
�
y¡
�r
��
¨
m
y¡
�r
�
Ð
At
F
°
�
�
Ay
R
A§
r
��
x

¤
C
 

1 ��C �§CAmt�� TlslF 4.3

:¯ �� TyW� �AqybW� �� ­CAb� Ty�At�� �AqybWt�� 
�A� �Ð�  d� : 1 �§rm�

f : R2 → R3, (x, y) 7→ (x+ y, x− 2y, 0) (1

f : R2 → R3, (x, y) 7→ (x+ y, x− 2y, 1) (2

f : R2 → R, (x, y) 7→ x2 − y2 (3

�þþ���

¢n�¤ .λ ∈ R ¤ ,R2
¨� v = (x′, y′) ¤ u = (x, y) @��� .¨W� �ybW� f �ky� (1

f(u+ v) =
(
(x+ x′) + (y + y′), (x+ x′)− 2(y + y′), 0)

=
(
x+ y, x− 2y, 0) + (x′ + y′, x′ − 2y′, 0)

= f(u) + f(v).
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1 ��C �§CAmt�� TlslF .4.3TyW��� �AqybWt�� . ��A��� �Of��

,��@�

f(λu) = (λx+ λy, λx− 2λy, 0)

= λ(x+ y, x− 2y, 0)

= λf(u).

f
(
(0, 0)

)
6= (0, 0, 0)  ± ¨W� �ybW� 
sy� : f (2

, ± ¨W� �ybW� 
sy� f (3

f
(
(1, 0)

)
= 1, f

(
(−1, 0)

)
= 1 ¤ f

(
(0, 0)

)
= 0 6= f

(
(1, 0)

)
+ f
(
(−1, 0)

)
.

:�r`m�� f : R2 → R3 ¨W��� �ybWt�� �ky� : 2 �§rm�

f(x, y) = (x+ y, x− y, x+ y).

?r�A� ?�§Abt� w¡ �¡ ¤ .¢�Cw} ¤ ,f ¨W��� �bWt�� ­�w� d�¤�

�þþ���

. f ¨W��� �ybWt�� ­�w�  A�§� (1

Ker(f) = {(x, y) ∈ R2 : f(x, y) = (0, 0, 0)}.

:¸�Ak§ �@¡
x+ y = 0

x− y = 0

x+ y = 0

⇐⇒

 x+ y = 0

2x = 0

.Ker(f) = (0, 0)  � �tnts�

.�§Abt� f  �� T§r\n�� 	s� ,Ker(f) = (0, 0)  � Am� (2
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TyW��� �AqybWt�� . ��A��� �Of��1 ��C �§CAmt�� TlslF .4.3

�� (u, v, w)  � �wq� .R3
�� �A`J (u, v, w) �ky� .f ¨W��� �ybWt�� ­Cw}  A�§� (3

: A� �Ð� Xq�¤ �Ð� f ¨W��� �bWt�� Cw} T�wm��

∃(x, y) ∈ R2, (u, v, w) = f(x, y) ⇐⇒ ∃(x, y) ∈ R2,


u = x+ y

v = x− y
w = x+ y

⇐⇒ ∃(x, y) ∈ R2,


u = x+ y

u+ v = 2x

w − u = 0

⇐⇒ ∃(x, y) ∈ R2,


u−v

2
= y

u+v
2

= x

w − u = 0

 � �tnts�

Im(f) = {(u, v, w) ∈ R3; u− w = 0}.

.r�A� Hy� f ¢n�¤ ,Im(f) T�wm�ml� ¨mtn§ ¯ (1, 1, 0) ,T}A� TfO�

:�r`m�� f : R3 → R4 ¨W��� �ybWt�� �ky� : 3 �§rm�

f(x, y, z) = (x+ z, y − x, z + y, x+ y + 2z).

.Im(f) þ� AFAF� d�¤� (1

.Ker(f) þ� AFAF� d�¤� (2

?¨l�Aq� ?r�A� ?�§Abt� f �¡ (3

�þþ���
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1 ��C �§CAmt�� TlslF .4.3 TyW��� �AqybWt�� . ��A��� �Of��

:d�� f ¨W��� �ybWt�� �§r`� �m`ts� (1

f(e1) = (1,−1, 0, 1)

f(e2) = (0, 1, 1, 1)

f(e3) = (1, 0, 1, 2)

: � ^�®�  � �km§

f(e3) = f(e1) + f(e2)

f(e1), f(e2), f(e3) T`J±�  � �l`� Am� ,AyW� TWb�r� {f(e1), f(e2), f(e3)} T`J±�  � ©�

.Ah� xAF�  wk� ¨¡¤ {f(e1), f(e2)} �� ­d�w� Im(f) ¢n�¤ Im(f) þ� ­d�w�

An§d� (2

(x, y, z) ∈ ker(f) ⇐⇒


x+ z = 0

−x+ y = 0

y + z = 0

x+ y + 2z = 0

⇐⇒


x+ z = 0

y + z = 0

y + z = 0

y + z = 0

⇐⇒


x = −z
y = −z
z = z

Ker(f) xAF� wh� ,�¤d`� ry� ¢�± A¾r\� Ker(f) d�w§ (−1,−1, 1) �A`K��  � �tnts�

¢n�¤

dim(Ker(f)) = 1.

�y� ¨� 1 d`b�� ��Ð ­�wn��  ± r�A� Hy� f �ybWt��  �� ­CwO��¤ ­�wn�� T§r\� 	s� (3

 ± 3 ©¤As§ ¯ Im(f) d`�

Im(f) = V ect{f(e1), f(e2)} =⇒ dim(Im(f)) = 2.
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TyW��� �AqybWt�� . ��A��� �Of��1 ��C �§CAmt�� TlslF .4.3

: ¯ �� AyW� fi �ybWt��  A� �Ð� A�  d� : 4 �§rm�

f1 : R2 → R2 f1(x, y) = (2x+ y, x− y)

f2 : R3 → R3 f2(x, y, z) = (xy, x, y)

f3 : R3 → R3 f3(x, y, z) = (2x+ y + z, y − z, x+ y)

f4 : R2 → R4 f4(x, y) = (y, 0, x− 7y, x+ y)

f5 : R3[X]→ R3 f5(P ) =
(
P (−1), P (0), P (1)

)

�þþ���

: (x′, y′) ∈ R2
¤ (x, y) ∈ R2

�ky� .¨W� �ybW� f1 (1

f1

(
(x, y) + (x′, y′)

)
= f1

(
x+ x′, y + y′

)
=
(
2(x+ x′) + (y + y′), (x+ x′)− (y + y′)

)
=
(
2x+ y + 2x′ + y′, x− y + x′ − y′

)
=
(
2x+ y, x− y

)
+
(
2x′ + y′, x′ − y′

)
= f1(x, y) + f1(x′, y′)

: λ ∈ R ¤ (x, y) ∈ R2
�ky�

f1

(
λ · (x, y)

)
= f1

(
λx, λy

)
=
(
2λx+ λy, λx− λy

)
= λ ·

(
2x+ y, x− y

)
= λ · f1(x, y).

.f2(2, 2, 0) þ� T§¤As� 
sy� f2(1, 1, 0)+f2(1, 1, 0) �A�m�� �ybF Yl� ¨W� �ybW� Hy� f2 (2

 � (x′, y′, z′) ¤ (x, y, z) ��� �� �q�t� : ¨W� �ybW� f3 (3

f3

(
(x, y, z) + (x′, y′, z′)

)
= f3(x, y, z) + f3(x′, y′, z′)

.f3

(
λ · (x, y, z)

)
= λ · f3(x, y, z) An§d� λ ¤ (x, y, z) ��� �� A¡d`� .

­rks� rSy� dm�� T`�A�87�y¡�r�� ¨my¡�r� :ÐAtF±�



�
y¡
�r
��
¨
m
y¡
�r
�
Ð
At
F
°
�
�
Ay
R
A§
r
��
x

¤
C
 

1 ��C �§CAmt�� TlslF .4.3 TyW��� �AqybWt�� . ��A��� �Of��

 � (x′, y′) ¤ (x, y) ��� �� �q�t� : ¨W� �ybW� f4 (4

f4

(
(x, y) + (x′, y′)

)
= f4(x, y) + f4(x′, y′).

.f4

(
λ · (x, y)

)
= λ · f4(x, y) An§d� λ ¤ (x, y) ��� ��¤ ,A¡d`�

 �� P, P ′ ∈ R3[X] �kt� : ¨W� �ybW� f5 (5

f5

(
P + P ′

)
=
(
(P + P ′)(−1), (P + P ′)(0), (P + P ′)(1)

)
=
(
P (−1) + P ′(−1), P (0) + P ′(0), P (1) + P ′(1)

)
=
(
P (−1), P (0), P (1)

)
+
(
P ′(−1), P ′(0), P ′(1)

)
= f5(P ) + f5(P ′)

: λ ∈ R ¤ P ∈ R3[X]  A� �Ð� ¤

f5

(
λ · P

)
=
(
(λP )(−1), (λP )(0), (λP )(1)

)
=
(
λP (−1), λP (0), λP (1)

)
= λ ·

(
P (−1), P (0), P (1)

)
= λ · f5(P )

:�r`m�� f : R3 → R3 ¨W��� �ybWt�� �ky� : 5 �§rm�

f(x, y, z) = (−3x− y + z, 8x+ 3y − 2z, −4x− y + 2z).

.A¡d`u� 	s��¤ f �ybWt�� ­�wn� xAF� d�¤� (1

?�§Abt� f �ybWt�� �¡ (2
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TyW��� �AqybWt�� . ��A��� �Of��1 ��C �§CAmt�� TlslF .4.3

?r�A� f �ybWt�� �¡ .f Tb�C d�¤� (3

.Im(f) þ� xAF� d�¤� (4

�þþ���

:  A� �Ð� Xq�¤ �Ð� (x, y, z) ∈ ker(f) An§d� .(x, y, z) ∈ R3
�ky� (1

−3x − y + z = 0

8x + 3y − 2z = 0

−4x − y + 2z = 0

=⇒


z − y − 3x = 0

−2z + 3y + 8x = 0

2z − y − 4x = 0

,(��A��� ¨��wt�� Yl�) ¨�A��� Y�� �¤±� rWs�� �`R (¨��wt�� Yl� T��E�) T�AR�� , ��

:d��


z −y − 3x = 0

y + 2x = 0

y + 2x = 0

=⇒

 z −x = 0

y +2x = 0
.

:©� Tlm��� £@¡ �� (x, y, z)  A� �Ð� Xq�¤�Ð� (x, y, z) ∈ ker(f) ¨�At�A�¤

(x, y, z) = (x,−2x, x) = x(1,−2, 1).

d��¤ rOn� ��  wkt§ xAF±� ©� (1,−2, 1) �A`K�� f �bWt�� ­�wn� xAF�� @��� ¢n�¤

.dim(ker(f)) = 1 ¨n`§

.�§Abt� Hy� f ¢n�¤ {0} �¤d`m�� ºASf�� �� ��AWt� ¯ ­�wn�� (2

:An§d� Tb�r�� T§r\� 	s� (3

rg(f) = 3− dim(ker(f)) = 3− 1 = 2.

©@�� �w}w�� ºAS� �� �lt�§ 2 ©¤As§ ­CwO�� ºAS� d`u�  ± : r�A� Hy� f �ybWt��

.3 d`ub�� ¤Ð R3
w¡
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1 ��C �§CAmt�� TlslF .4.3TyW��� �AqybWt�� . ��A��� �Of��

:An§d� .f �ybWtl� CwO�� ºAS�  A�§� (4

Im(f) = {x(−3, 8,−4) + y(−1, 3,−1) + z(1,−2, 2) : x, y, z ∈ R}

= vect(u1, u2, u3),

 �� ��As�� ��¥s�� �� .u3 = (1,−2, 2) ¤ u2 = (−1, 3,−1) ,u1 = (−3, 8,−4) �S� �y�

xAF� �kK� ¨h� AyW� Tlqts� (u1, u2) Tlm��� «r�� Th� �� .2 ¨¡ f �ybWt�� Tb�C

.Im(f) þ�

T�r`� (e1, e2, e3) ¨�w�Aq�� xAF±� ¨� ¢t�wfO� �y� R3 �� f ¨��@�� ��AKt�� �ky� : 6 �§rm�

:¨l§ Am�

A =


15 −11 5

20 −15 8

8 −7 6

 .

T`J±�  � 
b��

e′1 = 2e1 + 3e2 + e3, e′2 = 3e1 + 4e2 + e3, e′3 = e1 + 2e2 + 2e3

.xAF±� �@h� Tbsn�A� f T�wfO� d�¤� �� R3 ºASfl� xAF� �kK�

�þþ���

P �kt� .B′ = (e′1, e
′
2, e
′
3) þ� d§d��� xAF°� ¤ �§dq�� xAF°� B = (e1, e2, e3) þ� z�r�

T`J� �Ab�r� �� ryb`t�� �� �tn� ¨t�� T`J±� �Ab�r� ¨¡ Ah�dm�� ¨t�� Cwb`�� T�wfO�

:d�� B �§dq�� xAF±� T�¯d� B′ d§d��� xAF±�

P =


2 3 1

3 4 2

1 1 2


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TyW��� �AqybWt�� . ��A��� �Of��1 ��C �§CAmt�� TlslF .4.3

: ��Ð Y�� T�AR³A� ,xAF� �kK§ B′  � d�� Ah�wlq� 
As��¤ ,TFwk� P  � �q�t�

P−1 =


−6 5 −2

4 −3 1

1 −1 1

 	s�� B = P−1AP =


1 0 0

0 2 0

0 0 3


.B′ xAF±� ¨� f �ybWt�� T�wfO� ¨¡ B

¢t�wfO� �y� R2 �� f ¨��@�� ��AKt�� �ky� : 7 �§rm�

A =

 2 2
3

−5
2
−2

3



.e2 =

−2

5

 ¤ e1 =

−2

3

 �ky�¤ ,¨�w�Aq�� xAF±� ¨�

.MatB′(f) T�wfOm�� d�¤� �� R2 ºASfl� xAF� B′ = (e1, e2)  � 
b�� (1

.n ∈ N ��� �� An 	s�� (2

�q�� ¨t�� Tyqyq��� �Ay�Attm�� T�wm��  d� (3

∀n ∈ N :


xn+1 = 2xn +

2

3
yn

yn+1 = −5

2
xn −

2

3
yn

�þþ���

xAF±� w�� B =
(
(1, 0), (0, 1)

)
¨�w�Aq�� xAF±� �� Cwb`�� T�wfO� P �S� (1

: e2 ¤ e1 ­dm�±� T`J� �� T�wk� .B′ = (e1, e2)

P =

−2 −2

3 5


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1 ��C �§CAmt�� TlslF .4.3TyW��� �AqybWt�� . ��A��� �Of��

.xAF� B′ ¨�At�A�¤ TFwk� P ¢n�¤ detP = −4 6= 0

: ¨¡ B′ xAF±� ¨� f T�wfO� ¢n�¤

B = P−1AP = −1

4

 5 2

−3 −2

 2 2
3

−5
2
−2

3

−2 −2

3 5

 =

1 0

0 1
3


: T§rW� T�wfO� ­w� 
As� �d� �hs�� �� (2

Bn =

1 0

0
(

1
3

)n


: An A¡d`� �tnts� A = PBP−1
 � Am�

An =
(
PBP−1

)n
= PBnP−1 =

1

4

 10− 6
3n

4− 4
3n

−15 + 15
3n
−6 + 10

3n



�kK�� Yl� 	tk� �Ay�Attm�� ¢t¡ �q�� ¨t�� �¯ A`m�� ¢n�¤ Xn =

xn
yn

 An`R¤ �Ð� (3

:¨l§ Am� ¨�wfOm��

Xn+1 = AXn.

: � �tnts�¤ .Xn = AnX0 : �� X0 =

x0

y0

 ∈ R2
¨¶�dt�³� ªrK�� An`R¤ �Ð�

 xn = 1
4

(
(10− 6

3n
)x0 + (4− 4

3n
)y0

)
yn = 1

4

(
(−15 + 15

3n
)x0 + (−6 + 10

3n
)y0

)
.
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