � �R�w�� ��

H(S) = ∅.

6 ��C �§CAmt�� TlslF 3.6

:Qw� Tq§rV �Am`tF�� Ty�At�� TyW��� �m��� �� : 1 �§rm�
x +y +2z = 3

x +2y +z = 1

2x +y +z = 0

,


x +2z = 1

−y +z = 2

x −2y = 1

.

�þþ���

:	tk� ,Y�¤±� Tlm�l� Tbsn�A� ,Qw� Tq§rV ��d�tF��


x+ y + 2z = 3 L1

x+ 2y + z = 1 L2

2x+ y + z = 0 L3

⇐⇒


x+ y + 2z = 3

y − z = −2 L2 ← L2 − L1

−y − 3z = −6 L3 ← L3 − 2L1

⇐⇒


x+ y + 2z = 3

y − z = −2

−4z = −8 L2 ← L3 + L2

⇐⇒


x = −1

y = 0

z = 2
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TyW��� �¯ A`m�� .x As�� �Of�� 6 ��C �§CAmt�� TlslF .3.6

.(x, y, z) = (−1, 0, 2) ¨¡ Tlm��� �wl� ¢n�¤

:Tq§rW�� Hfn� rys� ,Ty�A��� Tlm�l� Tbsn�A�
x+ 2z = 1 L1

−y + z = 2 L2

x− 2y = 1 L3

⇐⇒


x+ 2z = 1

−y + z = 2

−2y − 2z = 0 L3 ← L3 − L1

⇐⇒


x+ 2z = 1

−y + z = 2

−4z = −4 L3 ← L3 − 2L2

⇐⇒


x = −1

y = −1

z = 1

.(x, y, z) = (−1,−1, 1) ¨¡ Tlm��� �wl� ¢n�¤

. : 2 �§rm�

	lq� ,Qw�� T§Cw�m�� Tq§rW�A� , {§w`t�A�) Tflt�� �rV ��C�� Ty�At�� Tlm��� �wl� d�¤� (1

:(r��r� T�y} ��d�tFA� ¤ �®�A`m�� T�wfO� 2x + y = 1

3x + 7y = −2

:Ty�At�� �m��� �wl�  A�§³ a �yq� Aq�¤ ,���� ¨� �rF±� Ah�� �� ¤db� ¨t�� Tq§rW�� rt�� (2 ax + y = 2

(a2 + 1)x + 2ay = 1

 (a+ 1)x + (a− 1)y = 1

(a− 1)x + (a+ 1)y = 1
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6 ��C �§CAmt�� TlslF .3.6TyW��� �¯ A`m�� .x As�� �Of��

�þþ���

.{§w`t�� Tq§rV (1.1

T� A`m�� ¨� y Tmy� |w`� .y = 1−2x ¨�At�� �kK�� Yl� Y�¤±� T� A`m�� T�At� �yWts�

d�� Ty�A���

3x+ 7y = −2 =⇒ 3x+ 7(1− 2x) = −2 =⇒ 11x = 9 =⇒ x =
9

11
.

: y �tnts�

y = 1− 2x = 1− 2
9

11
= − 7

11

.( 9
11
,− 7

11
) :Ty¶An��� ¨¡ Tlm��� £@¡ �wl� ¢n�¤ .

.Qw� Tq§rV (2.1

Tlm��� d�� 2L2−3L1 rWs�A� L2 rWs�� �Rw� ry��¤ ¢�Ak� L1 �¤±� rWs�A� ^ft��

: Ty�At�� Ty�l�m�� 2x + y = 1

3x + 7y = −2
⇐⇒

 2x + y = 1

11y = −7

.x = 9
11

d�� �¤±� rWs�� �� ¢n�¤ y = − 7
11

�tnts�¤

.T�wfOm�� 
wlq� (3.1

:¨l§ Am� ¨�wfOm�� �kK�� Yl� Tlm��� 	tk�

AX = Y a A =

2 1

3 7

 X =

x
y

 Y =

 1

−2


:T�wfOm�� 	lq� Tlm��� �� d��

X = A−1Y.
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TyW��� �¯ A`m�� .x As�� �Of��6 ��C �§CAmt�� TlslF .3.6

:¨l§ Am� 	s�§ 252 Tb�r�� �� T�wfO� 
wlq�

A =

a b

c d

  �� A−1 =
1

ad− bc

 d −b
−c a



.0 �� �lt�§ detA =

∣∣∣∣∣∣a b

c d

∣∣∣∣∣∣ = ad− bc  d�m��  � d��t�� ©C¤rS�� ��¤

d��

A−1 =
1

11

 7 −1

−3 2

 ¤ X = A−1

 1

−2

 =
1

11

 9

−7

 =

 9
11

−7
11


.r��r� Tq§rV (4.1

�q�§  d�m��  A� �Ð� ¨�At�� w�n�� Yl� �yt� A`� �� TyW� Tlm�� r��r� �y}  wk�

: ad− bc 6= 0 �bW�A�

 ax + by = e

cx + dy = f
=⇒ x =

∣∣∣∣∣∣e b

f d

∣∣∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣∣
¤ y =

∣∣∣∣∣∣a e

c f

∣∣∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣∣
: AnyW`§ ©@��

x =

∣∣∣∣∣∣ 1 1

−2 7

∣∣∣∣∣∣∣∣∣∣∣∣2 1

3 7

∣∣∣∣∣∣
=

9

11
¤ y =

∣∣∣∣∣∣2 1

3 −2

∣∣∣∣∣∣∣∣∣∣∣∣2 1

3 7

∣∣∣∣∣∣
= − 7

11

Xq�¤ �Ð� T�A��� ¨¡ £@h� ,dy�¤ �� �An¡  A� �Ð� A� T�r`� Y�� �lWt� ,ºd� ©Ð ¹ A� (2

.A�¤d`� Hy�  d�m��  A� �Ð�
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6 ��C �§CAmt�� TlslF .3.6TyW��� �¯ A`m�� .x As�� �Of��

:w¡  d�m��  �� ,Y�¤±� Tlm�l� Tbsn�A�∣∣∣∣∣∣ a 1

a2 + 1 2a

∣∣∣∣∣∣ = a2 − 1

.a 6= ±1  A� �Ð� Xq�¤ �Ð� dy�¤ �� �An¡ ��@�

Tq§rV �Am`tF�� �A�m�� �ybF Yl`� ,T�ytn�� Hf� Y�� © ¥� �rW�� �� �bW�A�

¨� {§w`t�A�¤ ,y = 2 − ax :�kK�� Yl� �¤±� rWs�� T�At� �§rV ��¤ ,{§w`t��

.(a2 + 1)x+ 2a(2− ax) = 1 d�� ¨�A��� rWs��

 �� a 6= ±1  A� �Ð� ¢�� �tnts�

x =
4a− 1

a2 − 1
¤ y =

−2a2 + a− 2

a2 − 1
.

.a �y� 	s� T}A��� �¯A��� �� ��A`t�  µ�

: �kK�� @��� Tlm���  �� a = 1  A� �Ð� x + y = 2

2x + 2y = 1

d�w� ¯ ¢n�¤ .x + y = 1
2
¤ x + y = 2 Yl� 
�w�� Hf� ¨� �O�t�  � �yWts� ¯ �k�

.�wl�

: �kK�� @��� Tlm���  �� a = −1  A� �Ð� −x + y = 2

2x − 2y = 1

.�wl� d�w� ¯ ¤

 d�m�� An¡∣∣∣∣∣∣a+ 1 a− 1

a− 1 a+ 1

∣∣∣∣∣∣ = (a+ 1)2 − (a− 1)2 = 4a.

�y¡�r�� ¨my¡�r� :ÐAtF±�164­rks� rSy� dm�� T`�A�



r
b�
��
º
z
�

¨
m
y¡
�r
�
Ð
At
F
±
�
x

¤
C
 

TyW��� �¯ A`m�� .x As�� �Of��6 ��C �§CAmt�� TlslF .3.6

w¡ r��r� T�y} �Am`tF�� ®�� .(x, y) dy�w�� ���� ¢n�¤ a 6= 0  A� �Ð�

x =

∣∣∣∣∣∣1 a− 1

1 a+ 1

∣∣∣∣∣∣
4a

=
1

2a
¤ y =

∣∣∣∣∣∣a+ 1 1

a− 1 1

∣∣∣∣∣∣
4a

=
1

2a
.

.�wl� d�w� ¯ a = 0  A� �Ð�

: Ty�At�� Tlm��� �wl� d�¤� : 3 �§rm�

(S) =


3x +2z = 0

3y +z +3t = 0

x +y +z +t = 0

2x −y +z −t = 0

�þþ���

:Tlm��� Xysbt� �db�

Qw� Cw�� £CAbt��¤ �¤±� rWs�� Y�� L3 rWs��  Ak� ry�� •

�`f�A� TWysb�� rWF±� �� ­ AftF®� y, t, x, z :¨�At�� 	y�rt�A� ��ry�tm�� 	y�r� dy`� •
.Tlm��� Yl� �O�n�


y + t + x + z = 0 L1

3y + 3t + z = 0 L2

−y − t + 2x + z = 0 L3

3x + 2z = 0 L4
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6 ��C �§CAmt�� TlslF .3.6TyW��� �¯ A`m�� .x As�� �Of��

: Ty�At�� �®§w�t�A� Qw� Tq§rV �db�
y + t + x + z = 0

− 3x − 2z = 0 L2 ← L2 − 3L1

3x + 2z = 0 L3 ← L3 + L1

3x + 2z = 0

:¸�Ak� Tlm��� ¢n�¤ T§¤Ast� ­ry�±� T�®��� rWF±�  � d��

 y + t + x + z = 0

3x + 2z = 0

¨¡ Tlm��� �wl� ¢n�¤ .t = −x− y − z = 1
2
x− y ¤ z = −3

2
x ¢n�¤ XyFw� y ¤ x CAt��

H (S) =

{(
x, y,−3

2
x,

1

2
x− y

)
| x, y ∈ R

}

Ty�At�� Tlm��� �� : 4 �§rm�
3x − y + 2z = a

−x + 2y − 3z = b

x + 2y + z = c

�þþ���

L3 ← 3L3 − L1 ¤ L2 ← 3L2 + L1 Ty�At�� �®§w�t�A� �wq� ,Qw� Tq§rV Yl�  Amt�³A�

: Yl� �O�tn�
3x − y + 2z = a

−x + 2y − 3z = b

x + 2y + z = c

⇐⇒


3x − y + 2z = a

5y − 7z = 3b+ a

7y + z = 3c− a
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TyW��� �¯ A`m�� .x As�� �Of��6 ��C �§CAmt�� TlslF .3.6

: Ty�l�m�� Tlm��� AnyW`§ ©@�� L3 ← 5L3 − 7L2 �§w�t�� ��
3x − y + 2z = a

5y − 7z = 3b+ a

54z = 5(3c− a)− 7(3b+ a)

:�wl��� Yl� �O�t� {§w`t�A� �� z = 1
54

(−12a− 21b+ 15c) : d�� ­ry�±� T� A`m�� ��
x = 1

18
(8a+ 5b− c),

y = 1
18

(−2a+ b+ 7c),

z = 1
18

(−4a− 7b+ 5c).

:r��r� Tq§rV �Am`tF�� Ty�At�� �m��� �� : 5 �§rm�

1)


x+ y + 2z = 3

x+ 2y + z = 1

2x+ y + z = 0

2)


x+ 2z = 1

−y + z = 2

x− 2y = 1

�þþ���

Tlm���  d�� 
As�� r��r� Tlm� ,Tlm���  � �q�tn� (1

det


1 1 2

1 2 1

2 1 1

 = −4 6= 0

:�kK�� �� Ah�wl� r��r� Tlm� Tlm��� ¢n�¤

x =

∣∣∣∣∣∣∣∣
3 1 2

1 2 1

0 1 1

∣∣∣∣∣∣∣∣
−4

=
4

−4
= −1
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6 ��C �§CAmt�� TlslF .3.6 TyW��� �¯ A`m�� .x As�� �Of��

y =

∣∣∣∣∣∣∣∣
1 3 2

1 1 1

2 0 1

∣∣∣∣∣∣∣∣
−4

=
0

−4
= 0

z =

∣∣∣∣∣∣∣∣
1 1 3

1 2 1

2 1 0

∣∣∣∣∣∣∣∣
−4

=
−8

−4
= 2

Tlm���  d�� 
As�� r��r� Tlm� ,Tlm���  � �q�tn� (2

det


1 0 2

0 −1 1

1 −2 0

 = 4 6= 0

:�kK�� �� Ah�wl� r��r� Tlm� Tlm��� ¢n�¤

x =

∣∣∣∣∣∣∣∣
1 0 2

2 −1 1

1 −2 0

∣∣∣∣∣∣∣∣
4

=
−4

4
= −1

y =

∣∣∣∣∣∣∣∣
1 1 2

0 2 1

1 1 0

∣∣∣∣∣∣∣∣
4

=
−4

4
= −1

z =

∣∣∣∣∣∣∣∣
1 0 1

0 −1 2

1 −2 1

∣∣∣∣∣∣∣∣
4

=
4

4
= 1
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TyW��� �¯ A`m�� .x As�� �Of��6 ��C �§CAmt�� TlslF .3.6

T�ytnl� ¨Fdnh�� rysft�� A�¤ TFwk`m�� T�wfOm�� Tq§rV �Am`tF�� Ty�At�� Tlm��� �� : 6 �§rm�

?Ahyl� TlO�� ¨t�� x+my = −3

mx+ 4y = 6

�þþ���

Tlm��� �kJ �� x+my = −3

mx+ 4y = 6

:d��

det

 1 m

m 4

 = 4−m2

:¢n�¤

4−m2 = 0 =⇒ m = 2 ∨m = −2

.�wl� Ah� Hy� Tlm���¤ .0 = 12 �bO� Ty�A��� T� A`m��  �� m = 2  A� �Ð�

�wl��� �� ¢tn� ry�  d� �bq� Tlm��� An¡¤ 0 = 0 �bO� Ty�A��� T� A`m��m = −2  A� �Ð�

©�

x+my = −3⇔ x = −3−my.

:¨¡ �wl��� T�wm��

S = {(−3−my, y); y ∈ R}.

:@��� m 6= 2 ∨m 6= −2,  A� �Ð�

M =

 1 m

m 4


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6 ��C �§CAmt�� TlslF .3.6TyW��� �¯ A`m�� .x As�� �Of��

Tysk`�� T�wfOm�� 
As�� �wq�

M−1 =
(M∗)T

det (M)
=

 4 −m
−m 1

T

4−m2
=

 4 −m
−m 1


4−m2

=

 − 4
m2−4

m
m2−4

m
m2−4 − 1

m2−4


�kK�� ��  wk� Tlm��� �wl� ¢n�¤

X = M−1

 −3

6

 =

 − 4
m2−4

m
m2−4

m
m2−4 − 1

m2−4

 −3

6

 =

 6
m−2

− 3
m−2


:©�

x =
6

m− 2
, y = − 3

m− 2

:�¡ mx+ 4y = 6 ¤ x+my = −3 �ymyqtsm��  � �AtntF� Annkm§ , AyFdn¡

.m 6= (2,−2) T�A� ¨�  A`VAqt� •

.m = 2 T�A� ¨� A�Am�  A§E�wt� •

.m = −2 T�A� ¨� �yy`t�� Yl� ¯¤ •

:Tlm��� �wl� a ∈ R XyFw�� Tmyq� Aq�¤ L�A� : 7 �§rm�
3x +y −z = 1

x −2y +2z = a

x +y −z = 1

�þþ���

: Tlm���  d��

�y¡�r�� ¨my¡�r� :ÐAtF±�170­rks� rSy� dm�� T`�A�
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TyW��� �¯ A`m�� .x As�� �Of��6 ��C �§CAmt�� TlslF .3.6

∣∣∣∣∣∣∣∣
1 1 −1

1 −2 2

1 1 −1

∣∣∣∣∣∣∣∣ = 0

�®§w�t�� �Am`tF�� ¢n�¤ �� d�w§ ¯ ¤� �wl��� �� ¢tn� ry�  d�  w�¤ �� �d§ A� �¤d`�

:d�� T��A���¤ Y�¤±� �y� � Ab� �y� �¯ A`m�� 	y�r� ryy�� Ah�¤� ¤ Ty�At��
3x +y −z = 1

x −2y +2z = a

x +y −z = 1

⇔


x +y −z = 1

x −2y +2z = a

3x +y −z = 1

L1

L2

L3

=⇒


x +y −z = 1

−3y +3z = a− 1

−2y +2z = −2

L1

L2 ← L2 − L1

L3 ← L3 − 3L1

=⇒

 y −z = 1−a
3

y −z = 1

:a �y�  wk�  � 	�§ �wl��� �� ¢tn� ry�  d� �bq� Tlm��� ¨k�

1− a
3

= 1 =⇒ a = −2.

:d�� a = −2 T�A� ¨� ©�

=⇒

 x +y −z = 1

y −z = 1
=⇒

 x = 1− y + z

z = y − 1
=⇒


x = 0

y = y

z = y − 1

:¨¡ �wl��� T�wm�� ¢n�¤

S = {(0, y, y − 1) , y ∈ R}

.�� Ah� Hy� Tlm���  �� a 6= −2  A� �Ð�

­rks� rSy� dm�� T`�A�171�y¡�r�� ¨my¡�r� :ÐAtF±�


