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 ¤d�m�� rKn�� 1.5

x = 0 TWqn�� �w� f(x) = expx T��d�� �wlF �� ­rk� ºAW�� �km§ .TyF±� T��d�� �A�� @���

.�yqts� X�� ¨�Ayb�� �Fr�� 	§rqt� Anm� dq� .y = 1 + x ¢t� A`�  wk� ©@�� , AhlZ TWF�w�

T��dl� ¨�Ayb�� �Fr�� ,y = c0 + c1x + c2x
2
T� A`m�� ®�� @��� , �S�� 	§rq� d��  � A� C� �Ð�

­zym� Ty}A� Ah� T� A`m�� £@¡ .y = 1 + x + 1
2
x2 T� A`m�� ��� w¡ x = 0 TWqn�� C�w� ¨� f

�Wq�� T� A`� Yl� r�`� .g′′(0) = 0 ¤ g′(0) = 0 , g(0) = 0 �� g(x) = expx−
(
1 + x+ 1

2
x2
)
¨¡

.f T��dl� 2 T�Cd�� �� 	§rq� d�� ¨n`§ ¸�Akm��

... T`��r��¤ T��A��� T�Cd�� �Am`tFA� 	§rqt�A� rmtsns� ,T� r���  wk�  � A� C� �Ð� �bW�A�

x

y

1

0 1

y = ex

y = 1 + x

y = 1 + x+ x2

2

y = 1 + x+ x2

2
+ x3

6

¨t�� ,T�� ©± Tbsn�A� n T�Cd�� ��  ¤d��� ry�� Yl� ��b� �wF ,�Of�� �� ºz��� �@¡ ¨�

 wk� A� Ab�A�) x Tt�A��� TWqn�� C�w� ¨� Xq� T��A} �¶Atn�� .�S�� �kK� T��d�� �� 
rtq�

r\n�� �� ¨t�� TWqn�� dn� Ty�Attm�� �AqtKm�� �� �@¡  ¤d��� ry�� 
As� �tyF .(0 C�w��

.Ahy�

Cwl§A� �y} 1.1.5

,1712 �A� A¡�K�� ©@�� Cwl§A� �¤r� �AyRA§r�� ��A� �F� Yl� 
ymF ¨t�� ,Cwl§A� T�y} �ms�

¢�®�A`� dmt`� ©@�� , ¤d� ry�� TWF�w� TWq� C�w�� ��r� ­d� �RAftl� Tl�A� T�� 	§rqt�
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.TWqn�� £@¡ ¨� T��d�� �AqtK� Yl� Xq�

An§d� ¢n� ¤ x0, x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt� : 1.1.5 T§r\�

f(x) = f(x0) +
(x− x0)

1!
f ′(x0) +

(x− x0)2

2!
f ′′(x0) + . . .

+
(x− x0)n

n!
f (n)(x0) + (x− x0)nε(x− x0)

�y�

lim
x→x0

ε(x− x0) = 0.

:¨l§ Am� T�r`m�� f T��d�� �kt� : 1 �A��

f :]− 1,+∞[ → R
x 7→ ln(1 + x)

T�®��� 	��rm�� �� 0 TWqn�� ¨� Cwl§A� �y} 
As�� �wqnF ,��rm�� �� T§Ah�¯A� �AqtJ²� ��A�

f ′′(x) = − 1
(1+x)2

	s�� A¡d`� .f ′(0) = 1 d�� f ′(x) = 1
1+x

	s�� �� .f(0) = 0 :An§d� .Y�¤±�

.f (3)(0) = 2 d��¤ f (3)(x) = 2
(1+x)3

	s�� �ry��¤ .f ′′(0) = −1 d��

: � ���rt�A� 
b��  � �yWts�

f (n)(x) =
(−1)n−1(n− 1)!

(1 + x)n

: Tmyq�� 
As� �km§ �y�

f (n)(0) = (−1)n−1(n− 1)!.

: An§d� n > 0 ��� �� ¨�At�A�¤

f (n)(0)

n!
xn =

(−1)n−1(n− 1)!

n!
xn =

(−1)n−1

n
xn.

w¡ 0 TWqn�� ¨� f T��dl� Cwl§At�  ¤d��� ry�� ,T�A� TfO�

Pn(x) =
n∑
k=1

(−1)k−1xk

k
= x− x2

2
+
x3

3
− · · ·+ (−1)n−1xn

n
.
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:Cwl§At�  ¤d� ��ry�� �®� �¤� ¨l§ Amy�

P1(x) = x,

P2(x) = x− x2

2
,

P3(x) = x− x2

2
+
x3

3
.

�� r���� r��� P3 ¤ P2 ¤ P1  ¤d��� ��ry�k� Ty�Ayb�� �wFr�� 
rtq� ,¢lfF� ¨�Ayb�� �Fr�� ¨�

.0 C�w� ¨� Xq� �@¡¤ f þ� ¨�Ayb�� �Fr��

x

y

0

1

y = ln(1 + x)

y = x

y = x− x2

2

y = x− x2

2
+ x3

3

 �Cw� - �A� �y} 2.1.5

�ybWt� An§d� ¢n� ¤ x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt� : 2.1.5 T§r\�

: �Cw� - �A� T�y} d�� x0 = 0 TWqn�� ¨� Cwl§A� T�y}

f(x) = f(0) +
x

1!
f ′(0) +

x2

2!
f ′′(0) + . . .+

xn

n!
f (n)(0) +

xn

n!
ε(x)

: 2 �A��

1) cosx = 1− x2

2!
+
x4

4!
− x6

6!
+ . . .+ (−1)n

x2n

(2n)!
+ x2n+1ε(x)
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2) sinx = x− x3

3!
+
x5

5!
+ . . .+ (−1)n

x2n+1

(2n+ 1)!
+ x2n+2ε(x)

3)(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + . . .+

α(α− 1) . . . (α− n+ 1)

n!
xn + xnε(x)

3.1) α = −1 =⇒ 1

1 + x
= 1− x+ x2 + . . .+ (−1)nxn + xnε(n)

3.2) α = −1

2
=⇒ 1√

1 + x
= 1− 1

2
x+

3

8
x2 + . . .+ (−1)n

1 ∗ 3 ∗ 5 . . . (2n− 1)

2 ∗ 4 ∗ 6 . . . 2n
xn + xnε(x)

4)ex = 1 +
x

1!
+
x2

2!
+ . . .+

xn

n!
+ xnε(x)

5) ln(1 + x) = x− x2

2
+
x3

3
+ . . .+ (−1)n−1

xn

n
+ xnε(x)

T�w��m�� ��¤d�� {`b�  ¤d�m�� rKn�� 3.1.5

ex = 1 + x+
x2

2!
+
x3

3!
+
x4

4!
+ o(x4) F

1

1− x
= 1 + x+ x2 + ...+ xn + o(xn) F

ch(x) = 1 +
x2

2!
+
x4

4!
+ ...+

x2n

2n!
+ o(x2n+1) F

sh(x) = 1 +
x3

3!
+
x5

5!
+ ...+

x2n+1

(2n+ 1)!
+ o(x2n+1) F

 ¤d�m�� rKn�� Yl� �Aylm� 4.1.5

¨� A� T��d�  ¤d�m�� rK� ry��  � �km§ ¢��  �Cw� - �A� T�y}¤ Cwl§AV T�y} �� Aq�AF An§�C

 ¤d�m�� rKn�� Yl� �Aylm`�� �rK� �wF �@h�¤ 0 TWqn�� ¨�  ¤d�� rK� Y�� R a ∈ TWqn��

.0 TWqn�� ¨� Xq�

T�Cd�� ��  ¤d�m�� rKn�� 0 C�w� ¨�  ®bq� 0 dn� �yt�r`� �yt�� g ¤ f �kt�¤ .n ∈ N �kt�

:�y� n

f(x) = p0 + p1x+ · · ·+ pnx
n + xnε1(x)

= Pn (x) + xnε1(x)
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¤

g(x) = q0 + q1x+ · · ·+ qnx
n + xnε2(x)

= Qn (x) + xnε2(x)

: 1 TþyS�

:g ¤ f �yt��dl�  ¤d��� ©rK� �wm�� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ f + g •

(f + g)(x) = f(x) + g(x) = Pn (x) +Qn (x) + xnε(x).

ºAq�³� �� g ¤ f �yt��dl�  ¤d��� ©rK� º�d� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ fg •
:n ©¤As� ¤� �� ��� T�Cd�� ��Ð  ¤d��� Yl� ¯�

(fg)(x) = f(x)g(x) = Tn(x) + xnε(x)

.n T�Cd�� dn� ��wtm�� Pn (x)Qn (x)  ¤d��� ry�� Tn(x) �y�

�y� n T�Cd�� �� 0 dn�  ¤d�� rK� �bq� f ◦ g T��d��  �� (q0 = 0 ©�) g(0) = 0 
�A� �Ð� •
.P (Q(x)) 	y�rt�A� �r`� n T�Cd�� dn� ��wtm��  ¤d��� ry�� ºz�

:An§d�  �� q0 6= 0  A� �Ð� •

1

g(x)
=

1

q0

1

1 + q1
q0
x+ · · ·+ qn

q0
xn + xnε2(x)

q0

.

: 	tk§¤ n+ 1 T�Cd�� �� a dn�  ¤d�� rK� �bq� F  �� f T��dl� Tyl}� T�� F 
�A� �Ð� •

F (x) = Pn+1(x− a) + (x− a)n+1η(x)

.lim
x→a

η(x) = 0 :�y�

.arctan(x) T��dl�  ¤d�m�� rKn�� 
As� : 3 �A��

: � �l`�

arctan′(x) =
1

1 + x2
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�S� .

f(x) =
1

1 + x2

:	tk� ¤ F (x) = arctan(x) ¤

arctan′ x =
1

1 + x2
=

n∑
k=0

(−1)kx2k + x2nε(x).

: �� arctan(0) = 0  ±¤

arctanx =
n∑
k=0

(−1)k

2k + 1
x2k+1 + x2n+1ε(x) = x− x3

3
+
x5

5
− x7

7
+ · · ·

: 4 �A��

.5 Tb�r�� �� 0 dn� tanxT��dl�  ¤d�m�� rKn�� •

¯¤�

sinx = x− x3

6
+

x5

120
+ x5ε(x)

«r�� Th� �� .

cosx = 1− x2

2
+
x4

24
+ x5ε(x) = 1 + u

�S�

u = −x
2

2
+
x4

24
+ x5ε(x)

.

: u3 ¤ u2 
As��� ¨� �At��

u2 =

(
−x

2

2
+
x4

24
+ x5ε(x)

)2

=
x4

4
+ x5ε(x)

��

u3 = x5ε(x).
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:¨�At�A�¤

1

cosx
=

1

1 + u
= 1− u+ u2 − u3 + u3ε(u)

= 1 +
x2

2
− x4

24
+
x4

4
+ x5ε(x)

= 1 +
x2

2
+

5

24
x4 + x5ε(x).

ry�±� ¨�

tanx = sin x
1

cosx

=
(
x− x3

6
+

x5

120
+ x5ε(x)

)(
1 +

x2

2
+

5

24
x4 + x5ε(x)

)
= x+

x3

3
+

2

15
x5 + x5ε(x).

.4 Tb�r�� �� 0 dn�
1+x
2+x

T��dl�  ¤d�m�� rKn�� •

1 + x

2 + x
= (1 + x)

1

2

1

1 + x
2

=
1

2
(1 + x)

(
1− x

2
+
(x

2

)2
−
(x

2

)3
+
(x

2

)4
+ o(x4)

)
=

1

2
+
x

4
− x2

8
+
x3

16
− x4

32
+ o(x4)

.3 Tb�r�� �� 0 dn� h(x) = sin
(

ln(1 + x)
)
T��dl�  ¤d�m�� rKn�� 
As� : 5 �A��

:¢n�¤ g(x) = ln(1 + x) ¤ f(u) = sinu �S� •

f ◦ g(x) = sin
(

ln(1 + x)
)

¤ g(0) = 0

.

T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •

f(u) = sinu = u− u3

3!
+ u3ε1(u)
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.0 C�w� ¨� u ��� ��

�S� •

u = g(x) = ln(1 + x) = x− x2

2
+
x3

3
+ x3ε2(x)

.0 C�w� ¨� x ��� ��

: u3 ¤ u2 =
(
x− x2

2
+ x3

3
+ x3ε2(x)

)2
= x2 − x3 + x3ε3(x) :u2 	s�� •

u3 = x3 + x3ε4(x)

.

:¢n�¤ •

h(x) = f ◦ g(x) = f(u)

= u− u3

3!
+ u3ε1(u)

=

(
x− 1

2
x2 +

1

3
x3
)
− 1

6
x3 + x3ε(x)

= x− 1

2
x2 +

1

6
x3 + x3ε(x).

Tlm`�� w¡¤ ,ry�t��¤ T�r��� �¯d`m� �th§ ©@�� Tmhm�� �AyRA§r�� �¤r� d�� ��Akt�� d`§

	��wk�� ��C�d� :��� Ty¶A§zyf�� r¡�w\�� �� ry�k�� �h� ¨� �¡AF d�¤ ,�RAftl� Tysk`��

d�AF ©@�� ��Akt�� Y�� �AyRA§r�� ¨� �yl�t�� �s� r§wW� ¨� �Sf��  w`§¤ ,Ty�ÐA��� CA��¤

.Ty¶A§zyf�� �y��wq�� �� ry�k�� T�Ay} ¨�

�A�� Yl� ­rmts� T�� ��Ak� 2.5

�y� T�� f �kt��¤ R ¨� �A�� I = [a, b] �ky� : 1.2.5 �§r`�

f : I → R

�y� f T��dl� Tyl}� T�� F  � �wq�

F : I → R
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¨l§ A� �q�� �Ð�

.I �wtfm�� �A�m�� Yl� �AqtJ²� Tl�A� F −1

−2

∀x ∈ I, F ′ (x) = f (x)

Tyl}� T�� �bq� f : I → R ­rmts� T�� �� : 1.2.5 T§r\�

Tyl}� T�� �bq� f �y� f : I → R T��d�� �kn� : 2.2.5 T§r\�

¨¡ f T��dl� Tyl}±� ��¤d�� T�wm��

{F + c, c ∈ R}

.f T��dl� T}A� Tyl}� T�� F �y�

:	tk�¤ f T��dl� Tyl}±� T��dl�

∫
f(t)dt þ� z�r�

F (x) =

∫
f(x)dx

 ¤d�m�� ��Akt�� 1.2.5

.­ ¤d�m�� ry� �®�Akt��¤ ­ ¤d�m�� �®�Akt�� :Am¡ �®�Aktl�  A�w� �An¡

.b ≥ a �y� [a, b] �A�m�� Yl� ­rmtsm�� ¤ f : [a, b]→ R T��d�� �kn�

�®� �� �®�Aktl� Tt�A� �y�  A�§� ¨� ¯Am`tF� r��� «r�� Tq§rW� ��Akt�� �§r`� �km§

:Ty�At�� T§r\n��

T�r`m�� F : [a, b]→ R T��d�� �kn� : 3.2.5 T§r\�

F (x) =

∫ x

a

f(t)dt
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: �q��¤ �AqtJ²� Tl�A� F T��d��  � ¨n`§ f T��dl� Tyl}� T�� ¨¡

F ′ (x) = f (x) ,∀x ∈ [a, b]

z�r�A� ¢� z�r� ©@�� f T��dl�  ¤d�m�� ��Akt�� ¨ms� : 2.2.5 �§r`�∫ b

a

f (x) dx

	tk� ¤ f T��dl� Tyl}±� T��d�� ¨¡ F �y� F (b)− F (a) ¨qyq���  d`��∫ b

a

f (x) dx = F (b)− F (a) .

:Ty�At�� �®�Akt�� 	s�n� : 1 �A��

¢n�¤ ,Ah� Tyl}� T�� F (x) = ex �kt� f(x) = ex ��� �� −1∫ 1

0

ex dx =
[
ex
]1
0

= e1 − e0 = e− 1.

¢n�¤ ,Ah� Tyl}� T�� G(x) = x3

3
�kt� g(x) = x2 ��� �� −2∫ 1

0

x2 dx =
[
x3

3

]1
0

= 1
3
.

−3∫ x

a

cos t dt =
[

sin t
]t=x
t=a

= sinx− sin a

.cosx T��dl� Tyl}� T�� 

 � �tnts�¤ (Aq�¯ �¡rb�) Ty�¤E T�� Tyl}±� Aht��  wk� T§ r� T�� 
�A� �Ð� −4∫ a

−a
f(t) dt = 0.
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�®�Akt�� Q�w� 3.5

.�®�Akt�� TyW�¤ Ty�A�§�¤ Chasles T�®� ¨¡ ��Aktl� T�®��� Tysy¶r�� P¶AO���

�AJ T�®� 1.3.5

Tl�A� f  wk� A¡dn� , [c, b] ¤ [a, c] Yl� ��Aktl� Tl�A� T�� f  A� �Ð� .a < c < b �kt� : 1 TþyS�

.[a, b] Yl� ��Aktl�

An§d�¤∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx

:a = b ��� �� Ty�At�� Ty}A��� An§d�∫ a

a

f(x)dx = 0.

a < b ��� �� ¤∫ a

b

f(x)dx = −
∫ b

a

f(x)dx.

An§d� : 1 �A��∫ 3

1

x2dx =

[
x3

3

]3
1

=
27

3
− 1

3
=

26

3∫ 1

3

x2dx =

[
x3

3

]1
3

=
1

3
− 27

3
= −26

3∫ 3

1

x2dx = −
∫ 1

3

x2dx.

¨�At�� �kK�� Yl� �bO� �AJ T�®� ¢n� ¤ a, b, c  �d�±� �ky�

∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx
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As�¤  ¤d�m�� rKn�� .H�A��� �Of�� �®�Akt�� Q�w� .3.5

��Akt�� Ty�A�§� 2.3.5

 A� �Ð� .[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f ,�yyqyq� �§ d� a ≤ b �ky� : 2 TþyS�

 �� f ≤ g∫ b

a

f(x)dx ≤
∫ b

a

g(x)dx

:Ay�A�§� Tb�wm�� T��d�� ��Ak�  wk§ , QwO��� ¢�¤ Yl�

 �� f ≥ 0 
�A� �Ð�∫ b

a

f(x) dx ≥ 0.

��Akt�� TyW� 3.3.5

[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f �kt� : 3 TþyS�

¤ ��Aktl� Tl�A�T�� f + g ¢n� ¤ −1∫ b

a

(f + g)(x)dx =

∫ b

a

f(x)dx+

∫ b

a

g(x)dx.

An§d� ¤ ��Aktl� Tl�A� ¨¡ λf T��d�� λ ¨qyq�  d� �� ��� �� −2∫ b

a

λf(x)dx = λ

∫ b

a

f(x)dx.

:��Akt�� TyW� An§d� �yty�¤±� �ytWqn�� �y�A¡ �®� ��

:An§d� µ ¤ λ ¨qyq�  d� �� ��� ��∫ b

a

(
λf(x) + µg(x)

)
dx = λ

∫ b

a

f(x)dx+ µ

∫ b

a

g(x)dx.
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: 1 T\�®�

 Ay�±� �\`� ¨�  �� [a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f 
�A� �Ð� (1∫ b

a

(fg)(x) dx 6=
(∫ b

a

f(x) dx

)(∫ b

a

g(x) dx

)
.

[a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� |f |  �� [a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� f 
�A� �Ð (2

:An§d� ¤ AS§�∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ ≤ ∫ b

a

∣∣f(x)
∣∣ dx.

:An§d� : 2 �A��∫ 1

0

(
7x2 − ex

)
dx = 7

∫ 1

0

x2 dx −
∫ 1

0

ex dx = 7
1

3
− (e− 1) =

10

3
− e

:d�� Aq�AF A¡An§�C ¨t�� �A�As��� ��d�tFA�∫ 1

0

x2 dx =
1

3

¤∫ 1

0

exdx = e− 1.

.n→ +∞ Am� In → 0  � 
b�n� In =
∫ n
1

sin(nx)
1+xn

dx �ky� : 3 �A��

|In| =
∣∣∣∣∫ n

1

sin(nx)

1 + xn
dx

∣∣∣∣ ≤ ∫ n

1

| sin(nx)|
1 + xn

dx ≤
∫ n

1

1

1 + xn
dx ≤

∫ n

1

1

xn
dx

ry�±� ��Akt�� �@¡ 
As� Xq� Yqb§∫ n

1

1

xn
dx =

∫ n

1

x−n dx =

[
x−n+1

−n+ 1

]n
1

=
n−n+1

−n+ 1
− 1

−n+ 1
−−−−→
n→+∞

0

.n→ +∞ Am�
1

−n+1
→ 0 ¤ n−n+1 → 0  ±
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As�¤  ¤d�m�� rKn�� .H�A��� �Of��T�w��m�� ��¤d�� {`� ��Ak� .4.5

�wm`�� Yl� ¢��� ��Aktl� Tl�A� f · g 
�A� w� ¤ Yt� ¢�� ^�®� : 2 T\�®�∫ b

a

(fg)(x)dx 6=
( ∫ b

a

f(x)dx
)( ∫ b

a

g(x)dx
)
.

:¨l§Am� �yt�r`m�� g ¤ f T��d�� �kt� ,�A�m�� �ybF Yl�

f : [0, 1]→ R, f(x) =

{
1 si x ∈ [0, 1

2
[

0 si non.

¤

g : [0, 1]→ R, g(x) =

{
1 si x ∈ [1

2
, 1[

0 si non.

:�Ð� ,x ∈ [0, 1] �� ��� �� f(x) · g(x) = 0 ¢n� ¤∫ 1

0

f(x)g(x)dx = 0

 � ��C∫ 1

0

f(x) dx =
1

2
¤

∫ 1

0

g(x) dx =
1

2
.

T�w��m�� ��¤d�� {`� ��Ak� 4.5

∫
exdx = ex + c Yl� R∫
cosxdx = sinx+ c Yl� R∫
sinxdx = − cosx+ c Yl� R∫
xndx =

xn+1

n+ 1
+ c , (n ∈ N) Yl� R∫

xαdx =
xα+1

α + 1
+ c , (α ∈ R{−1}) Yl� ]0,+∞[∫ 1

x
dx = ln |x|+ c Yl� ]0,+∞[ ¤� ]−∞, 0[
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��Akt�� �rV .5.5 �®þ�Akt�� 
As�¤  ¤d�m�� rKn�� .H�A��� �Of��

∫
shx dx = chx+ c,

∫
chx dx = shx+ c Yl� R∫ dx

1 + x2
= arctanx+ c Yl� R

∫ dx√
1− x2

=

 arcsinx+ c
π

2
− arccosx+ c

Yl� ]− 1, 1[

∫ dx√
x2 + 1

=

{
Argsh (x) + c

ln
(
x+
√
x2 + 1

)
+ c

Yl� R

∫ dx√
x2 − 1

=

{
Argch (x) + c

ln
(
x+
√
x2 − 1

)
+ c

Yl� x ∈]1,+∞[

��Akt�� �rV 5.5

|r� d�¤ .Ahtl�Akm� �Ayq�� d§r� ¨t�� T��dl� ¨l}±� ��At��  A�§� Yl� ��Akt�� 
As� �wq§

HF� d�¤ .T�Asm�� 
As�� ��Ak� Tylm� �¤� ,1675 rbm�w� 13 ¨� ,ztnb§¯ �lyhly� d§rf�w�

£Ew�C  � Am� ��wy� �A�F� �� �qts� �kK� ¨�AyRA§r�� ��Akt��¤ �RAft�� �l� ztnb§¯

�rV ­d� d�w§¤ .Ah� �§r`t��¤ A¡rK� ��  � @n� �¶AJ �kK� �d�ts� 
��E A� Ty�AyRA§r��

... ,ry�tm�� ryy�t� ��Akt�� ,{§w`t�A� ��Akt�� ,T¶z�t�A� ��Akt�� :Ahn� ��Aktl�

T¶z�t�A� ��Akt�� 1.5.5

:  �� [a, b] �A�m�� Yl� �yt�r`m�� C1 T·f�� �� �yt�� v ¤ u �kt� : 1.5.5 T§r\�∫ b

a

u(x) v′(x) dx = [uv]ba −
∫ b

a

u′(x) v(x) dx

: ¤d�  ¤d� �k�¤ Ahsf� ¨¡ Tyl}±� T��dl� T¶z�t�A� ��Akt�� T�y}∫
u(x)v′(x) dx = [uv]−

∫
u′(x)v(x) dx.

��Akt�� 
As�� : 1 �A��∫ 1

0

xex dx

.v′(x) = ex ¤ u(x) = x �S�
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As�¤  ¤d�m�� rKn�� .H�A��� �Of�� ��Akt�� �rV .5.5

Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 1 T��d��  � �l`�

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤ v′ T��dl�∫ 1

0
xexdx =

∫ 1

0
u(x)v′(x) dx

= [u(x)v(x)]10 −
∫ 1

0
u′(x)v(x) dx

= [xex]10 −
∫ 1

0
1 · ex dx

= (1 · e1 − 0 · e0)− [ex]10

= e− (e1 − e0)
= 1

��Akt�� 
As�� : 2 �A��∫ e

1

x lnx dx.

.v′(x) = ¤ u(x) = ln x ­rm�� £@¡ �S�

v′ T��dl� Tyl}±� T��d�� ¨¡ v = x2

2
T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′ =

1

x
T��d�� ¢n� ¤

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤

∫ e

1

lnx · x dx =

∫ e

1

uv′ = [uv]e1 −
∫ e

1

u′v =

[
lnx · x

2

2

]e
1

−
∫ e

1

1

x

x2

2
dx

=

(
ln e

e2

2
− ln 1

12

2

)
− 1

2

∫ e

1

x dx =
e2

2
− 1

2

[
x2

2

]e
1

=
e2

2
− e2

4
+

1

4
=
e2 + 1

4

��Akt�� 
As�� : 3 �A��∫
arcsinx dx

¤ u(x) = arcsin(x) �S� �y� º�d� �kJ �� Ahl`�� arcsin(x) T��dl� Tyl}� T��  A�§³
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d�n� T¶z��A� ��Akt�� T�y} �bW� �� ,v(x) = x ¤ u′(x) =
1√

1− x2
An§d� �y� ,v′(x) = 1

∫
1 · arcsin(x)dx = [x arcsin(x)]−

∫
x√

1− x2
dx

= [x arcsin(x)]−
[
−
√

1− x2
]

= x arcsin(x) +
√

1− x2 + c

��Akt�� 
As� : 4 �A��∫
x2exdx.

.v′(x) = ex ¤ u(x) = x2 �S�

Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 2x T��d��  � �l`�

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤ v′(x) T��dl�∫
x2ex dx =

[
x2ex

]
− 2

∫
xex dx

:d�� Tq�As�� ��¤Asm�� �� ¨�A��� ºz��� Yl� Ty�A��� ­rml� T¶z�t�A� ��Akt�� dy`�∫
xex dx = [xex]−

∫
ex dx = (x− 1)ex + c

d�� ry�±� ¨�∫
x2ex dx = (x2 − 2x+ 2)ex + c.

ry`tm�� ryy�t� �þ�Akt�� 2.5.5

�� ϕ : J → I ��Aqt�� �ky� ¤ I = [a, b] �A�m�� Yl� T�r`� T�� f 
�A� �Ð� : 2.5.5 T§r\�

:An§d� a, b ∈ J �� ��� �� .C1 T·f��

∫ ϕ(b)

ϕ(a)

f(x)dx =

∫ b

a

f (ϕ(t)) · ϕ′(t)dt
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«r�� TfO� .(f ◦ ϕ) · ϕ′ T��dl� Tyl}±� T��d�� ¨¡ F ◦ ϕ  �� f T��dl� Tyl}� T�� F 
�A� �Ð�(∫
f(x) dx

)
◦ ϕ =

∫
f (ϕ(t))ϕ′(t) dt

.ϕ ¤ f T��d�� �� �� 	y�r� �� �tn� f(ϕ(t))ϕ′(t) T��dl� Tyl}±� T��d��  � ©�

�S� TWsb� T�yO� ¤� ,ry�tml� ryy�� ®`� ��m�

∫
f(x) dx =

∫
f (ϕ(t))ϕ′(t) dt ­CAb`��

: AnyW`§ A� dx = ϕ′(t) dt ©�
dx

dt
= ϕ′(t) �AqtJ³A� A¡d`� d�� ¢n�¤ x = ϕ(t)

∫ ϕ(b)

ϕ(a)

f(x)dx =

∫ b

a

f(ϕ(t))ϕ′(t)dt.

��Akt�� 
As� : 5 �A��∫ π
2

0

sin2 (x) cos (x) dx

�Rw�

sin (x) = t =⇒ sin (x)′ = cos (x) = dt

¨l§ Am� t Y�� x �� ��Akt��  ¤d� ry�t� ¢n�¤

x = 0 =⇒ t = sin (0) = 0

x =
π

2
=⇒ t = sin

(π
2

)
= 1

d�� ¢n�¤

x = 0 =⇒ sin (0) = 0

x =
π

2
=⇒ sin

(π
2

)
= 1

∫ π
2

0

sin2 (x) cos (x) dx =

∫ 1

0

t2dt

=
1

3
t3
]1
0

=
1

3
.
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5 ��C �§CAmt�� TlslF .6.5�®þ�Akt�� 
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5 ��C �§CAmt�� TlslF 6.5

:Ty�At�� ��¤dl� n Tb�r�� �� a TWqn�� ¨�  ¤d�m�� rKn�� d�¤� : 1 �§rm�

1) ln cosx n = 6, a = 0.

2)
arctanx− x

sinx− x
n = 2, a = 0.

3) ln tan
(x

2
+
π

4

)
n = 3, a = 0.

4) ln(sinx) n = 3, a = π
4
.

5) (1 + x)
1
x n = 3, a = 0.

�þþ���

.ln(cosx) = −1

2
x2 − 1

12
x4 − 1

45
x6 + o

(
x7
)
•

.
arctan(x)− x

sin(x)− x
= 2− 11

10
x2 + o

(
x3
)
•

.ln(tan(1/2x+ 1/4 π)) = x+
1

6
x3 + o

(
x4
)
•

.ln(sinx) = ln(1/2
√

2) + x− π

4
−
(
x− π

4

)2
+

2

3

(
x− π

4

)3
+ o

((
x− π

4

)3)
•

.(1 + x)
1
x = e

ln(1+x)
x = e− 1/2 ex+

11

24
ex2 − 7

16
ex3 + o

(
x3
)
•

.3 Tb�r�� �� 0 dn� h(x) = cos
(

ln(1 + x)
)
T��dl�  ¤d�m�� rKn�� d�¤� : 2 �§rm�

�þþ���

:¢n�¤ g(x) = ln(1 + x) ¤ f(u) = cos(u) �S� •

f ◦ g(x) = cos
(

ln(1 + x)
)

¤ g(0) = 0

.
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T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •

f(u) = cosu = 1− u2

2!
+ u3ε1(u)

.0 C�w� ¨� u ��� ��

�S� •

u = g(x) = ln(1 + x) = x− x2

2
+
x3

3
+ x3ε2(x)

.0 C�w� ¨� x ��� ��

:u2 	s�� •

u2 =

(
x− x2

2
+
x3

3
+ x3ε2(x)

)2

= x2 − x3 + x3ε3(x)

: u3 ¤

u3 = x3 + x3ε4(x)

.

:¢n�¤ •

h(x) = f ◦ g(x) = f(u)

= u− u2

2!
+ u3ε1(u)

=

(
x− 1

2
x2 +

1

3
x3
)
− 1

2
x3 + x3ε(x)

= x− 1

2
x2 − 1

6
x3 + x3ε(x).

.T¶z�t�A� ��Akt�� �§rV �� Ty�At�� �®�Akt�� 	s�� : 3 �§rm�

1)

∫
x2 lnx dx. 2)

∫
x arctanxdx.

3)

∫
lnxdx ��

∫
(lnx)2 dx. 4)

∫
cosx expx dx.

�þþ���
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5 ��C �§CAmt�� TlslF .6.5�®þ�Akt�� 
As�¤  ¤d�m�� rKn�� .H�A��� �Of�� ∫
x2 lnx dx •

.v = x3

3
¤ u′ = 1

x
¢n�¤ .v′ = x2 ¤ u = lnx �y� T¶z�t�A� ��Akn�∫

lnxx2 dx =

∫
uv′ =

[
uv
]
−
∫
u′v

=

[
lnx

x3

3

]
−
∫

1

x

x3

3
dx

=

[
lnx

x3

3

]
−
∫
x2

3
dx

=
x3

3
lnx− x3

9
+ c

∫
x arctanx dx •

.v = x2

2
¤ u′ = 1

1+x2
¢n�¤ .v′ = x ¤ u = arctanx �y� T¶z�t�A� ��Akn�∫

arctanxx dx =

∫
uv′ =

[
uv
]
−
∫
u′v

=

[
arctanx

x2

2

]
−
∫

1

1 + x2
x2

2
dx

=

[
arctanx

x2

2

]
− 1

2

∫ (
1− 1

1 + x2

)
dx

=
x2

2
arctanx− 1

2
x+

1

2
arctanx+ c

=
1

2
(1 + x2) arctanx− 1

2
x+ c ∫

(lnx)2 dx ��

∫
lnx dx •

¢n�¤ .v′ = 1 ¤ u = ln x �y� T¶z�t�A� ��Akt�� �Am`tF��

∫
lnx dx : ��Akt�� ��� ��

.v = x ¤ u′ = 1
x∫

lnx dx =

∫
uv′ =

[
uv
]
−
∫
u′v

= [lnxx]−
∫

1

x
x dx

= [lnxx]−
∫

1 dx

= x lnx− x+ c
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u′ = 2 1
x

lnx ¢n�¤ .v′ = 1 ¤ u = (lnx)2 �y�

∫
(lnx)2 dx
As�� T¶z�t�A� ��Akt�� �m`ts�

.v = x ¤∫
(lnx)2 dx =

∫
uv′ =

[
uv
]
−
∫
u′v

=
[
x(lnx)2

]
− 2

∫
lnx dx

= x(lnx)2 − 2(x lnx− x) + c

.Aq�AF 
ws�m�� ��Akt�� An�d�tF� , ry�±� rWs�� Yl� �wO�l�

.I =
∫

cosx expx dx �S� •

.v = sinx ¤ u′ = expx ¢n�¤ .v′ = cosx ¤ u = expx �y� T¶z�t�A� ��Akt�� �m`ts�

:�Ð�

I =

∫
cosx expx dx =

[
sinx expx

]
−
∫

sinx expx dx

:Yl� �O�� An��� J =
∫

sinx expx dx : � AnRr� �Ð�

I =
[

sinx expx
]
− J

.v′ = sinx ¤ u = expx �� «r�� ­r� T¶z�t�A� ��Akt�� �Am`tF� dy`� J 
As� ��� ��

:AnyW`§ �@¡

J =

∫
sinx expx dx =

[
− cosx expx

]
−
∫
− cosx expx dx =

[
− cosx expx

]
+ I

:Ty�A� T� A`� An§d�  Ð�

J =
[
− cosx expx

]
+ I

:d�� Tq�As�� T� A`m�� ¨� Ahtmyq� J �dbts�

I =
[

sinx expx
]
− J =

[
sinx expx

]
−
[
− cosx expx

]
− I

�y�

2I =
[

sinx expx
]

+
[

cosx expx
]

:��Akt�� 
As�� An� �ms§ A� �@¡¤

I =
1

2
(sinx+ cosx) expx+ c.
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:r�±� �z� �Ð� ��Akt�� �§r`� �A�� d§d�� �� ,Ty�At�� �®�Akt�� 	s�� : 4 �§rm�

1)

∫
sin8 x cos3 xdx. 2)

∫
cos4 xdx. 3)

∫
cos2003 x sinxdx.

4)

∫
1

sinx
dx. 5)

∫
1

cosx
dx. 6)

∫
1

7 + tan x
dx.

�þþ���

.R Yl� �r`� ��Akt�� •∫
sin8 x cos3 xdx =

1

9
sin9 x− 1

11
sin11 x+ c

.R Yl� �r`� ��Akt�� •

∫
cos4 xdx =

1

32
sin 4x+

1

4
sin 2x+

3

8
x+ c

.R Yl� �r`� ��Akt�� •∫
cos2003 x sinxdx = − 1

2004
cos2004 x+ c

]kπ, (k + 1) π[ Yl� �r`� ��Akt�� •∫
1

sinx
dx =

1

2
ln

∣∣∣∣1− cosx

1 + cos x

∣∣∣∣+ c = ln
∣∣∣tan

x

2

∣∣∣+ c

.(u = tan x
2
¤� u = cosx ry�tm�� ryy��)]

−π
2

+ kπ, π
2

+ kπ
[
Yl� �r`� ��Akt�� •∫

1

cosx
dx =

1

2
ln

∣∣∣∣1 + sin x

1− sinx

∣∣∣∣+ c = ln
∣∣∣tan

(x
2

+
π

4

)∣∣∣+ c

.(u = tan x
2
¤� u = sinx ry�tm�� ryy��)

R \
{

arctan (−7) + kπ , π
2

+ kπ , k ∈ Z
}
�A�m�� Yl� �r`� ��Akt�� •∫

1

7 + tan x
dx =

7

50
x+

1

50
ln |tanx+ 7|+ 1

50
ln |cosx|+ c

.(u = tanx ry�tm�� ryy��)
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.ry�tm�� ryy�� �§rV �� Ty�At�� �®�Akt�� 	s�� : 5 �§rm�

1)

∫
(cosx)1234 sinx dx. 2)

∫
1

x lnx
dx.

3)

∫
1

3 + exp (−x)
dx. 4)

∫
1√

4x− x2
dx.

�þþ���

∫
(cosx)1234 sinx dx •

Yl� �O�� du = − sinx dx ¤ x = arccosu An§d� u = cosx ry�tm�� ryy�� �S�

∫
(cosx)1234 sinx dx =

∫
u1234(−du) = − 1

1235
u1235 + c = − 1

1235
(cosx)1235 + c

.R Yl� T�r`� Tyl}±� T��d�� £@¡∫
1

x lnx
dx •

: 	tk� du = dx
x

¤ x = expu An§d� u = lnx ry�tm�� ryy�� �ky�∫
1

x lnx
dx =

∫
1

lnx

dx

x
=

∫
1

u
du = ln |u|+ c = ln |lnx|+ c

Tbsn�A� �lt��  wk§ d� 
�A���) ]1,+∞[ Yl� ¤� ]0, 1[ Yl� T�r`� Tyl}±� T��d�� £@¡

.(�y�A�ml�∫
1

3+exp(−x)dx •

.dx = du
u

AS§� 	tk§ ©@�� du = expx dx ¤ x = lnu ¢n�¤ .u = expx ry�tm�� ryy�� �ky�∫
dx

3 + exp (−x)
=

∫
1

3 + 1
u

(
du

u

)
=

∫
du

3u+ 1
=

1

3
ln |3u+1|+c =

1

3
ln (3 expx+ 1)+c

.R Yl� T�r`� Tyl}±� T��d�� £@¡∫
1√

4x−x2dx •

¨`y�r� C@�� rs� An¡ An§d� .�¤r`� º¨J Y�� ¢��zt�� w¡ ry�tm�� ryy�� �� |r���

��Ak� �y� w¡ ¢�r`� A� .2 T�Cd�� ��  ¤d� ry�� C@��� 
��¤ �Aqm�� ¨�∫
du√

1− u2
= arcsinu+ c,
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w¡¤ arcsin(t) T��d�� TqtK� �r`� An�±

arcsin′(t) =
1√

1− t2
.

�kK�� Yl� 4x− x2 C@��� 
�� A� T�At� �¤A�n� .¢y�� ­ w`�� �¤A�nF ��@�

1− t2 : 4x− x2 = 4− (x− 2)2 = 4

(
1−

(1

2
x− 1

)2)
.

4x− x2 = 4(1− u2) : wk§ ¢l�� �� u = 1
2
x− 1 ry�tm�� ryy�� T�r�� ¨`ybW�� �� ��@�

.dx = 2du ¤

∫
dx√

4x− x2
=

∫
2du√

4(1− u2)
=

∫
du√

1− u2
= arcsinu+ c = arcsin

(
1

2
x− 1

)
+ c

Yl� T�r`� Tyl}±� T��d�� £@¡u ∈] − 1, 1[ Yl� �AqtJ²� Tl�A�¤ T�r`�arcsinu T��d��

.x ∈ ]0, 4[

.y =
1

1 + x2
¤ y =

x2

2
�¯ A`m�� �Ayn�nm� ­ d�m�� TqWnm�� T�As� 	s�� : 6 �§rm�

�þþ���

�Fr� .xr��� Yn�n� y = 1
1+x2

T��d�� Yn�n� ¤ , ¸�Ak� �W� w¡ y = x2/2 T��d�� Yn�n�

.Ah�As�� �wqnF ¨t�� TqWnm��  Ayn�nm��  �@¡  d�§ A`� .�yy�Ayb�� �ymFr��

�ym�� �km§ : x = −1 ¤ x = +1 Ty��d�³� ªAq� dn�  Ayn�nm��  �@¡ �VAqt§ , ºd� ©Ð ¹ A�

.
x2

2
= 1

x2+1
T� A`m�� �� �§rV �� ¢n� �q�t�� �� ¨�Ayb�� �Fr�� Yl� ��Ð

f(x) = x2/2

g(x) = 1
1+x2

1−1
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:�yt�As� 	s�nF

T� A`m�� CwWF �y�¤ Ty��d�³� Cw�� �w�¤ , ¸�Akm�� �Wq�� 
�� TqWnml� A1 T�Asm�� •
: ¢n�¤ .(x = +1) ¤ (x = −1)

A1 =

∫ +1

−1

x2

2
dx =

[
x3

6

]+1

−1
=

1

3
.

ªwW� �y�¤ �Ay��d�³� Cw�� �w�¤ , xr��� 
�� T`��w�� TqWnml�A2 T�Asm�� •
:¢n�¤ .(x = +1) ¤ (x = −1) T� A`m��

A2 =

∫ +1

−1

1

x2 + 1
dx = [arctanx]+1

−1 =
π

2
.

:©¤As� ¸�Akm�� �Wq�� �w�¤ xr��� 
�� A T�Asm�� •

A = A2 −A1 =
π

2
− 1

3
.

.Tyl}±� ��¤d�� d�¤� �� Ty�At�� Cwsk�� �l� : 7 �§rm�

1)
1

a2 + x2
. 2)

1

(1 + x2)2
. 3)

x3

x2 − 4
.

4)
4x

(x− 2)2
. 5)

1

x2 + x+ 1
. 6)

1

(x2 + 2x− 1)2
.

7)
3x+ 1

(x2 − 2x+ 10)2
. 8)

3x+ 1

x2 − 2x+ 10
. 9)

1

x3 + 1
.

�þþ���

.�§r`t�� T�wm�� �� �A�� �� ¨� T��A} �¶Atn��

:¨¡ Tyl}±� T��d�� ¢n�¤ Xys� �kJ
1

x2+a2
•∫

dx

x2 + a2
=

1

a
arctan

(x
a

)
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ Xys� �kJ
1

(1+x2)2
•∫

dx

(1 + x2)2
=

1

2
arctanx+

x

2(1 + x2)
+ k.
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:T�At� �km§ •
x3

x2 − 4
= x+

2

x− 2
+

2

x+ 2
.

:¨¡ Tyl}±� T��d�� ¢n�¤∫
x3

x2 − 4
dx =

x2

2
+ ln(x2 − 4)2 + k.

:¨¡ Tyl}±� T��d�� .
4x

(x−2)2 = 4
x−2 + 8

(x−2)2 •∫
4x

(x− 2)2
dx = 4 ln |x− 2| − 8

x− 2
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ ryhJ �kJ
1

x2+x+1
•∫

dx

x2 + x+ 1
=

2√
3

arctan

(
2x+ 1√

3

)
+ k.

:¨�At�� �yl�t�� An§d� •

1

(x2 + 2x− 1)2
=

1

8(x+ 1 +
√

2)
2 +

√
2

16(x+ 1 +
√

2)
+

1

8(x+ 1−
√

2)
2 +

−
√

2

16(x+ 1−
√

2)

:¨¡ Tyl}±� T��d�� .∫
dx

(x2 + 2x− 1)2
= − x+ 1

4(x2 + 2x− 1)
+

√
2

16
ln

∣∣∣∣∣x+ 1 +
√

2

x+ 1−
√

2

∣∣∣∣∣+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ T��d�� Yl� �tK� �kK�� ��
3x+1

(x2−2x+10)2
•∫

3x+ 1

(x2 − 2x+ 10)2
dx = − 3

2(x2 − 2x+ 10)
+

2(x− 1)

9(x2 − 2x+ 10)
+

2

27
arctan

(
x− 1

3

)
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ T��d�� Yl� �tK� �kK�� ��
3x+1

x2−2x+10
•∫

3x+ 1

x2 − 2x+ 10
dx =

3

2
ln(x2 − 2x+ 10) +

4

3
arctan

(
x− 1

3

)
+ k.

:T�At� �km§ •
1

x3 + 1
=

1

3(x+ 1)
− x− 2

3(x2 − x+ 1)
.

:¨¡ Tyl}±� T��d��∫
dx

x3 + 1
=

1

3
ln |x+ 1| − 1

6
ln(x2 − x+ 1) +

1√
3

arctan

(
2x− 1√

3

)
+ k.
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.Ty�At�� T§rsk�� ��¤dl� �®�Akt�� 	s�� : 8 �§rm�

1)

∫ 1

0

dx

x2 + 2
. 2)

∫ 1/2

−1/2

dx

1− x2
. 3)

∫ 3

2

2x+ 1

x2 + x− 3
dx.

4)

∫ 2

0

x dx

x4 + 16
. 5)

∫ 0

−2

dx

x3 − 7x+ 6
. 6)

∫ 3

2

4x2

x4 − 1
dx.

�þþ���

: ¢n�¤ �S�� xw� T��dl� ryhJ �tK�
1

x2+2
•∫ 1

0

dx

x2 + 2
=

1√
2

arctan

(
1√
2

)
.

:rsk�� �l�n� •
1

1− x2
=

1/2

x+ 1
− 1/2

x− 1
.

:��Akt�� 	s�� ��∫ 1/2

−1/2

dx

1− x2
= ln 3.

 �� x2 + x− 3 T��d�� �tK� ¨¡ 2x+ 1  ± •∫ 3

2

2x+ 1

x2 + x− 3
dx = ln

∣∣x2 + x− 3
∣∣]3

2
= ln 3.

:Xysb�� �kK�A� rsk�� �yl�� �yWts� •

x

x4 + 16
=

√
2/8

x2 − 2x
√

2 + 4
−

√
2/8

x2 + 2x
√

2 + 4
,

:d�� .x2 = u ry�tml� ryy�� �S�  � Xs�±� �k�∫ 2

0

x dx

x4 + 16
=

1

2

∫ 4

0

du

u2 + 16
=

π

32
.

:d�� �yl�t�A� •

1

x3 − 7x+ 6
=

1

20(x+ 3)
− 1

4(x− 1)
+

1

5(x− 2)
.
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:��Akt�� ¢n�¤∫
dx

x3 − 7x+ 6
=

1

20
ln
∣∣∣(x− 2)4(x+ 3)

(x− 1)5

∣∣∣+ C

�y�

∫ 0

−2

dx

x3 − 7x+ 6
=

1

10
ln(27/4).

:d�� �yl�t�A� •
4x2

x4 − 1
=

2

x2 + 1
− 1

x+ 1
+

1

x− 1
.

:��Akt�� ¢n�¤∫
4x2

x4 − 1
dx = ln

∣∣∣x− 1

x+ 1

∣∣∣+ 2 arctanx+ C

�y�∫ 3

2

4x2

x4 − 1
dx = ln

(
3

2

)
+ 2 arctan

(
1

7

)
.

¨�At�� ��Akt�� �y� xC � : 9 �§rm�

In =

∫ 1

0

sin(πx)

x+ n
dx,

.n > 0 �� ��� ��

0 ≤ In+1 ≤ In  � 
b�� −1

.limn→+∞ In  � �tntF� �� In ≤ ln n+1
n

 � 
b�� −2

��Akt�� Tmy� 	s�� −3

lim
n→+∞

nIn.

�þþ���

¤ 0 < x + n ≤ x + n + 1 An§d� ,0 ≤ x ≤ 1 �� ��� �� : 0 ≤ In+1 ≤ In  � �Ab�� −1

d�� , ¢n�¤ ,sin(πx) ≥ 0

0 ≤ sin(πx)

x+ n+ 1
≤ sin(πx)

x+ n

.��Akt�� Ty�A�§� Ty}A� �ybWt�

¨�db�  Ahy� - ¨my¡�r� �y¡�r��174­rks� rSy� dm�� T`�A�



�®þ�Akt�� 
As�¤  ¤d�m�� rKn�� .H�A��� �Of��5 ��C �§CAmt�� TlslF .6.5

An§d� 0 ≤ sin(πx) ≤ 1 �®� �� −2

sin(πx)

x+ n
≤ 1

x+ n

d��

0 ≤ In ≤
∫ 1

0

1

x+ n
dx = [ln(x+ n)]10 = ln

n+ 1

n
→ 0.

��Akt�� Tmy� 
As� −3

lim
n→+∞

nIn.

u′(x) = − 1

(x+ n)2
¢n�¤ v′(x) = sin(πx)¤ u(x) =

1

x+ n
�S��y� ,T¶z�t�A� ��Ak�©r�n�

d�� v(x) = − 1

π
cos(πx) ¤

nIn = n

∫ 1

0

1

x+ n
sin(πx) dx

= −n
π

[
1

x+ n
cos(πx)

]1
0

− n

π

∫ 1

0

1

(x+ n)2
cos(πx) dx

=
n

π(n+ 1)
+

1

π
− n

π
Jn

Tmy�  A�§� An� Yqb§

Jn =

∫ 1

0

cos(πx)

(x+ n)2
dx.

∣∣∣n
π
Jn

∣∣∣ ≤ n

π

∫ 1

0

| cos(πx)|
(x+ n)2

dx ≤ n

π

∫ 1

0

1

(x+ n)2
dx

=
n

π

[
− 1

x+ n

]1
0

=
n

π

(
− 1

1 + n
+

1

n

)
=

1

π

1

n+ 1
→ 0.

:¢n�¤

lim
n→+∞

nIn = lim
n→+∞

n

π(n+ 1)
+

1

π
− n

π
Jn =

2

π
.
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