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�þþ§CA`� .1.4 �A�wfOm�� . ���r�� �Of��

111 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 ��C �§CAmt�� TlslF 4.4

rtf�� £@¡¤ ,TyW� r}An`� �y�m� Ah�� Yl� T�wfOm�� ¨l§A� r�C� �d� 1855 TnF ¨�

¨� Ah�AqybW�¤ �A�wfOm�� �d�tsu� ¤ .�A�wfOm�� T§r\�¤ ¨W��� rb��� T§�d� �rbt��

�A§rOb��¤ Tyky�Akym�� ��� ºA§zyf�� �¤r� �� �r� �� ¨� ,Tyml`�� �¯A�m�� �\`�

T�r� ��� Ty¶A§zyf�� r¡�w\�� TF�Cd�¤ �k�� �y�Aky�¤ TysyVAn��¤rhk��¤ TyFdnh��

Yl� AhRr�¤  A`�±� Ty�®��� �ÐAmn�� T��A`�¤ r�wybmk�� �A�wFC ¨� AS§�¤ TblO�� �As�±�

�d�ts�  AOt�¯� ¨�¤ ,ºAO�³�¤ �¯Amt�¯� �A§r\� ¨� �d�ts� Am� , A`�±� Ty¶An� TJAJ

.T§ AOt�¯� �A�®`�� Tm\�� �}w�

�þþ§CA`� 1.4

.�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky� : 1.1.4 �§r`�

Tyqyq���  �d�±� T�wm��  wk§  � �km§ K �q��� r}An� �� �yWts� �¤d� ¨¡ A T�wfOm�� (1

.C Tb�rm�� ¤� R

 wm� p ¤ rWF n ��  wkt� �¤d���  A� �Ð� n5p �nO�� �� ¤� Tb�r�� �� ¨¡ (2

A =


a11 a12 · · · a1p

a21 a22 · · · a2p
...

...
. . .

...

an1 an2 · · · anp

 ¤� A = (aij)1≤i≤n;1≤j≤p .

.A T�wfOm�� ���w� Yms� �¤d��� r}An� (3

.aij z�r�A� ¢� z�r§ j  wm`�� �� i rWs�� �VAq� Ty`R¤ ¨� d��wtm�� ��A`�� (4
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�A�wfOm�� . ���r�� �Of���þþ§CA`� .1.4

: 1 �A��

A =


5 −2

0 3

1 9


.a22 = 3 ¤ a11 = 5 �A�m�� �ybF Yl� ¤ ,�§ wm�¤ rWF� T�®� ©� 352 �nO�� �� T�wfO� ¨¡

. : 2 �A��

T�wfOm�� (1

A =

1 17 0

1
2

√
5 5


.dm�� T�®�¤ �§rWF ��  wkt� 253 T�wfO� ¨¡

.5 ©¤As§ w¡ ��A���  wm`��¤ ¨�A��� rWs�� �VAq� dn�  w�wm�� ��A`m�� w¡ a23 (2

K ¨� �®�A`m�� ��Ð  wm� p ¤ rWF n Yl� ©wt�� ¨t�� �A�wfOm�� T�wm�� : 2.1.4 �§r`�

.Tyqyq� �A�wfO� Yms� Mn,p(R) ¨�A`K�� ºASf�� r}An� ¤ .Mn,p(K) z�r�A� Ah� z�r§

T}A� �A�wfO� 1.1.4

:�Amt¡®� ry�m�� �A�wfOm�� ��w�� {`� ¨l§ Amy�

T�wfOm�� �� �wq� T�A��� £@¡ ¨� ,(dm�±�  d`� ©¤As� rWF±�  d�) n = p  A� �Ð� (1

.Mn,n(K) z�r�� �d� Mn(K) z�r�A� �A�wfOm�� T�wm�m� z�r� A¡dn� T`�r� Ah��

rks� rSy� dm�� T`�A�87�y¡�r�� ¨my¡�r� :ÐAtF±�
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�þþ§CA`� .1.4 �A�wfOm�� . ���r�� �Of��


a11 a12 . . . a1n

a21 a22 . . . a2n
.
.
.

.

.

.
. . .

.

.

.

an1 an2 . . . ann


.T�wfOm�� rW� �kK� a11, a22, . . . , ann r}An`��

: wm� T�wfO� �� CAb� A  �� , p = 1  A� �Ð� (2

A =


a1

a2
.
.
.

an

 .

:rWF T�wfO� �� CAb� A  �� , n = 1  A� �Ð� (3

A =
(
a1 a2 · · · ap

)
.

T�wfOm�� Yms� �CAf}� Ah�®�A`� �ym�  wk� ¨t�� ( n5p �nO�� ��) T�wfOm�� (4

,T�wfOm�� 
As� ¨� .0 TVAsb� r��� ¤� 0n,p z�r�A� Ah� z�r§¤ T�¤d`m�� ¤� T§rfO��

.Tyqyq���  �d�°� Tbsn�A� 0 ��r�� C¤ T§rfO�� T�wfOm�� 	`l�

. : 3 �A��

T�wfOm�� (1

M =

 2

−4


. wm� T�wfO� ¨¡

T�wfOm�� (2

N =
(
−1 5 3 5

)
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�A�wfOm�� . ���r�� �Of���þþ§CA`� .1.4

.rWF T�wfO� ¨¡

T�wfOm�� (3

P =


2 4 −3

0 −1 6

−4 0 π


.3 Tb�r�� �� T`�r� T�wfO� ¨¡

T�wfOm�� (4

O =

0 0 0

0 0 0


.T�¤d`� T�wfO� ¤� T§rf} T�wfO� ¨¡

d�w�� T�wfOm� Ty�At�� T`�rm�� T�wfOm�� Yms�

In =


1 0 . . . 0

0 1 . . . 0
.
.
.

.

.

.
. . .

.

.

.

0 0 . . . 1


¤� In z�r�A� Ah� z�r�¤ .0 ©¤As� «r�±� A¡r}An� �ym�¤ 1 ©¤As� T§rWq�� A¡r}An�

.I z�r�A� TVAsb�

 �d�°� Tbsn�A� 1 ��r�� C¤d� Ah�AK� �C¤ d�w�� T�wfO� 	`l� , T�wfOm�� 
As� ¨�

.
rSl� Tbsn�A� © Ay��� rOn`�� wh� .Tyqyq���

 �� n5p �nO�� �� T�wfO� A �A� �Ð� : 1 TþyS�

In · A = A ¤ A · Ip = A.

rks� rSy� dm�� T`�A�89�y¡�r�� ¨my¡�r� :ÐAtF±�
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�þþ§CA`� .1.4�A�wfOm�� . ���r�� �Of��

: A� �Ð� ©� ,Ah�wqnm� T§¤As� �A� �Ð� T§rZAn� T`�rm�� A T�wfOm��  wk� (5

A = AT ,

�®�A`�  wk� ,«r�� CwO� .i, j = 1, . . . , n �� ��� �� aij = aji  A� �Ð� ¤�

.rWql� Tbsn�A� rZAnt� T�wfOm��

:rZAnt� Ty�At�� �A�wfOm�� : 4 �A��

0 2

2 4

 ,


−1 0 5

0 2 −1

5 −1 0



: A� �Ð� T§rZAn� dR T`�rm�� A T�wfOm��  wk� ¤ (6

AT = −A,

.i, j = 1, . . . , n �� ��� �� aij = −aji  A� �Ð� ¤�

: 5 �A��0 −5

5 2

 ,


0 4 9

−4 1 −3

−9 3 2
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�A�wfOm�� . ���r�� �Of�� �A�wfOm�� Yl� Ty�As��� �Aylm`�� .2.4

�A�wfO� ©¤As� 2.1.4

.n5p �nO�� Hf� �� B ¤ A �yt�wfOm�� �kt�¤ .�y�¤d`� ry�  Ay`ybV  � d� p ¤ n �ky�

:	tk�¤ T§¤Ast� Amhy� rZAntm�� r}An`�� �A� �Ð� �y�¤Ast� B ¤ A �yt�wfOm��  � �wq�

A =


a11 a12 · · · a1p

a21 a22 · · · a2p
.
.
.

.

.

.
. . .

.

.

.

an1 an2 · · · anp

 = B =


b11 b12 · · · b1p

b21 b22 · · · b2p
.
.
.

.

.

.
. . .

.

.

.

bn1 bn2 · · · bnp

⇐⇒ ∀i, j : aij = bij

�y� B ¤ A �yt�wfOm�� �kt� : 6 �A��

A =

a11 a12 a13

a21 a22 a23

 , B =

 2
√

3 π

2i 7 1
2


 A� �Ð� B ©¤As� A  � �wq�a11 a12 a13

a21 a22 a23

 =

 2
√

3 π

2i 7 1
2


⇔

 a11 = 2, a12 =
√

3, a13 = π,

a21 = 2i, a22 = 7, a23 = 1
2
.

 A� �Ð� Xq�¤ �Ð�  At§¤Ast� n5p �nO�� �� B = (bij) ¤ A = (aij)  At�wfOm�� : 2 TþyS�

.i, j �� ��� �� aij = bij

�A�wfOm�� Yl� Ty�As��� �Aylm`�� 2.4

rks� rSy� dm�� T`�A� 91 �y¡�r�� ¨my¡�r� :ÐAtF±�
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�A�wfOm�� Yl� Ty�As��� �Aylm`�� .2.4 �A�wfOm�� . ���r�� �Of��

¨mls� T�wfO� º�d� 1.2.4

λA �r`� ,λ ∈ R ¨mls�� ¤� ¨qyq���  d`�� ¤ A = (aij) T�wfOm�� An§d�  A� �Ð� : 1 TþyS�

.i, j �� ��� �� cij = λaij �y� C = (cij) T�wfOm�A�

T�wfOm�� �kt� : 1 �A��

A =

1
2

1

0 −3
4

 ,

¢n�¤

−25A =

−251
2

−251

−250 −25(−3
4
)

 =

−1 −2

0 3
2



�A�wfOm�� �m� 2.2.4

�yt�wfOm�� �wm�� �r`� n5p �yt�wfO� B = (bij) ¤ A = (aij) An§d�  A� �Ð� : 2 TþyS�

.i, j �� ��� �� cij = aij + bij �y� n5p �nO�� �� C = (cij) T�wfOm�� w¡ A+B

: 253 �nO�� ��  At�wfO� �wm�� : 2 �A��1 0 −1

2 1 4

+

 0 −1 −2

−3 1 5

 =

1 + 0 0− 1 −1− 2

2− 3 1− 1 4 + 5

 =

 1 −1 −3

−1 2 9



β ∈ K ¤ α ∈ K �ky� ¤ .Mn,p(K) T�wm�m�� �� �A�wfO� �®� C ¤ B ,A �kt� : 3 TþyS�

.�yymlF

,¨l§db� �m��A: A+B = B + A (1

�y¡�r�� ¨my¡�r� :ÐAtF±� 92 rks� rSy� dm�� T`�A�
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�A�wfOm�� . ���r�� �Of���A�wfOm�� Yl� Ty�As��� �Aylm`�� .2.4

,¨`ym�� �m��� : A+ (B + C) = (A+B) + C (2

T�wm�� ¨� �m�l� Tbsn�A� © Ay��� rOn`�� ¨¡ T�¤d`m�� T�wfOm�� : A + 0 = A (3

,�A�wfOm��

,(α + β)A = αA+ βA (4

.α(A+B) = αA+ αB (5

�kt� : 3 �A��

A+B =

3 3

3 6

  �� B =

0 5

2 −1

 ¤ A =

3 −2

1 7

 .

�A� �Ð� ,��Ð Hk� Yl�

.�r`� ry� A+B′  �� B′ =

−2

8



�A�wfOm�� º�d� 3.2.4

A5B º�d��� �r`� p5q �nO�� �� B = (bjk) ¤ n5p �nO�� �� A = (aij) �kt� : 4 TþyS�

:¨l§ Am� T�r`m�� C = (cik) T�wfOm�� (AB z�r�A� AS§� ¢� z�r� ©@��)

cik =

p∑
j=1

aijbjk

.1 ≤ k ≤ q ¤ 1 ≤ i ≤ n ��� ��

rks� rSy� dm�� T`�A�93�y¡�r�� ¨my¡�r� :ÐAtF±�
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�A�wfOm�� Yl� Ty�As��� �Aylm`�� .2.4 �A�wfOm�� . ���r�� �Of��

:¨¡¤ ®yl�� r��� Tq§rW� ��A`m�� T�At� Annkm§

cij = ai1b1j + ai2b2j + · · ·+ aikbkj + · · ·+ aipbpj.

�@h� .B ¨� rWF±�  d� ©¤As§ A ¨� dm�±�  d�  A� �Ð� Xq� �r`� º�d���  wk§ : 1 T\�®�

.¨l§db� Hy� T�A� TfO� �A�wfOm�� º�d�

: 4 �A��

A =

1 2 3

2 3 4

 B =


1 2

−1 1

1 1


.252 w¡ Ahyl� �wO��� �� ¨t�� T�wfOm�� �n} : �y�} �kK� º�d��� ¾¯¤� �db�

�¤±� ��A`m�� �� �ºd� , �®�A`m�� �� �� 	s�� ��

c11 = 151 + 25(−1) + 351 = 2

Tyqb�� ��


1 2

−1 1

1 1


1 2 3

2 3 4

 c11 c12

c21 c22




1 2

−1 1

1 1


1 2 3

2 3 4

  2 c12

c21 c22




1 2

−1 1

1 1


1 2 3

2 3 4

 2 7

3 11
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�A�wfOm�� . ���r�� �Of�� �A�wfOm�� Yl� Ty�As��� �Aylm`�� .2.4

: 5 �A��
0 1 1

2 2 0

−1 3 1


 1 2 −1

1 0 3

  · c12 ·
· · ·


:�Ð� An§d�

c12 = 151 + 252− 153 = 2.

: Yl� �O�t� T�wfOm�� r}An� ¨�A� �� Tq§rW�� Hfn�

1 2 −1

1 0 3

5


0 1 1

2 2 0

−1 3 1

 =

 5 2 0

−3 10 4



 � �km§ , r�� Yn`m� .rf} w¡ �yt�¤d`� ry� �yt�wfO� 
rR �}A�  wk§  � �km§

.AB = 0 �k� B 6= 0 ¤ A 6= 0 An§d�  wk§

: 6 �A��

A =

0 −1

0 5

 B =

2 −3

0 0

 ¤ AB =

0 0

0 0

 .

.B 6= C ¤ AB = AC �wO��� �km§ .B = C ¨n`§ ¯ AB = AC : 2 T\�®�
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�A�wfOm�� Yl� Ty�As��� �Aylm`�� .2.4 �A�wfOm�� . ���r�� �Of��

: 7 �A��

A =

0 −1

0 3

 B =

4 −1

5 4

 C =

2 5

5 4

 ¤ AB = AC =

−5 −4

15 12

 .

Q�w�

. : 5 TþyS�

¨`ym�� º�d��� : A(BC) = (AB)C (1

�m��� Yl� ¨`§Ew� º�d��� : (B + C)A = BA+ CA ¤ A(B + C) = AB + AC (2

.0 · A = 0 ¤ A · 0 = 0 (3

T�wfO� �wqn� 4.2.4

rWF� Ah�dm��¤ dm�� A¡rWF� �`�� T�wl`� T�wfO� �� TqtK� T�wfO� ¨¡ : 1.2.4 �§r`�

: Ty�At�� Tq§rW�A� rWF±A� dm�±�¤ dm�±A� rWF±� �§db� ©�

a11 a12 a13

b21 b22 b23

 −→

a11 b21

a12 b22

a13 b23


.AT z�r�A� A T�wfO� �wqnm� z�r�¤

. p5n �nO�� �� d§d� T�wfO� �tn§ n5p �nO�� �� T�wfO� �wqn� : 3 T\�®�
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�A�wfOm�� . ���r�� �Of��T`�rm�� �A�wfOm�� .3.4

: 8 �A��
4 2 3

4 5 −6

−7 8 0


T

=


4 4 −7

2 5 8

3 −6 0




0 3

1 −5

−1 2


T

=

0 1 −1

3 −5 2

 , (3 − 2 5)T =


3

−2

5



Q�w�

. : 1.2.4 T§r\�

.(A+B)T = AT +BT •

.(αA)T = αAT •

.(AT )T = A •

.(AB)T = BTAT •

.(AT )−1 = (A−1)T AS§� TFwk� AT  �� TFwk� A �A� �Ð� •

T`�rm�� �A�wfOm�� 3.4

.Mn(K) �� T`�r� �A�wfO� ¨¡ ¨��§ Amy� AhFCd� �wF ¨t�� �A�wfOm��
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T`�rm�� �A�wfOm�� .3.4 �A�wfOm�� . ���r�� �Of��

T�wfO� r�� 1.3.4

.T§rWq�� r}An`�� (a11, a22, . . . , ann) r}An`�� Yms� ,n5n�nO�� �� T`�r� T�wfO� T�A� ¨�
a11 a12 . . . a1n

a21 a22 . . . a2n
.
.
.

.

.

.
. . .

.

.

.

an1 an2 . . . ann



,«r�� ��CAb`� .A T�wfOml� T§rWq�� r}An`�� �m� �}A� w¡ A T�wfOm�� r�� : 1.3.4 �§r`�

tr(A) = a11 + a22 + · · ·+ ann.

. : 1 �A��

.tr(A) = 2 + 5 = 7  �� ,A = ( 2 7
0 5 ) An§d�  A� �Ð� •

.tr(B) = 1 + 2− 10 = −7 ,B =
(

1 1 3
5 2 8
11 0 −10

)
��� �� •

Q�w�

: ¢n�¤ .n5n �nO�� �� �yt�wfO� B ¤ A �kt� : 1.3.4 T§r\�

,tr(A+B) = tr(A) + tr(B) •

,α ∈ K �� ��� �� tr(αA) = αtr(A) •

,tr(AT ) = tr(A) •
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�A�wfOm�� . ���r�� �Of��T`�rm�� �A�wfOm�� .3.4

.tr(AB) = tr(BA) •

T`�r� T�wfO�  d�� 2.3.4

A� �Ð� ��� ,T�wfOm�� �� z�w� �A�wl`� AnyW`u� T§ d� Tmy� ¨¡ T`�r� T�wfO� diÄd��

T§rb� Tylm� ÃÌ§� º�r�� T�¤A�� �b� �A�wl`m�� £@¡ �r`�  � dyfum�� ��¤ ,Hk`l� Tl�A� �A�

�yq�t� Ah�At�� ¨t�� Ty�As��� �Aylm`��  d� �ylq� Am¶� �iÌSf� �y�� .T�wfOm�� �aÌmSt�

.��Ð

¤� K = R  wk§  � �km§ ,K ¨� Ab� �q� ¨� �®�A`m�� ��Ð �A�wfOm�� rbt`� ,¨l§ Amy�

.ry�}  A`��� T�wfOm��  d�� 
As� Tyfy� �rK� �wF¤ .K = C

�y� Mn(K) �� A T`�rm�� T�wfOm�� �kt� : 2.3.4 �§r`�

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann


:	tk� ¤ |A| ¤� det(A) z�r�A� ¢� z�r� ©@�� K ��  d`�� A T�wfOm��  d�� ¨ms�

det (A) =

∣∣∣∣∣∣∣∣∣∣∣

a11 a12 · · · a1n

a21 a22 · · · a2n
...

...
. . .

...

an1 an2 · · · ann

∣∣∣∣∣∣∣∣∣∣∣

�k� TWys� �A�yRw� �dqnF r� �� ¨� .�� d�ml� TyFAF� Q�w� d� �Rwa� �wF

Y�� T�A��  wk� ��Ð �� Yl�� ¤� 454 T�wfOm�  d�� Tmy� 
As� dn� ,d§d� À�whf�

�� �A�wfO� ��d�tFA� Xq� ¨ftknF ,�a� ��¤ .T�wlWm�� Ty�As��� �Aylm`�� ��  d� º�r��
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T`�rm�� �A�wfOm�� .3.4�A�wfOm�� . ���r�� �Of��

�y�wn�� �§@¡ �� d�� �ayi� 
As� Tyfy� CAOt�A� ���rnF ,ºdb�� �b�¤ .353 ¤� 252 Tb�r��

. 252 Tb�r�� �� �A�wfOm�A� �ºd� ,�A�wfOm�� ��

3 ¤ 2 d`b�� ��  d��

252 Tb�r�� �� T�wfOm��  d�� Tmy� 	as�� �y�  d�m�� 
As� �d� �hs�� �� , 2 d`b�� ¨�

:¨�µ� w�n�� Yl�

det

a11 a12

a21 a22

 = a11a22 − a21a12.

:¨�At�� �kK�A� Tylm`�� �t� �R¤� CwO�

∣∣∣∣∣∣
Q
Q
Q
Q
Q
Q
Qs

a11 a12

�
�
�
�
�
�
�3

a21 a22

∣∣∣∣∣∣
−a21a12

= a11a22 − a21a12

+a11a22

,Yl�� Tb�C �� T�wfO�  d�� Tmy� 
As� dn`� ,252 Tb�r�� �� T�wfOm�� Hk� Yl�

.Ty�As��� Tylm`�� T`�Atm� CAy� �� r��� d�wu§

:353 T�wfO� A ∈M3(K) �kt�

A =


a11 a12 a13

a21 a22 a23

a31 a32 a33

 .
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�A�wfOm�� . ���r�� �Of�� T`�rm�� �A�wfOm�� .3.4

:¨�µA�  d�m�� T�y}  wk�

det (A) =

∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
=


a11 a12 a13

a21 a22 a23

a31 a32 a33

 -


a11 a12 a13

a21 a22 a23

a31 a32 a33

 +


a11 a12 a13

a21 a22 a23

a31 a32 a33



= a11

∣∣∣∣∣∣ a22 a23

a32 a33

∣∣∣∣∣∣− a21
∣∣∣∣∣∣ a12 a13

a32 a33

∣∣∣∣∣∣+ a31

∣∣∣∣∣∣ a12 a13

a22 a23

∣∣∣∣∣∣
Tb�r�� �� �A�wfOml� ¯� �lO� ¯ ¨t��¤ x¤CAF Tq§rV ¨¡¤ ,TlhF «r�� Tq§rV �An¡

:Xq� T��A���

�}A� �m�� �� , (ºA�Cz�� ¤ º�rm��� dm�±�) T�wfOm�� �ym§ Yl� �§ wm� �¤� �sn� �wq�

�}A� �rW� �� , (CAsy�� Y��) �EAn�� rWql� £A��¯� 	s� Ah`ym�t�  ¤d� T�®� 
rR

.(�ym§) d�AO�� rWq�� £A��� 	s� T`m��  ¤d� T�®� 
rR

∣∣∣∣∣∣∣∣
Q
Q
Q
Q
Q
Q
Qs

a11
Q
Q
Q
Q
Q
Q
Qs

a12
Q
Q
Q
Q
Q
Q
Qs

a13

a21 a22 a23

�
�
�
�
�
�
�3

a31 �
�
�
�
�
�
�3

a32 �
�
�
�
�
�
�3

a33

∣∣∣∣∣∣∣∣

− − −
a11 a12

a21 a22

a31 a32

+ + +
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T`�rm�� �A�wfOm�� .3.4�A�wfOm�� . ���r�� �Of��

T�wfOm��  d�� 	s�n� : 2 �A��

A =


2 1 0

1 −1 3

3 2 1


.

:x¤CAF Tq§rV 	s��

det (A) =

∣∣∣∣∣∣∣∣
2 1 0

1 −1 3

3 2 1

∣∣∣∣∣∣∣∣
2 1

1 −1

3 2

detA = 25(−1)51 + 15353 + 05152

− 35(−1)50− 25352− 15151 = −6.

Q�w�

: ¢n�¤ .n5n �nO�� �� �yt�wfO� B ¤ A �kt� : 2.3.4 T§r\�

,det(A+B) = det(A) + det(B) •

,α ∈ K �� ��� �� det(αA) = αdet(A) •

,det(AT ) = det(A) •

,det(A5B) = det(A)5det(B) •

.det(A−1) = 1/det(A) •
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�A�wfOm�� . ���r�� �Of�� T`�rm�� �A�wfOm�� .3.4

Th�AKtm�� �A�wfOm�� 3.3.4

ThybJ B T�wfOm��  � �wq� .Mn(K) T�wm�m�� �� �yt�wfO� B ¤ A �kt� : 3.3.4 �§r`�

:�y� P ∈Mn(K) TFwk� T�wfO� �d�¤ �Ð� A T�wfOml�

B = P−1AP

.

.Mn(K) T�wm�m�� Yl� ¥�Ak� T�®� ¨¡ Ty�At�� T�®`��  � T�whs� �¡rb�  � �km§

∀A,B ∈Mn(K) : ARB ⇐⇒ A T�wfOm�A� ThybJ B

.Ahsfn� ThybJ A T�wfOm�� : TyFAk`�� T�®`�� •

.A T�wfOml� ThybJ B  �� B T�wfOml� ThybJ A �A� �Ð� : T§rZAn� T�®`�� •

A  �� C T�wfOml� ThybJ B ¤ B T�wfOml� ThybJ A �A� �Ð� : T§d`t� T�®`�� •
.C T�wfOml� ThybJ

.�yth�AKt� B ¤ A �yt�wfOm��  � Ð� �y� �wq�

�k� ,(�zy�Cw�¤d�±�) ¨��@�� ¨W��� �ybWt�� Hf�  ®�m� Amh�  Ath�AKt�  At�wfO� : 1 T\�®�

.Tflt�� �AFAF� ¨� Ahn� ryb`t�� �t§

T�wfO� 
wlq� 4.3.4

T�Cd�� �� B T`�r� T�wfO� d�¤ �Ð� .n T�Cd�� �� T`�r� T�wfO� A �kt� : 4.3.4 �§r`�
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T`�rm�� �A�wfOm�� .3.4 �A�wfOm�� . ���r�� �Of��

:�y� n

AB = I ¤ BA = I,

.A−1 z�r�A� ¢� z�r�¤ .A T�wfOm�� 
wlq� B ¨ms�¤ .TFwk� A  � �wq�

.BA = I ¤� AB = I Ty�At�� ª¤rK�� �� Xq� d��¤ ªrJ �� �q�t�� ���w�� ¨� ¨fk§ : 2 T\�®�

: ^�®� p ∈ N �� ��� �� ,TFwk� A �A� �Ð� T�A� TfO� •

A−p = (A−1)p = A−1A−1 · · ·A−1︸ ︷︷ ︸
r� p

.

.GLn(K) z�r�A� ¢� z�r§ Mn(K) �� TFwk`�� �A�wfOm�� T�wm�� •

T�CAqm�� Tq§rV �Am`tFA� T�wfO� 
wlq� 
As�

�ky� : 3 �A��

A =

 1 2

0 3


T�wfOm�� Ty��d�¤ ©� A T�wfOm�� 	l� Tyl�A� xCd�

B =

 a b

c d


: ¸�Ak� AB = I �y� ¨� .BA = I ¤ AB = I �y� K �� �®�A`m�� ��Ð

AB = I ⇐⇒

1 2

0 3

a b

c d

 =

1 0

0 1

 ⇐⇒
a+ 2c b+ 2d

3c 3d

 =

1 0

0 1
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�A�wfOm�� . ���r�� �Of��T`�rm�� �A�wfOm�� .3.4

: Tlm��� � A`� �¤Asm�� £@¡
a+ 2c = 1

b+ 2d = 0

3c = 0

3d = 1

T�wfOm�� ¢n�¤ .d = 1
3
,c = 0 ,b = −2

3
,a = 1 : w¡ Ahl�

B =

 1 −2
3

0 1
3

 .

TFwk� A T�wfOm�� ¢n�¤ .BA = I �¤Asm�� �� �q�t�� AS§� ©C¤rS�� �� ,TbFAn� Ah�� �Ab�³

Ah�wlq�¤

A−1 =

1 −2
3

0 1
3

 .

Qwþ� Tq§rV �Am`tFA� T�wfO� 
wlq� 
As�

Y�� Ahl§w�� Yt� A T�wfOm�� rWF� Yl� Ty�¤� �Aylm� d� @yfn� �� Tq§rW�� £@¡ ��mt�

T�wfOm�� �� �ºd� d��¤ �¤ ¨� Ty�¤±� �Aylm`�� Hf� @yfn� �t§ �y� .I d�w�� T�wfO�

.r��� �hfl� TlhF Tl���� ��Ð �RwnF .A−1 Ahtmy� T�wfOm� ¨htn� �� .I

	�A�� :¨�At�� 	y�rt��  Amt�� �®� �� �w�� Hf� ¨� �ytylm`�� Atlk� �wq� , Aylm�

.(A | I) Ez`m�� T�wfOm�� �ykKt� d�w�� T�wfO� �yS� , Ahbl� d§r� ¨t�� A T�wfOm��

.(I | B) �¤d��� Yl� �wO��� Yt� Ty�¤±� �Aylm`�� @yfn� �t§ ,T�wfOm�� £@¡ rWF� Yl�

.B = A−1 Yl� �O�n�

: rWF±� Yl� Ty�At�� �Aylm`�� �bt� �wF
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T`�rm�� �A�wfOm�� .3.4 �A�wfOm�� . ���r�� �Of��

.(K \ {0} �� rOn� ©� ¤�) �¤d`� ry� ¨qyq�  d� ¨� rWF ©� 
rR Annkm§ (1

Li ← λLi, λ 6= 0

.Lj r�� rWF �Af�AS� �� ��AS� Li rWs�� Y�� �yS�  � Annkm§ (2

Li ← Li + λLj, λ ∈ K : (j 6= i)

.�§rWF T� Ab� Annkm§ (3

Li ↔ Lj

¨� ¢� �Ayq�� �yl� ,Ez`m�� T�wfOm�� �� rs§±� 	�A��� Yl� ¢l`f� A� ��  �r�@� : 3 T\�®�

.AS§� �m§±� 	�A���

:Ty�At�� T�wfOm�� 
wlq� 	s�� : 4 �A��

A =


1 2 1

4 0 −1

−1 2 2

 .

:Tm�r� rWF�� Ez`m�� T�wfOm��

(A | I) =


1 2 1 1 0 0

4 0 −1 0 1 0

−1 2 2 0 0 1


L1

L2

L3

Ty�¤±� Tylm`�� TWF�w� ¨�A��� rWs�� ¨� ¾¯¤� ,�¤±�  wm`�� ¨� rh\§ 0 �`�� Qw� Tq§rV �bW�

:Ez`m�� T�wfOm�� Y�� © ¥§ Am� L2 ← L2 − 4L1
1 2 1 1 0 0

0 −8 −5 −4 1 0

−1 2 2 0 0 1

 L2←L2−4L1
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�A�wfOm�� . ���r�� �Of�� T`�rm�� �A�wfOm�� .3.4

: L3 ← L3 + L1 �§w�t�A� , ��A��� rWs�� ¨� ¤ ,�¤±�  wm`�� ¨� 0 ��


1 2 1 1 0 0

0 −8 −5 −4 1 0

0 4 3 1 0 1


L3←L3+L1

: 1 Yl� �O�� ¨� −1/8  d`�� ¨� L2 rWs�� 
rS�
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 4 3 1 0 1

 L2←− 1
8
L2

�� �¤±� ºz��� �� ¨htn� Yt� ,rWq�� �� ��A�±� �� ¨� rh\§ 0 �`�� ¨� Tylm`�� ¨� rmts�

:Qw� Tq§rV
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 0 1
2
−1 1

2
1


L3←L3−4L2

��
1 2 1 1 0 0

0 1 5
8

1
2
−1

8
0

0 0 1 −2 1 2


L3←2L3

:rWq�� �w� rh\� CAf}±� �`��  w`O�� w¡ ¤ Qw� Tq§rV �� ¨�A��� ºz��� w¡ Yqb� A� ��
1 2 1 1 0 0

0 1 0 7
4
−3

4
−5

4

0 0 1 −2 1 2

 L2←L2− 5
8
L3
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T`�rm�� �A�wfOm�� .3.4 �A�wfOm�� . ���r�� �Of��

��
1 0 0 −1

2
1
2

1
2

0 1 0 7
4
−3

4
−5

4

0 0 1 −2 1 2


L1←L1−2L2−L3

��r�� d`�¤ �ymy�� Yl� Ahyl� �wO��� �� ¨t�� T�wfOm�� w¡ A T�wfOm�� 
wlq�  �� ,¨�At�A�¤

:Yl� �O�t� �rtK� ��A`�
1
4
C�dqm��

A−1 =
1

4


−2 2 2

7 −3 −5

−8 4 8


.A5A−1 = I  � �� �q�t�  � ¨fk§ ,�A�As��� Yl� �·mW� ¨k�¤

T�wfOm�� ���r� �Am`tFA� T�wfO� 
wlq� 
As�

:�y� A T�wfOm�� �kt� : 5.3.4 �§r`�

A =



a1,1 . . . a1,j−1 a1,j a1,j+1 . . . a1,n
...

...
...

...

ai−1,1 . . . ai−1,j−1 ai−1,j ai−1,j+1 . . . ai−1,n

ai,1 . . . ai,j−1 ai,j ai,j+1 . . . ai,n

ai+1,1 . . . ai+1,j−1 ai+1,j ai+1,j+1 . . . ai+1,n

...
...

...

an,1 . . . an,j−1 an,j an,j+1 . . . an,n


�CE±�  wl�A�  wlm�� i rWs�� �@�¤ rm�±�  wl�A�  wlm�� j  wm`�� �@�� Aij T�wfOm�� ºAK��� �wq�
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�A�wfOm�� . ���r�� �Of�� T`�rm�� �A�wfOm�� .3.4

.n− 1 Tb�r�� �� T�wfO� Yl� �O�n� ,Tq�As�� T�wfOm�� ��

Aij =



a1,1 . . . a1,j−1 a1,j+1 . . . a1,n
...

...
...

ai−1,1 . . . ai−1,j−1 ai−1,j+1 . . . ai−1,n

ai+1,1 . . . ai+1,j−1 ai+1,j+1 . . . ai+1,n

...
...

...

an,1 . . . an,j−1 an,j+1 . . . an,n


T�wfOm�� A∗ z�r�A� Ah� z�r�¤ A T�wfOml� Tq��r� T�wfO� ¨ms�

A∗ =
(

(−1)i+j det (Aij)
)
i,j≤n

=


+ det (A11) − det (A12) + det (A13) − det (A14) · · ·
− det (A21) + det (A22) − det (A23) + det (A24) · · ·
+ det (A31) − det (A32) + det (A33) − det (A34) · · ·

...
...

...
...

. . .



:�y� A T�wfOm�� �kt� : 5 �A��

A =


1 3 −1

2 0 0

1 −1 1
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T`�rm�� �A�wfOm�� .3.4 �A�wfOm�� . ���r�� �Of��

:¨¡ Tq��rm�� T�wfOm�� ¢n�¤

A∗ =



+

∣∣∣∣∣∣ 0 0

−1 1

∣∣∣∣∣∣ −

∣∣∣∣∣∣ 2 0

1 1

∣∣∣∣∣∣ +

∣∣∣∣∣∣ 2 0

1 −1

∣∣∣∣∣∣
−

∣∣∣∣∣∣ 3 −1

−1 1

∣∣∣∣∣∣ +

∣∣∣∣∣∣ 1 −1

1 1

∣∣∣∣∣∣ −
∣∣∣∣∣∣ 1 3

1 −1

∣∣∣∣∣∣
+

∣∣∣∣∣∣ 3 −1

0 0

∣∣∣∣∣∣ −

∣∣∣∣∣∣ 1 −1

2 0

∣∣∣∣∣∣ +

∣∣∣∣∣∣ 1 3

2 0

∣∣∣∣∣∣


=


0 −2 −2

−2 2 4

0 2 −6



Tmy� �A� �Ð� Xq�¤ �Ð� 	lql� Tl�A� ¤� TFwk� A T`�rm�� T�wfOm��  wk� : 3.3.4 T§r\�

 �� ,TFwk� A T�wfOm�� �A� �Ð� ¤ .det(A) 6= 0

A−1 =
1

det (A)
(A∗)T

:��As�� �A�m�� �� A T�wfOm�� �kt� : 6 �A��

A =


1 3 −1

2 0 0

1 −1 1


:¨¡ Tq��rm�� Aht�wfO�

A∗ =


0 −2 −2

−2 2 4

0 2 −6
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�A�wfOm�� . ���r�� �Of�� 4 ��C �§CAmt�� TlslF .4.4

:w¡ T�wfOm�� �wqn� ¢n�¤

(A∗)T =


0 −2 0

−2 2 2

−2 4 −6


:w¡ A T�wfOm�� 
wlq� ry�±� ¨�

A−1 =
1

det (A)
(A∗)T =

1

−4


0 −2 0

−2 2 2

−2 4 −6

 =


0 1

2
0

1
2
−1

2
1
2

1
2
−1 3

2



4 ��C �§CAmt�� TlslF 4.4

�kt� . : 1 �§rm�

A =


−7 2

0 −1

1 −4

 , B =


1 2 3

2 3 1

3 2 1

 , C =


2

0

−3

 , D =
1

2

1 0

1 1


¤

E =


1 2

−3 0

−8 6

 .

.�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� �y�A�m�� �� 	s�� (A

.�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� ��º�d��� �� 	s�� (B

.5B − 4EAT ¤ 3A+ 2E 	s�� (C
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.T�¤d`m�� T�wfOm�� A− αE �y� α d�¤� (D

�þþ���

�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� �y�A�m�� (A

A+ E =


−6 4

−3 −1

−7 2


.Tnkm� ry� �y�A�m�� ¨�A�

:¨¡ �A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� ry� ��º�d��� (B

AB,AC,CA,DA,AE,EA,CB,BD,DB,EB,CD,DC,CE,EC,DE

:¨¡ Tnkmm�� ��º�d��� ¤

BA =


−7 2

0 −1

1 −4




1 2 3

2 3 1

3 2 1

 =


−4 −12

−13 −3

−20 0



AD =
1

2


1 2 3

2 3 1

3 2 1


1 0

1 1

 =


−5

2
1

−1
2
−1

2

−3
2
−2



BC =


−7 2

0 −1

1 −4




2

0

−3

 =


−7

1

3



BE =


−7 2

0 −1

1 −4




1 2

−3 0

−8 6

 =


−29 20

−15 10

−11 12
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ED =
1

2


1 2

−3 0

−8 6


1 0

1 1

 =


3
2

1

−3
2

0

−1 3


(C

3A+ 2E =


−19 10

−6 −3

−13 0

 .

5B + 4EAT =


−7 2 −13

94 15 −7

287 −14 −123

 .

�y� α d�w§ ¯ (D

A− αE =


−α− 7 2− 2α

3α −1

8α + 1 −6α− 4

 =


0 0

0 0

0 0


. 0 6= −1  ±

:�A�wfOm�� �kt� : 2 �§rm�

A =
(

1 −2 0
)
, B =

 −2

−1

 , C =


1 3

2 −1

0 1

 , D =

 −2 4

3 1



E =


−1 1 3

−1 −4 0

0 2 5


?rZAntm�� �A�wfOm��¤ T`�rm�� �A�wfOm��  d� ?Tnkmm�� ��º�d��� ¨¡ A�
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�þþ���

Ty�At�� ��º�d��� 
As� Annkm§

AC =
(

1 −2 0
)

1 3

2 −1

0 1

 =
(
−3 5

)

AE =
(

1 −2 0
)

−1 1 3

−1 −4 0

0 2 5

 =
(

1 9 3
)

BA =

 −2

−1

( 1 −2 0
)

=

 −2 4 0

−1 2 0



CB =


1 3

2 −1

0 1


 −2

−1

 =


−5

−3

−1



CD =


1 3

2 −1

0 1


 −2 4

3 1

 =


7 7

−7 7

3 1



DB =

 −2 4

3 1

 −2

−1

 =

 0

−7



DD =

 −2 4

3 1

 −2 4

3 1

 =

 16 −4

−3 13



EC =


−1 1 3

−1 −4 0

0 2 5




1 3

2 −1

0 1

 =


1 −1

−9 1

4 3
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�A�wfOm�� . ���r�� �Of��4 ��C �§CAmt�� TlslF .4.4

EE =


−1 1 3

−1 −4 0

0 2 5



−1 1 3

−1 −4 0

0 2 5

 =


0 1 12

5 15 −3

−2 2 25


.rZAnt� T�wfO� d�w� ¯ ¤  At`�rm�� Xq� E ¤ D  At�wfOm��

. : 3 �§rm�

:Ty�At�� �¯A��� �� �� ¨� ,�r`�  wk§ A�dn� BA ¤ AB �y¶�d��� 	s�� (1

A =

 1 0

2 0

 , B =

 0 0

0 3

 (a

A =


0 3 6

−2 0 0

2 1 2

 , B =

 1 −1 1

0 1 0

 (b

A =


1 3

1 1

0 2

 , B =

 1 −1 0 1

0 1 0 2

 (c

Tq�As�� �A�wfOm�� �wqn� 	s�� (2

�þþ���

:Tnkmm�� ��º�d��� 
As� (1

BA ¤ AB �y¶�d���  �� ,Tb�r�� Hf� ��  At`�r�  At�wfO� B ¤ A  ± �r\� •
:d�� ¤ . Ankm�

AB =

 0 0

0 0

 , BA =

 0 0

0 0

 .

.T�¤d`� B ¯¤ A T�wfOm�� ¯ Amny� AB = BA = 0 ,QwO��� ¢�¤ Yl�
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d�� �@� .�§rWF Yl� B ¤ dm�� T�®� Yl� ©wt�§ A  ± �r`� ry� AB º�d��� •

BA =

 −1 2 1

−1 −5 −3

 .

An§d� ,«r�� Ty�A� �� �k� �r`� ry� BA º�d��� •

AB =


3 3 0 1

1 2 0 1

6 3 0 0

 .

:Tq�As�� �A�wfOm�� �wqn� 
As� (2

AT =

 1 2

0 0

 , BT =

 0 0

0 3

 = B (a

AT =


0 −2 2

3 0 1

6 0 2

 , BT =


1 0

−1 1

1 0

 (b

.AT =

 1 1 0

3 1 2

 , BT =


1 0

−1 1

0 0

1 2

 (c

:þ� T�r`m�� T�wfOm�� A, B ∈M2(R) �kt� : 4 �§rm�

A =

 3 −1

−2 0

 ¤ B =

 0 1

3 2

 .

¤ (A + B)2 �yt�wfOm�� �y�  CA� �� .A2 + 2AB + B2 ¤ (A + B)2 �yt�wfOm�� �y�  CA�

.A2 + AB +BA+B2
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�A�wfOm�� . ���r�� �Of�� 4 ��C �§CAmt�� TlslF .4.4

�þþ���

d�n� Tflt�m�� �A�As��� ©r��

(A+B)2 = A2 + AB +BA+B2 =

9 0

5 4


¤

A2 + 2AB +B2 =

8 1

0 5

 .

Ty�A� �� .�A�wfOml� Tbsn�A� �W� (A + B)2 = A2 + 2AB + B2
 � ^�®� ,¨�At�A�¤

T�y�} ,�¤ zm�� �§Ewt�A� A¡Antb�� ¨t�� (A+B)2 = A2 + AB +BA+B2
�¤Asm�� ,«r��

.B ¤ A T`�rm�� �A�wfOm�� �ym��

Ahnkm§ ¨t�� B =

 c d

e f

 ∈M2(R) �A�wfOm�� �� d�¤� A =

 1 1

0 1

 . �kt� : 5 �§rm�

.AB = BA ¨n`§ ,A �� � Abt�  �

�þþ���

An§d�

AB =

 c+ e d+ f

e f

 , BA =

 c c+ d

e e+ f

 .

: Tlm��� Yl� �O�t� AB = BA AnRr� An�±
c+ e = c

d+ f = c+ d

f = e+ f

: �kK�� �� ¨h� B �A�wfOm�� �� ¢n�¤ .c = f ¤ e = 0 d�� Tlm��� ���

B =

 c d

0 c

 .
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4 ��C �§CAmt�� TlslF .4.4�A�wfOm�� . ���r�� �Of��

�A�wfOm�� �� d�¤� A =

 a b

0 a

 . ¤ T�¤d`� ry� Tyqyq�  �d�� b ¤ a �kt� : 6 �§rm�

.AB = BA ©� ,A �� � Abt�  � Ahnkm§ ¨t�� B ∈M2(R)

�þþ���

An§d� ¢n�¤ B =

 c d

e f

 �kt�

AB =

 ac+ be ad+ bf

ae af

 , BA =

 ac bc+ ad

ae be+ af

 .

: Tlm��� Yl� �O�t� AB = BA AnRr� An�±
ac+ be = ac

ad+ bf = bc+ ad

af = be+ af

: �kK�� �� ¨h� B �A�wfOm�� �� ¢n�¤ .c = f ¤ e = 0 d�� Tlm��� ���

B =

 c d

0 c

 .

.BA 6= 0 ¤ AB = 0 : �y�M2(R) �� B ¤ A d�� : 7 �§rm�

�þþ���

: �� b 6= 0 ¤ a 6= 0 �¤d`� ry� ¨qyq�  d� �� ��� �� ®��

A =

0 a

0 0

 , B =

b 0

0 0
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�A�wfOm�� . ���r�� �Of��4 ��C �§CAmt�� TlslF .4.4

 � ^�®�

AB =

 a 0

0 0

 0 b

0 0

 =

 0 ab

0 0


¤

BA =

 0 b

0 0

 a 0

0 0

 =

 0 0

0 0



.A =


0 1

1 0

1 1

 T�wfOm�� �kt� : 8 �§rm�

T�y} �A¡ ,�`n� 
�w���  A�  � ?AB = I3 �y� B ∈ M2,3(R) T�wfO� d�w� �¡ (1

.B T�wfOm��

T�y} �A¡ ,�`n� 
�w���  A�  � ?CA = I2 �y� C ∈ M2,3(R) T�wfO� d�w� �¡ (2

.C T�wfOm��

�þþ���

:¨�At�� �kK�� Yl� 	tk� B ∈M2,3(R) �kt�

B =

a b c

d e f

 .

©¤As§ AB º�d��� ¢n�¤

AB =


d e f

a b c

a+ d b+ e c+ f

 .

¨¡¤ .a+ d = 0 ¤ a = 0 ¤ d = 1 Yl� QwO��� ¢�¤ Yl� �O�ns� ,AB = I3 An§d�  A� �Ð�

:¨�At�� �kK�� Yl� 	tk� C ∈M2,3(R) �kt� .Tly�ts�

C =

a b c

d e f

 .
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4 ��C �§CAmt�� TlslF .4.4�A�wfOm�� . ���r�� �Of��

:©¤As§ iaCA º�d��� ¢n�¤

CA =

b+ c a+ c

e+ f d+ f

 .

: A� �Ð� Xq�¤ �Ð� CA = I2 An§d�
b+ c = 1

a+ c = 0

e+ f = 0

d+ f = 1

:w¡ Tlm��� ��
a = −c
b = 1− c
e = −f
d = 1− f

:�A�m�� �ybF Yl� ,C TbFAn� T�wfO� d��  � �km§ ��@�

C =

0 1 0

1 0 0

 .

: Ty�At�� �A�wfOm�� �kt� : 9 �§rm�

A =

 1 −1

−1 1

 , B =

 1 1

0 2

 .

.n ≥ 1 �� ��� �� An �� �tntF� �� .A3 ,A2 	s��

.B T�wfOm�� ��� �� ��¥s�� Hf� Yl� 	��

�þþ���
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An§d� .Ty¶Ahn�� T�yO�� �ym�� T�¤A�m� An þ� Y�¤±�  ¤d��� 
As�� �dbnF

A2 =

 2 −2

−2 2

 , A3 =

 4 −4

−4 4

 .

: n ≥ 1 ��� ��  � ���rt�A� b�� ��

An =

 2n−1 −2n−1

−2n−1 2n−1

 .

.2n−1 + 2n−1 = 2n Yl� TVAsb� dmt`§¤ ,T§A�l� Xys� ���rt�A� �Ab�³�  �

:B þ� Tbsn�A� ¢sf� º¨K�� �`f�

B2 =

 1 3

0 4

 , B3 =

 1 7

0 8

 .

: n ≥ 1 ��� ��  � ���rt�A� b�� ��

Bn =

 1 2n − 1

0 2n

 .

T�wfOm�� 
wlq� ,Tq��rm�� T�wfOm�� Tq§rV �� Qw� Tq§rV �Am`tF�� 	s�� : 10 �§rm�

A =


1 1 2

1 2 1

2 1 1

 .

�þþ���

:Ez`m�� T�wfOm�� ,Qw� Tq§rV �Am`tF�� A T�wfOm�� 
wlq� 
As� (1

(A | I) =


1 1 2 1 0 0

1 2 1 0 1 0

2 1 1 0 0 1


L1

L2

L3
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4 ��C �§CAmt�� TlslF .4.4�A�wfOm�� . ���r�� �Of��

:�¤±�  wm`�� ¨� rh\§ 0 �`��
1 1 2 1 0 0

0 1 −1 −1 1 0

0 −1 −3 −2 0 1

 L2←L2−L1

L3←L2−2L1

��
1 1 2 1 0 0

0 1 −1 −1 1 0

0 0 −4 −3 1 1


L3←L3−L2

1 1 2 1 0 0

0 1 −1 −1 1 0

0 0 1 3
4
−1

4
−1

4


L3←−1

4
L3

1 1 0 −1
2

1
2

1
2

0 1 0 −1
4

3
4
−1

4

0 0 1 3
4
−1

4
−1

4


L1←L1−2L3

L2←L2+L3

ry�±� ¨� ¤
1 0 0 −1

4
−1

4
3
4

0 1 0 −1
4

3
4
−1

4

0 0 1 3
4
−1

4
−1

4


L1←L1−L2

: �ymy�� Yl� Ahyl� �wO��� �� ¨t�� T�wfOm�� w¡ A T�wfOm�� 
wlq�  �� ,¨�At�A�¤

A−1 =


−1

4
−1

4
3
4

−1
4

3
4
−1

4

3
4
−1

4
−1

4

 =
1

4


−1 −1 3

−1 3 −1

3 −1 −1


 d�m�� 	s�� :Tq��rm�� T�wfOm�� Tq§rV �m`ts� (2

A =


1 1 2

1 2 1

2 1 1

 =⇒ det (A) = −4

�y¡�r�� ¨my¡�r� :ÐAtF±�122rks� rSy� dm�� T`�A�



r
b�
��
º
z
�

¨
m
y¡
�r
�
Ð
At
F
±
�
x

¤
C
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Tq��rm�� T�wfOm�� 	s��

A∗ =



+

∣∣∣∣∣∣ 2 1

1 1

∣∣∣∣∣∣ −
∣∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣∣ +

∣∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣∣
−

∣∣∣∣∣∣ 1 2

1 1

∣∣∣∣∣∣ +

∣∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣∣ −
∣∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣∣
+

∣∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣∣ −
∣∣∣∣∣∣ 1 2

1 1

∣∣∣∣∣∣ +

∣∣∣∣∣∣ 1 1

1 2

∣∣∣∣∣∣


=


1 1 −3

1 −3 1

−3 1 1



Tq��rm�� T�wfOm�� �wqn� 	s��

(A∗)T =


1 1 −3

1 −3 1

−3 1 1


T

=


1 1 −3

1 −3 1

−3 1 1


:d�� ,
wlqm�� 
As�� T§r\n�� �bW�

A−1 =
1

det (A)
(A∗)T =

1

−4


1 1 −3

1 −3 1

−3 1 1

 =


−1

4
−1

4
3
4

−1
4

3
4
−1

4

3
4
−1

4
−1

4

 =
1

4


−1 −1 3

−1 3 −1

3 −1 −1



 � b�� : 11 �§rm�

D =

∣∣∣∣∣∣∣∣
1 + a a a

b 1 + b b

c c 1 + c

∣∣∣∣∣∣∣∣ = 1 + a+ b+ c.

�þþ���
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1 + a + b + c ��  wkt§ rWF Yl� �O�� .�¤±� rWs�� ¨� Ah`S�¤ rWF±� �� �m��

:¨l� �O�� ©� , d�m�� �� Ah}®�tF� Annkm§

D = (1 + a+ b+ c)

∣∣∣∣∣∣∣∣
1 1 1

b 1 + b b

c c 1 + c

∣∣∣∣∣∣∣∣ .
:Yl� �O�� C3 ←− C3 − C1, C2 ←− C2 − C1 :dm�±� Yl� ¨�At�� �§w�t�A� �wq� ��

D = (1 + a+ b+ c)

∣∣∣∣∣∣∣∣
1 0 0

b 1 0

c 0 1

∣∣∣∣∣∣∣∣ .
 d�m�� ¢n�¤ .1 A¡rW� r}An� ,TylfF Ty�l�� T�wfO�  d�� Yl� �O��

D = 1 + a+ b+ c.
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