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TyFAF� �y¡Af�¤ T�dq� .1.6 TylRAft�� �¯ A`m�� .x As�� �Of��

TyþRA§r��¤ TyþFdnh�� �¶Asþm�� �\`� �}w� TlyF¤ �s�� TylRAft�� �¯ A`m�� rbt`�

T�r��� ,�þ¶�wm��  ®yF ¤� ­C�r��� �Aqt�� �Aylm� �}¤ ��� ,º�wF d� Yl� Tyml`��¤

�}w�� ¤� ­ Aml� Ty¶AK�³� ��Ayh�� �¶As� ¨� Ah��d�tF� ¤ Ty�¤rtk�³� r¶�¤d�� ¤ Ty�wm��

.Ty¶Aymyk�� �®�Aftl� ¨RA§r��

TyFAF� �y¡Af�¤ T�dq� 1.6

�l� �¡� ��¤ , TylRAft�� �¯ A`m�� ¨� �y¡Afm��¤ �Af§r`t�� �� T�wm�� �Of�� �@¡ �mSt§

: �y¡Afm��

��A� ry�t�¤ x �ky�¤ �qts� ry�t� �y� ©¤As� T�®� ¨¡ : TylRAft�� ¢� A`m�� : 1.1.6 �§r`�

.......... TylRAft�� �AqtKm�� �� r���¤� d��¤¤ y(x) �ky�¤

. T� A`m�� ¨� TqtK� Yl�� Tb�C ¨¡ : TylRAft�� T� A`m�� Tb�C : 2.1.6 �§r`�

¨� ¨lRAf� ��A`� Yl�� x� ¤� ­w� ¤� T�C ¨¡ :TylRAft�� T� A`m�� T�C : 3.1.6 �§r`�

. T§rs� «w� ©w�� �®�A`� Yl� T� A`m�� º�wt�� �d� ªrK� T� A`m��

. T� A`m�� ¨� �AqtJ� Tb�C Yl�± x� rb�� ¨¡ �Aq§ ¤�

TylRAft�� �¯ A`m�� �� 1.1.6

F (x, y, y′, y′′, . . . . . . .., yn) TylRAft�� T� A`ml� ®� y = y(x) ¢��d�� ¨ms� : 4.1.6 �§r`�

: 
�A� �Ð�

. ­r� n �AqtJ°� Tl�A� -1

: ©� TylRAft�� T� A`m�� �q�� -2

F (x, y(x), y′(x), . . . . . . . . . , y(n)(x)) = 0
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TylRAft�� �¯ A`m�� .x As�� �Of�� TylRAft�� �¯ A`m�� ¨� �§CA`� .2.6

TylRAft�� �¯ A`ml� QA��� ����¤ �A`�� ���� 2.1.6


��w��� �� n Yl� ©wt�§ �� w¡ n Tb�r�� �� TylRAf� T� A`m� �A`�� ���� : 5.1.6 �§r`�

. TylRAft�� T� A`m�� �q�§ �bW�A�¤ T§CAyt�±�

�� n Yl� Am¶� dmt`§ �A`�� Ahl�  � d�� n Tb�r�� �� TylRAf� T� A`� ©� : 6.1.6 �§r`�

: ­CwO�� Yl� 	tk§¤ T§CAyt�±� 
��w���

F (x, y, c1, c2, ..., cn) = 0

T§d���¤ ª¤rK��¤ Ty¶�dt�³� ª¤rK�� 3.1.6

 A�§� AS§� �nkm§ ,T§ A`�� TylRAft�� T� A`m�� �� �� �q�t�� �n� 
wlWm�� �¶Asm�� ¨�

Ty¶�dt�³� ª¤rK�� �§rV �� �t§ ��Ð¤ ,T� A`ml� �A`�� ���� ¨� ­r¡A\�� T§CAyt�³� 
��w���

. T§�db�� ¨� YW`� ¨t��

,�y§CAyt�� �yt�A� Yl� ©wt�� ,®�� Ty�A��� Tb�r�� �� TylRAf� T� A`m� �A� ��  w�¤ �A� ¨�¤

.T� A`ml� �yy�AR� �yVrJ �yt�A��� d§d�t� �zl§

AV¤rJ ª¤rK�� 
�A� y(x2) = y2, y(x1) = y1 �ytflt�� �ytWq� dn�  AVrK�� YW�� �Ð�

. T§d��� Tmyq�� T��s� T§d��� ª¤rK�� Y�� T�AR³A� TylRAft�� T� A`m�� 
ymF¤ , T§d�

TylRAft�� �¯ A`m�� ¨� �§CA`� 2.6

¤� ��At� �AqtK� ¤� �®RAf� Yl� ©w�� T� A`� �� ¨¡ TylRAft�� T� A`m�� : 1.2.6 �§r`�

�kK�� �� ¨¡¤ �¯w�tm� Tbsn�A� r���

(E) F
(
x, y, y′, . . . , y(n)

)
= 0
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: 1 �A��
dx

dy
z + ydx = u

: Y�� TylRAft�� T� A`m�� �nO�¤

��At� T§ A� �®RAf� ¤� �AqtK� Yl� ©w�� TylRAf� T� A`� ¨¡ : T§ A� TylRAf� T� A`� -1

r��� ¤�

: 2 �A��

ydx+ xdy = ez

��At� Ty¶z� �®RAf� ¤� �AqtK� Yl� ©w�� TylRAf� T� A`� ¨¡ : Ty¶z� TylRAf� T� A`� -2

r��� ¤�

: 3 �A��
∂x

∂y
= zx

��At�� �� �k� Tbsn�A� TyW�  wk� ¨t�� T� A`m�� ¨¡ : TyW��� T§ A`�� TylRAft�� T� A`m�� -3

. Ah� ��º�d� Yl� ©w�� ¯ ¤ Ah�AqtK�¤ ���wt�� ¤�

�AqtKml� Tbsn�A� TyW�  wk� ¨t�� T� A`m�� ¨¡ : TyW��� Ty¶z��� TylRAft�� T� A`m�� -4

.­ w�wm�� ���wt�� ¤� ��Atl� Ty¶z���

: 1 T\�®�

.Ahy�  w�w� �tK� Yl�� Tb�r� ¨¡ T� A`m�� Tb�r�  � -1

.Ahl� �yhst� r�µ �kJ �� TylRAft�� T� A`m�� �§w�� �km§¤ -2

Y�¤±� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� 3.6
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TylRAft�� �¯ A`m�� .x As�� �Of�� Y�¤±� T�Cd��¤ Tb�r�� �� TylRAft�� �¯ A`m�� .3.6

y (T�wh�� rbt`�) T�� �y� T�®� ¨¡ , Y�¤±� Tb�r�� �� TylRAft�� T� A`m�� : 1.3.6 �§r`�

. y þ� x ry�tm��¤ Y�¤±� AhtqtK� �y�¤

dy

dx
= F (x, y)

¤�

M(x, y)d(x) +N(x, y)d(y)

: Ty�At�� �rW�� �bt� �¯ A`m�� £@¡ ��� ���¤

��ry�tm�� �O� Tq§rV 1.3.6

­CwO�� Yl� T� A`m�� �R¤ �k�� �Ð�

f(x)dx+ g(y)dy = 0


qq��  wk� ��ry�tm�� �O� Tylm�  �� ��@�¤ y ¨� ¢�� g(y) ¤ Xq� x ¨� T�� f(x)  � �y�

: ����  wky� rJAbm�� ��Akt�� �d�ts� , �Of�� Tylm� d`� T� A`m�� ���¤∫
f(x)dx+

∫
g(y)dy = c

©� Yl� ©CAyt�¯� 
�A��� �R¤ �km§¤ , �A`�� ���A� ���� ��Ð Yms§¤ , ©CAyt�� 
�A� c �y�

. �A`�� ���� �kJ Xysb� �AblWt� 	s� ­Cw}

.A}A� ®�  wk§ ��An�� ����¤ ©CAyt�¯� 
�A��� �@� �yWts� , ¨¶�dt�� ªrJ �l� �Ð�¤

: Ty�At�� TylRAft�� T� A`m�� �� : 1 �A��

xy2dx+ (1− x2)dy = 0

: Yl� �O�n� y2(1− x2) Yl� T� A`m�� ¨�rV �sq� : ����

xdx

1− x2
+
dy

y2
= 0

: ¨l§Am�  wk� Ahl� Tq§rV¤ ��ry�tm�� �Of� Tl�A� TylRAf� T� A`� ¨¡ ¨t��¤
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TyW��� TylRAft�� T� A`m�� .4.6 TylRAft�� �¯ A`m�� .x As�� �Of��

�y�rW�� ��Akt�∫
xdx

1− x2
+

∫
dy

y2
= 0⇒ −1

2
ln
(
x2 − 1

)
− 1

y
= c

⇒ ln
(
x2 − 1

)− 1
2 − 1

y
= c

⇒ 1

y
= ln

(
x2 − 1

)− 1
2 − c

w¡ TylRAft�� T� A`m�� �� ¨�At�A� ¤

y =
(

ln
(
x2 − 1

)− 1
2 − c

)−1

TyW��� TylRAft�� T� A`m�� 4.6

�� T� A`m�� ¨� T�AqtK�¤ ��At��ry�tm��  A� �Ð� TyW� TylRAft�� ¢� A`m��  wk� : 1.4.6 �§r`�

. Y�¤±� T�Cd��

:  wk� Y�¤±�Tb�r�� �� TyW��� TylRAft�� T� A`ml� T�A`�� ­CwO�A�

dy

dx
+ yP (x) = Q (x)

.y ¨� TyW� Yms�¤

: ­CwO�� Yl� Ah��� x ¨� TyW��� T� A`m�� A��

dx

dy
+ xa (y) = b (y)

: �kK�� �� Y�¤±� Tb�r�� �� TylRAft�� T� A`ml� �A`�� ����

y = e−I(x)
(∫

eI(t)Q (t) dt+ c

)
: �y�

I (x) =

∫
P (x) dx

. 
�A�  d� c ¤
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TylRAft�� �¯ A`m�� .x As�� �Of�� TyW��� TylRAft�� T� A`m�� .4.6

: Ty�At�� TylRAft�� T� A`ml� �A`�� ���� d�¤� : 1 �A��

(y + y2)dx− (y2 + 2xy + x)dy = 0

: ¨�At�� �kK�� Yl� Ah`R¤ �km§ �y� , x ¨� TyW� T� A`m�� : ����

dx

dy
+ xa (y) = b (y)

d�� dy(y + y2) Yl� T� A`m�� ¨�rV Tmsq�

dx

dy
− y2 + 2xy + x

y + y2
= 0

 � ©�

dx

dy
− y2

y + y2
− 2xy + x

y + y2
= 0 =⇒ dx

dy
− 2y + 1

y + y2
x =

y2

y + y2

d�� Y�¤±� T� A`m�� �� T��An�� T� A`m�� T�CAqm�

b (y) =
y2

y + y2
, a (y) = −2y + 1

y + y2

¢n�¤

I (y) = e
−
∫ 2y+1

y+y2
dy

= e
ln
(

1
y+y2

)
= e− ln(y+y2) =

1

y + y2

¤∫
I (y) b (y) dy =

∫
1

y + y2
y

y + 1
dy =

∫
1

(y + 1)2
dy = − 1

y + 1

T� A`m�� ��  wk§

I (y)x =

∫
I (y) b (y) dy + c

1

y + y2
x = − 1

y + 1
+ c

©�

x = −y + c(y2 + y), c ∈ R

. TylRAft�� T� A`ml� �A`�� ���� w¡¤
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Ty�A��� Tb�r�� �� TylRAft�� �¯ A`m�� .5.6 TylRAft�� �¯ A`m�� .x As�� �Of��

Ty�A��� Tb�r�� �� TylRAft�� �¯ A`m�� 5.6

Tb�r�� �� TylRAf� T� A`� �wl�  A�§� Tyfy� �rK§ ©@�� ¨�At�� ¨�yRwt�� �A�m�� �ky�

.Ty�A���

:Ty�At�� T� A`m�� �wl�  A�§� �� 
wlWm�� : 1 �A��

x2y′′ + xy′ + y = 2

�lt�� T� A`m�� £@¡ �k�¤ ,Aq�AF A¡A�r�Ð Yt�� Tq§rW�� Ahn� �rV ­d`� T� A`m�� £@¡ �� �nkm§

T� A`m�� ��

y′′ + ay′ + by = 0

.x ¨� T�� £@¡ �®�A`�  � ¨�

: Tt�A��� �®�A`m�� ��Ð TyW��� �¯ A`m�� w¡¤ r�µ� �wn�� A��

(II) y′′ + ay′ + by = Q(x)

: w¡ Ah� �A`�� ����¤

y = C1e
r1x + C2e

r2x + QA� ��

T��d�� �� rb`§ «@�� Y¶z��� ��Akt��  A�§� �� ��¤ Ts�A�t� TylRAf� T� A`� 
�A� w� Am� ��� Yn`§

. �m§±� �rW�� ¨� Yt��

: �kt�¤ ,Ts�A�t� TylRAf� T� A`� ��� ¾¯¤� �db�

y′′ + 3y′ − 4y = 0

 � |rf� :T�A��� £@¡ ¨�

y = Cerx

Y�¤±� TqtKm�� d�w�  µ� .¢yl� �O�� �y� Aq�¯ �rK� �wF (
�A�) A� Yqyq�  d� r �y�

£®�� TylRAft�� T� A`m�� ¨� Ty�A���¤

y′ = rerx ¤ y′′ = r2erx

d�� T� A`m�� ¨� {§w`t�A�

y′′ + 3y′ − 4y = 0
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TylRAft�� �¯ A`m�� .x As�� �Of�� Ty�A��� Tb�r�� �� TylRAft�� �¯ A`m�� .5.6

r2erx + 3rerx − 4erx = 0

d�� �rtK� ��A� erx @���

erx[r2 + 3r − 4] = 0

: Y�A��� ���� @��� ¾�Ð� ,�y�ts� �@¡¤ erx = 0 A�� Ahn�¤

r2 + 3r − 4 = 0 =⇒ (r + 4)(r − 1) = 0.

.r = −4 ¤� r = 1 d��

: ¨¡ Tq�As�� T� A`ml� Tnkmm�� �wl��� �ym�  wk� ¢yl� ºAn�¤

y1 = C1e
x

¤� y2 = C2e
−4x

. 
��w� C2 ¤ C1  � �y�

T� A`ml� �A`�� ����  wk§ ¢n�¤ .¾AS§� T� A`ml� ®�  ®kK§ �yl�l� ¨W��� �zm�� ®�  � �Ab�� �km§

: �kK�� ��

y = C1e
x + C2e

−4x

: �kK�� Yl� y′′ + ay′ + by = 0 TylRAft�� T� A`ml� �A`�� ���� T�A� TfO�¤

y = C1e
r1x + C2e

r2x

­zymm�� T��dl� ¾�C¤@� Am¡ r2 ¤ r1 �y��

r2 + ar + b = 0

: ¨�At�� �kK�� Yl� Yt�� ©� Ts�A�tm�� ry� �¯ A`m�� Y�� Y���  µ�

(II) y′′ + ay′ + by = Q(x)

: w¡ Ah� �A`�� ����¤

y = C1e
r1x + C2e

r2x + QA� ��

Ts�A�tm�� ry� T� A`m��  µ� �kt�

y′′ + 3y′ − 4y = x2
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Ty�A��� Tb�r�� �� TylRAft�� �¯ A`m�� .5.6 TylRAft�� �¯ A`m�� .x As�� �Of��

w� Am� ��� �¯ A`m�� �� �wn�� �@¡ . rfO�� �� ¾¯d� x2 �R¤ �� Tq�As�� T��d�� Ahsf� ¨¡ ^�®�

.Ts�A�t� y′′ + 3y′ − 4y = 0: 
�A�

: �wq�� AnflF� Am� �A`�� Ahl�¤

y = C1e
x + C2e

−4x

:  � T�} An� d�¥§ «@�� ���� �� ��b�  µ ,TylRAft�� T� A`m�� £@h� Y¶z� �� w¡ ���� �@¡

y′′ + 3y′ − 4y = x2

A���  � |rf� ��@� Ty�A��� T�Cd�� ��  ¤d� ry�� T�� �� ­CAb� �m§±� �rW��  � ^�®�  µ�

: �kK�� �� ¨¡ ¢� T�A`�� ­CwO��¤ Ty�A��� T�Cd�� �� T�� w¡ Ah� QA���

y = ax2 + bx+ c

d�� T� A`m�� ¨� {§w`t�A� y′′ = 2a ¤ y′ = 2ax+ b ¢n�¤

y′′ + 3y′ − 4y = x2 =⇒ 2a+ 3(2ax+ b)− 4(ax2 + bx+ c) = x2

. 
��w� a, b, c  � CAbt�� �� r�}±� x±� Y�� rb�±� x±� �� T� A`m�� £@¡ 	�r�

2a+ 6ax+ 3b− 4a2 − 4bx− 4c− x2 = 0

(−4a− 1)x2 + (6a− 4b)x+ (2a+ 3b− 4c) = 0

:©� rf} ©¤As§ º¯¥¡ �� ��A� ��  wk§  � ªrtK� T�y�} T� A`m�� £@¡  wk� ¨k�

4a− 1 = 0 =⇒ a = −1/4

6a− 4b = 0 =⇒ b = −3/8

Ts�A�tm�� ry� T� A`m�� £@h� �A`�� ����  wk§ ¢n�¤ . c = −13/32 AnyW`§ 2a+ 3b− 4c = 0 ¾�ry��¤

: w¡

y = C1e
x + C2e

−4x − (1/4)x2 − (3/8)x− (13/32)

: 
�A�  d� A �y� ? x2 
sy�¤ ¾®�� Q(x) = A sin(x) ¨¡ T��d�� 
�A� w� �`f� ÐA�

:¨�At�� �kK�� �� w¡ QA��� ����  � |rf� An¡

y = C sinx+D cosx
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¾®�  A�§³ Anl`� Am� ¾AV¤rJ �S� �� ��¤ ,Tyl}±� T��d�� ¨� |w`�¤ ¨�A���¤ �¤±� �tKm�� 
As��

. D ¤ C ��

.y = Cx+D �kK�� �� ©� Tyf��� T�� QA��� ����  � |rf� A��� Q(x) = ax T��d�� 
�A� w�

. y = CeAx:  � |rf� An��� Q(x) = eAx ¨¡ �m§±� �rW�� ¨� T��d�� 
�A� w�

. �m§±� �rW�� ¨� Yt�� T��d�� TlyO� Hf� ��  wk� TyRrf�� CAOt���

.x ¨� «r�� T�� ���w`�� Ahy� Yt�� T�A��� Y�� �qtn� ¢�AK� 
wlF��

(III) P (x)y′′ + q(x)y′ +R(x)y = Q(x)

.�wn�� �@¡ �� TylRAft�� �¯ A`m�� �� Tq§rV A`� �hf� ¨� �¤rWm�� �A�m�� �� �}�w�

x2y′′ + xy′ + y = 2

�� ��A`t� ©� (TlkKm�� 
ht��¤) x ¨� Tt�A� T�� A¡rbt�� ¤� x ¨� T�� �m§±� �rW��  � ^�®�

. Ty�A��� T�Cd�� �� Ts�A�t� ry� TylRAf� T� A`�

T� A`� Y�� Tq�As�� T� A`m�� �§w�� �km§ ¢��: ¨¡¤ ­d��¤ ­rk� ¨� P�lt� YJw� - rl§¤� Tq§rV

: �kK�� Yl� «r��

y′′ + ay′ + by = 2

t r�� ry�t� Y�� x ry�tm�� �� T��d�� �qn� �A�n� Tq§rW�� £@¡ �t� ¨k� �k�¤ ,
��w� b , a �y��

(x®� ¯ �§w�t� ¾Ay¶z� Th�AK� Tq§rV ¨¡¤)

d2y

d2x
Ahn� dOq� y′′ 	tk� A�dn�¤

dy

dx
w¡ Ahn�  wOqm�� y′ T�At� dn� Tq�As�� T� A`m�� ¨� ^�®�

. x þ� Tbsn�A� ¨�A��� �tKm�� ©�

.
dy

dt
Y��

dy

dx
�w�§ ®§w�� �S�  µ�

t þ� Tbsn�A� �y�rW�� �tK� x = et :  � |rf�

dx

dt
= et
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Ty�A��� Tb�r�� �� TylRAft�� �¯ A`m�� .5.6 TylRAft�� �¯ A`m�� .x As�� �Of��

: Ty�At�� ­d�Aq�� �Am`tF��
dy

dt
d§r� Annk� x þ� ¾AS§� Y�¤±� TqtKm��¤ et = x  � �l`�

dy

dt
=
dx

dt
.
dy

dx

¾�Ð�
dx

dt
= x An§d� �k�¤

dy

dt
= x

dy

dx

d�� t ry�tml� Tbsn�A� Ty�A� ­r� �tK�

d2y

d2x
=

d

dt

(
x
dy

dx

)
: ¨�At�� �kK�A� ���� Xysb� �nkm§

d2y

d2x
=

d

dx

(
x
dy

dx

)
.
dx

dt

:©�

d2y

d2x
=

(
dy

dx
+ x

d2y

d2x

)
dx

dt

{§w`t�A�
dy

dt
= x  �  Aml�

d2y

d2x
=

(
dy

dx
+ x

d2y

d2x

)
x

d2y

d2x
= x

dy

dx
+ x2

d2y

d2x

:  � d�� �bF A� ��

x
dy

dx
=
dy

dt

{§w`t�A�

d2y

d2x
=
dy

dt
+ x2

d2y

d2x

: ¢n�¤

x2
d2y

d2x
=
d2y

d2x
− dy

dt
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TylRAft�� �¯ A`m�� .x As�� �Of�� Ty�A��� Tb�r�� �� TylRAft�� �¯ A`m�� .5.6

d�� x2y′′ + xy′ + y = 2 Tyl}±� T� A`m�� ¨� {§w`t�A�

d2y

d2x
− dy

dt
+
dy

dt
+ y = 2

:d�� ��zt�³A�

d2y

d2x
+ y = 2

Ah�wl� ¤ r�@�� AnflF� Am� Ahl� �km§ �y�� .t ry�tm�� ¨� Ts�A�t� ry� Tyl}Af� T� A`� Y�� 
�w��

: �kK�� ��  wk�

y = C1e
r1t + C2e

r2t + QA� ��

. ­zymm�� T� A`ml� ¾�C¤@� r2 ¤ r1 . 
��w� C2 ¤ C1 �y�

: �Rw� £®�� T� A`ml� Y¶z��� ���� d�w� ¾¯¤�

d2y

d2x
+ y = 0

����  wk§ ¢n�¤ . Tyly�� ­d�¤ i �y� r2 = −i ¤ r1 = i ¢n� ¤ r2 + 1 = 0: ¨¡ ­zymm�� T� A`m��

�kK�� Yl�

y = C1e
it + C2e

−it + QA� ��

.( rl§¤� T�y} ¨¡¤ «r�� ­Cw} ¨� ¢`R¤) C�dqm�� �@¡ Xysb� d§r� An¡¤

C1e
it = C1 cos(t) + iC1 sin(t) ¤ C2e

−it = C2 cos(t)− iC2 sin(t)

:d�� (Th�AKm��  ¤d��� ­A��r� ��) ¾A`� �yt� A`m�� �m��

y = C1e
it + C2e

−it = (C1 + C2) cos(t) + i(C1 − C2) sin(t)

: ¨¡ T� A`m�� �bOt� 2 þ� ©¤As� QA��� ����  � ©�
d2y

d2x
+ y = 2 T� A`m�� ¨� {§w`t�A� ¤

y = A cos(t) +B sin(t) + 2

: w¡ (x ¨�) T� A`m�� �kJ �bO§ ry�±� ¨�¤ t = ln(x) : �tn§ �y�rWl� ln @��� x = et: Y�� �w�r�A�

y = A cos(ln(x)) +B sin(ln(x)) + 2

. T� A`ml� �A`�� ���� w¡ �@¡¤
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Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� .6.6TylRAft�� �¯ A`m�� .x As�� �Of��

TylRAft�� T� A`m�� �kt� : 1.5.6 T§r\�

y′′ + ay′ + by = Q(x)

�h� ­zymm�� T� A`m�� zym� ∆ �ky�¤

r2 + ar + b = 0

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� ¾�C¤@� r2 ¤ r1 
�A� ¤ ∆ > 0  A� �Ð� -1

y = C1e
r1x + C2e

r2x + QA� ��

.
��w� C2 ¤ C1 �y�

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� Af�AS� ¾�C@� r  A� ¤ ∆ = 0  A� �Ð� -2

y = erx (C1 + C2x) + QA� ��

.
��w� C2 ¤ C1 �y�

:w¡ Ah� �A`�� ����  �� ­zymm�� T� A`ml� ¾�C@� r = α + iβ  A� ¤ ∆ < 0  A� �Ð� -3

y = eαx (C1 cos (βx) + C2 sin (βx)) + QA� ��

.
��w� C2 ¤ C1 �y�

Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� 6.6

.Tyqyq� ��ry�t� ­d� ��Ð Tyqyq��� ��¤dl� Ty�As��� �Aynqt�� CAOt���¤ ºz��� �@¡ ¨� xCd�

�Of��  wk§  � AnlS� �@h� Ty��wm�� Tns�� �®� TblWl� Tbsn�A� �O� �¤� w¡ �Of�� �@¡ d`§

.Xq� Ty�yRw� Tl���� Anyft��¤ �§CAm� TlslF  ¤d�
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TylRAft�� �¯ A`m�� .x As�� �Of�� Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� .6.6

��ry�t� ­d� ��Ð ��¤ 1.6.6

�km§¤ , R3
¤� R2

Yl� T�r`m�� ­ d`tm�� ��ry�tm�� ��Ð ��¤d�� xCd� �wF ºz��� �@¡ ¨�

:�kK�� �� ��¤d�� £@¡  wktF ¨�At�A�¤ Rn Yl� ©� �A`�� CAV³� ¨� AhtF�C AS§�

f : E ⊂ Rn −→ R
(x1, x2,..., xn) 7−→ f(x1, x2,..., xn).

¨`ybV  d� n ≥ 1 �y�

 wktF¤ x = (x1, . . . , xn) �kK�� �� T`J� E T§�db�� T�wm�� r}An�  wktF ,«r�� ­CAb`�

.Tyqyq�  �d�� Ty¶Ahn�� T�wm�m�� r}An�

��ry�t� ­d� ��Ð T�� Yn�n� 2.6.6

Hfn� L�An� n ≥ 3 T�A���� . A`�±� ¨�A�¤ �wWs�� �y�mt� n = 2 @��� �wF ,CwOt�� �yhst�

.Tq§rW��

: ªAqn�� T�wm�� �§ry�t� ��Ð T�� Yn�n� ¤�  Ay� ¨ms� : 1.6.6 �§r`�

Γf
{

(x, y, z) ∈ R3 : z = f (x, y)
}

. Ayb�� �@¡ �y�mt� C¤A�� �®� �At�� ¨�At�A�¤ .z þ� Xb�r� ¨t�� xOy ©wtsm�� �� ��¤E±� ©�

Ty�Ayb�� �wFr�� ¨l§ Amy� .x 7→ f(x) ,T�A� Xs�� ¨¡¤ :f : I ⊂ R→ R ,n = 1 ��� �� : 1 �A��

: x 7→ arccosx ¤ x 7→ x cosx ��¤dl�

x

y

x cosx

(0, 0)

(x, f(x))

x

f(x) x

y

arccosx

0 1−1

π

π
2

­rks� rSy� dm�� T`�A� 191 ¨�db�  Ahy� - ¨my¡�r� �y¡�r��



Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� .6.6TylRAft�� �¯ A`m�� .x As�� �Of��

��¤d�� .(x, y) z�r�A� ��ry�tm�� Y�� z�r� .f : E ⊂ R2 → R ,n = 2 ��� �� : 2 �A��

: �WF±� �®� �� ,�A�m�� �ybF Yl� ,Ahly�m� �t§ ,(x, y) 7→ f(x, y)

0
100

200
300 0

200
−2

0

2

.(x, y) 7→ cos(y) + sin(x) T��d�� ��m§ Yn�nm��

.��ry�t� ­d� ��Ð ��¤dl� Ty�wFC T§¦C Yl� �wO��� �d� 	`O�� �� , n > 2  wk§  �  r�m�

��ry�t� ­d� ��Ð T�� �§r`� T�wm�� 3.6.6

Ah� z�r�¤ .A�r`� f (x1, x2, ..., xn) �`�� ¨t�� (x1, x2, ..., xn) �yq�� T�wm�� ¨¡ : 2.6.6 �§r`�

.Df z�r�A�

�y� T�� f : R2 → R �kt� : 3 �A��

f (x, y) =
1

x− y

:¢yl�¤ x− y 6= 0  wk�  � 	�§ T�r`� f T��d��  wk� ¨k�

Df =
{

(x, y) ∈ R2 : x 6= y
}
.
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TylRAft�� �¯ A`m�� .x As�� �Of�� Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� .6.6

Rn ¨� �A§Ahn�� 4.6.6

�y� .Rn ºASf�� ¨� T§Ahn�� �whf�  d��  � 	�§ ,�RAft��¤ T§C�rmtF¯� �� �d�t�  � �b�

��ry�t� ­d� ��Ð ��¤d�� Yl� d��¤ ry�t� ��Ð ��¤dl� C�rmtF¯�¤ �A§Ahn�� �whf� �ym`� �km§

.T�A� TfO� �y\� ¤� ©dyl�³� CAy`m�A� TqlWm�� Tmyq�� ��dbtF� ¨fk§ ,dyq`�  ¤ 

�y\� ¨ms� .(E = Rn �A� �kK� �d�ts� ) R �q��� Yl� ¨�A`J ºAS� E �ky� : 3.6.6 �§r`�

�ybWt�� E Yl�

E → R+

x 7→ ‖x‖

:¨l§A� �q�§ ©@��

Séparation �Of�� •
∀x ∈ E, ‖x‖ = 0⇔ x = 0,

Homogénéité Positive ¨�A�§³� H�A�t�� •

∀λ ∈ R,∀x ∈ E‖λx‖ = |λ| · ‖x‖,

Inégalité Triangulaire Ty�l�m�� T���rtm�� •

∀x, y ∈ E, ‖x+ y‖ ≤ ‖x‖+ ‖y‖.

¾¯d� T§CAy`m�� �A�Asm��¤ ,xCd�� Tyq� ��wV �y\n�� �whf� �d�tsnF ,Xs�� xCd�� �`��

�®� �� ,T§rtm�� �A�Asm�� �AyF �� A�Am� 	FAnt§  � �km§ ¨l§ A�  Ð� .T§rtm�� �A�Asm�� ��

.rb�� T�whs� Ahmh�

Ty�Attm��  � �wq� .l ∈ Rn ¤ Rn ¨� Ty�Att� (xn)n∈N �kt�¤ .Rn Yl� �y\� ‖·‖ �ky� : 4.6.6 �§r`�

	tk�¤ l w�� �¤¥� (xn)n∈N

lim
n→+∞

xn = l

: A� �Ð�
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Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� .6.6 TylRAft�� �¯ A`m�� .x As�� �Of��

∀ε > 0,∃N ∈ N, ∀m > N, ‖xm − l‖ ≤ ε.

. At`m�� Yn`m�A� 0 þl� �¤¥� ‖xn − l‖ Tyqyq��� Tmyq�� 
�A� �Ð� l w�� �¤¥� xn «r�� ��CAb`�

T�wm�� D �kt� ¤ .‖·‖Rm �y\n�A� Rm ¤ ‖·‖Rn z�r�A� ¢� z�r� ©@�� �y\n�A� Rn ºASf��  ¤z�

.Rm w�� D �� T�r`� T�� f ¤ Rn �� Ty¶z�

:l ∈ Rm ¤ a ∈ D �kt� : 5.6.6 �§r`�

	tk�¤ a TWqn�� dn� l w�� �¤¥� f T��d��  � �wq�

lim
x→a

f (x) = l

: A� �Ð�

∀ε > 0,∃δ > 0,∀x ∈ D : ‖x− a‖Rn ≤ δ =⇒ ‖f(x)− l‖Rm ≤ ε

Q�w�

�kt� .a ∈ D �kt� .R ¨� Ahmy� @��� Rn �� D �A�m�� Yl� �yt�r`� �yt�� g ¤ f �kt� : 1 TþyS�

.a þ� �¤¥§ x A�dn� l2 ¤ l1 w�� 	y�rt�� Yl� �¤¥� g(x) ¤ f(x)  � |rf� .l2 ∈ R ,l1 �ky� .λ ∈ R
:¢n�¤

lim
x→a

(f + λg)(x) −→ l1 + λl2

lim
x→a

(fg)(x) −→ l1l2.

:An§d� ¢��� a C�w� ¨� ­ ¤d�� g ¤ l1 = 0  A� �Ð� ,AS§�

lim
x→a

(fg)(x) −→ 0.

¤ a TWqn��C�w� ¨� �d�� �d`n�¯ f T��d��  �� l1 6= 0  A� �Ð� ,�ry��

lim
x→a

1

f (x)
−→ 1

l1
.
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TylRAft�� �¯ A`m�� .x As�� �Of�� Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� .6.6

 � AS§� |rfn� . lim
(x,y)→(a,b)

f(x, y) = l �y� T�� f : R2 → R �kt� : 2 TþyS�

: �� ,­ w�w� lim
x→a

f(x, y) ,y ∈ R �� ��� ��¤ ­ w�w� lim
y→b

f(x, y) x ∈ R �� ��� ��

lim
x→a

(lim
y→b

f(x, y)) = lim
y→b

(lim
x→a

f(x, y)) = l.

.x0 ∈ Rn ¤ Rn\x0 Yl� T�r`� f : E ⊂ Rn → R T�� f �kt�

: ¨l§Am� limx→x0 f(x) = +∞ T§Ah�¯Am�� ¨� T§Ahn�� �r`� Tq§rW�� Hfn� : 6.6.6 �§r`�

∀A > 0 ∃δ > 0 ∀x ∈ E : 0 < ‖x− x0‖ < δ =⇒ ‖f(x)‖ > A

¨l§ Am� T�r`m�� f T��d�� �kt� : 4 �A��

f(x, y) = x2 + y sin(x+ y2).

.(x, y)→ (0, 0) Am� 0 Y�� �¤¥� f  � 
b�n� (1

d�� : | sin(t)| ≤ 1 �Am`tFA� ­ ¤d�� f(x, y) T��d��

∣∣f(x, y)
∣∣ =

∣∣x2 + y sin(x+ y2)
∣∣ ≤ x2 + |y|

∣∣ sin(x+ y2)
∣∣ ≤ x2 + |y|

��� �� ,x2 < ε
2

An§d� ,x ∈] − a, a[ ��� �� ¾�Ð� ,b = ε
2

¤ a =
√

ε
2
, 0 < ε < 1 @���

:d�� (x, y) ∈]− a, a[5]− b, b[ ��� �� ¢n�¤ .|y| < ε
2
An§d� y ∈]− b, b[∣∣f(x, y)

∣∣ ≤ x2 + |y| < ε

2
+
ε

2
= ε

¤ |x| < δ = ε
2
≤
√

ε
2
 �� ‖(x, y)‖ < δ  A� �Ð� ,δ = ε

2
¨¡ T§Ahn�� �q�� ¨t�� δ �y� d��

.(0, 0) Y�� �¤¥� (x, y) Am� ,0 T§Ah� �bq� f : �tnts� .|f(x, y)| < ε ¢n�¤ |y| < δ = ε
2

An§d�  wk§ (x, y) ∈ U �� ��� �� �y�� (0, 0) ©w�§ �wtf� �A�� U �� ��b� (2

.|f(x, y)| < 1
100

,]− a, a[5]− b, b[ �A�m�� �� (x, y) �� ��� �� .b = 1
200

¤ a = 1√
200

An§d� ε = 1
100

��� ��

.|f(x, y)| < 1
100

An§d�
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Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� .6.6 TylRAft�� �¯ A`m�� .x As�� �Of��

x

y

a =
√

ε
2

b = ε
2 δ

�A§Ahn�� Yl� �Aylm� 5.6.6

�� :T�A`�� �A§r\n�� �d�ts� , ��Ð �� ¾¯d� ¤ �A§Ahn�� 
As� ¨� �§r`t�� �d�ts§ A� �C A�

.��Ð ¨� T��d� ¤� T�w`} ©� d�w� ®� ,��ry�t� ­d� ��Ð ��¤d�� Yl� �A§Ahn�� Yl� �Aylm�

An§d� .x0 dn� T§Ah� �bq� g ¤ f �y� x0 ∈ Rn C�w� ¨� �yt�r`�f, g : Rn → R �kt� : 3 TþyS�

Ty�At�� Q�w���

lim
x0

(f + g) = lim
x0
f + lim

x0
g, lim

x0
(f5g) = lim

x0
f5 lim

x0
g

lim
x0

1

g
=

1

lim
x0
g
, lim

x0

f

g
=

lim
x0
f

lim
x0
g

:¨l§ Am� R2\{(0, 0)} Yl� �r`m�� f T��d�� �kt� : 5 �A��

f(x, y) =
xy

x2 + y2
.

dn� l ∈ R T§Ahn�� w�� �¤¥� f  � |rf� �@h� .(0, 0) TWqn�� dn� T§Ah� �bq� ¯ f T��d��  � 
b�n�

: �S� n ∈ N ��� �� .(0, 0)
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TylRAft�� �¯ A`m�� .x As�� �Of�� Tyqyq� ��ry�t� ­d� ��Ð Tqyq��� ��¤d�� .6.6

un =

(
1

n
, 0

)
¤ vn =

(
1

n
,

1

n

)
.

:An§d�

lim
n→∞

un = (0, 0) ¤ lim
n→∞

f (un) = 0

:An§d� «r�� Th� �� .l = 0 �A§Ahn�� P¶AO� 	s� ¢n�¤

lim
n→∞

vn = (0, 0) ¤ f (vn) =
1

2
=⇒ lim

n→∞
f (vn) =

1

2

.(0, 0) TWqn�� dn� T§Ah� �bq� ¯ f T��d��  � 
b�§ A� ­dy�¤ 
sy� T§Ahn�� .l = 1
2
AS§� An§d� ¢n�¤

:¨l§ Am� R2\{(0, 0)} Yl� �r`m�� f T��d�� �kt� : 6 �A��

f(x, y) =
x2y2

x2 + y2
.

:An§d� θ ∈ R ¤ r > 0 ��� ��

|f(rcos(θ), rsin(θ))| = r4cos2(θ)sin2(θ)

r2
−→ 0
r→0

.(0, 0) TWqn�� dn� 0 Y�� �¤¥§ f  � 
b�§ �@¡

C�rmtF³� 6.6.6

.��ry�t� ­d� �� T��d� T§C�rmtF¯� �r`� �ws� ,T§Ahn�� �whf� A� d� d�¤  µ�

: Rm w�� Rn �� T�r`m�� f T��d�� �kt�¤ .a ∈ D ¤ Rn �� �A�� D �kt� : 7.6.6 �§r`�

.a Y�� �¤¥§ x A�dn� f(a) Y�� �¤¥� f(a)  A� �Ð� (x) TWqn�� ¨� ­rmts� f T��d��  � �wq� (i

:	tk�¤

lim
x=a

f (x)→ f (a) .

.D �� TWq� �� Yl� ­rmts� 
�A� �Ð� D Yl� ­rmts� f T��d��  � �wq� (ii
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f1, ..., fm ��¤d�� ¢n�¤ a = (a1, ..., am) ∈ E �kt�¤ .f : E ⊂ Rm → R �kt� : 8.6.6 �§r`�

(a1, .., ai−1, x, ai+1, .., am) ∈ E ,∀x ∈ R ¨l§ Am� T�r`m��

fi : E → R
x 7→ f(a1, .., ai−1, x, ai+1, .., am)

.a TWqn�� ¨� Ty¶z� T�� Yms� i = 1, ...,m ��� ��

��¤d�� ¢n�¤ a = (a1, ..., am) TWqn�� ¨� ­rmts� T�� f : E ⊂ Rm → Rn �kt� : 4 TþyS�

(a1, .., ai−1, x, ai+1, .., am) ∈ E ,∀x ∈ R : ¨l§Am� T�r`m�� f1, ..., fm

fi : E → Rn

x 7→ f(a1, .., ai−1, x, ai+1, .., am)

. ai dn� ­rmts� i = 1, ...,m ��� ��

�y� T�� f : R2 → R 
�A� �Ð� l ∈ R �kt� :�A�m�� �ybF Yl� !�y�} A�¤ Hy� Hk`��

∀α ∈ R, lim
x→0

f(x, αx) = l.

.¯ : 
�w��� ? (0, 0) TWqn�� dn� ­rmts� f  � �tnts� �¡

T§C�rmtF¯� ry§A`�

:T·�Akt� Ty�At�� Q�w���  �� ,­rmts� T�� f : E ⊂ Rm → F ⊂ Rn �ky� : 1.6.6 T§r\�

.E �� TWq� �� ¨� rmts� f •

.E �� �wtf� wh� f−1(U) ,F �� U �wtf� �� ��� �� •

.E �� �wl�� wh� f−1(V ) ,F �� V �wl�� �� ��� �� •

�� f(x0) w�� �¤¥� (f(xn)n∈N Ty�Attm��  �� x0 w�� �¤¥� E �� (xn)n∈N Ty�Att� �� ��� �� •
.x0 ∈ E �� ���
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�AqtJ³� 7.6.6

dn� T��d�� �tK�  �� .I ⊂ R �A�m�� Yl� �AqtJ²� Tl�A� T�� f : I ⊂ R → R �ky� :ry�@�

:�kK�A� YW`§ a ∈ I TWqn��

f ′(a) = lim
h→0

f(a+ h)− f(a)

h
= lim

x→a

f(x)− f(a)

x− a
Yn`� ¯ ��As�� ry�@t�� ­CAb� .a ∈ E ¤ f : E ⊂ Rm → Rn  A� �Ð� ,Aq�AF AnRr� Am�

ºAn�tFA� x �A`K�� �Ab�r� Antb� �Ð� ,«r�� Ty�A� �� .�A`J Yl� Tmsq�� �nkm§ ¯ ¢�± Ah�

Ty�At�� Tq§rW�A� f T��d�� £@h� Ty¶z��� �AqtKm�� �§r`� Ahny� Annkmy� ,­d��¤

¨ms� ,i = 1, ...,m ��� �� .a = (a1, ..., am) ∈ E ¤ f : E ⊂ Rm → R �kt� : 9.6.6 �§r`�

Ty¶z��� T��dl� �tKm��
∂f
∂xi

(a) z�r�A� ¢� z�r�¤ a TWqn�� dn� f T��dl� xi ry�tml� Tbsn�A� ¨¶z� �tK�

ai ¨� Ðw��� f

∂f

∂xi
(a) = lim

xi→ai

f(a1, ..., xi, ..., am)− f(a1, ..., ai, ..., am)

xi − ai
.

Ty¶z��� �AqtKm�� a = (a1, a2) ∈ E TWqn�� ¨� R2 → R f : E ⊂ �§ry�t� ��Ð T�� ��� ��

¤ x1 → f(x1, a2) ry�tm�� dn� Ty¶z��� ��¤d�� �AqtK� ¨¡ (a1, a2) TWqn�� dn� f T��dl�

: ¨�At�� �kK�A� 	s�§ x2 ∈ R ¤ x1 �y� x2 → f(a1, x2)

∂f

∂x1
(a1, a2) = lim

h→0

f(a1 + h, a2)− f(a1, a2)

h
,

¤

∂f

∂x2
(a1, a2) = lim

h→0

f(a1, a2 + h)− f(a1, a2)

h
.

:z�r�A� T§Ahn�� ¢th� z�r�

∂f

∂xi
(x0)

z�r�¤ .d rond �rqu§ ∂ z�r�� .x0 TWqn�� dn� xi ry�tml� Tbsn�A� f T��dl� ¨¶z��� �tKm�� w¡¤

: x0 TWqn�� ¨� ¨¶z� �tK� m  Ð� An§d� .f ′xi(x0) ¤� ∂xif(x0) AS§�

∂f

∂x1
(x0),

∂f

∂x2
(x0), . . . ,

∂f

∂xm
(x0).

: An§d� (x, y) 7→ f(x, y) �§ry�t� ��Ð T�� T�A� ¨�

∂f

∂x
(x0, y0) = lim

h→0

f(x0 + h, y0)− f(x0, y0)

h
,

∂f

∂y
(x0, y0) = lim

h→0

f(x0, y0 + h)− f(x0, y0)

h
.
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i = 1, ..., n ��� �� f T��dl� fi Ty¶z��� ��¤d��  �� f : E ⊂ Rm → Rn 
�A� �Ð� : 1 T\�®�

.Ty�wq`y�� T�wfOm�� �§r`� ¨� ��Ð «rnF .¨¶z� �tK� m �bq� ¨t��

©@��¤ ,R Yl� �AqtJ²� Tl�A� x 7→ ex cos y T��d�� ,
�A� y ¨qyq�  d� �� ��� �� : 7 �A��

:�y� �¤±� ry�tm�A� �l`t§ Amy� ¨¶z��� �tKm��  w�¤ Crb§

∂f

∂x
(x, y) = ex cos y.

¨�A��� ry�tml� Tbsn�A� º¨K�� Hf�

∂f

∂y
(x, y) = −ex sin y.

T�wfOm�� Yms� f : E ⊂ Rm → Rn T��dl� Ty¶z��� �AqtKm�� T�wfO� : 10.6.6 �§r`�

: rWF n ¤  wm� m ©w�� J(f)x0 z�r�A� Ah� z�r� .f T��d�� ¨�wq`§ ¤� Ty�wq`y��

J(f)x0 =


∂f1(x0)
∂x1

· · · ∂f1(x0)
∂xm

...
...

∂fn(x0)
∂x1

· · · ∂fn(x0)
∂xm

 ∈Mm,n(R).

Ahmy� @��� ¨t�� f(x1, ..., xm) Ty�A`K�� T��d�� ��� �� x = (x1, ..., xm)  A� �Ð� ,«r�� ­CAb`�

��Ð ry�t� m ��Ð T�� ��� �� ,T}A� TfO� .
∂f
∂xi

T`J±� ¢�dm�� ¨� �m�§ ¨�wq`y��Rn ¨�

:rWF T�wfO� �� ­CAb� ¨�wq`y��  �� Tyqyq� Tmy�

J(f)(x1,...,xm) =

(
∂f(x)

∂x1
, ...,

∂f(x)

∂xm

)
:z�r�A� ¢� z�r� ©@��  wm`�� T�wfO� w¡ rWs�� �@¡ �wqn�¤

grad(f)(x1,...,xm) =

(
∂f(x)

∂x1
, ...,

∂f(x)

∂xm

)T
.

.(x þ� f Tl�A� �rq§ ©@��) ∇f(x) z�r�A� ¢� z�r§¤ f T��d�� C�d��� Yms§ grad
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.¨�wq`y�� T�wfO� 	s��¤ ,�RAftl� Tl�A� Ty�At�� ��¤d��  � 
b�� : 8 �A��

•
f(x, y, z) =

(
1

2
(x2 − z2), sinx sin y

)
.

•
f(x, y) =

(
xy,

1

2
x2 + y, ln(1 + x2)

)
.

•
f(x, y) = x2y3.

�� Ah�� �R�w�� ��¤ ,�AqtJ²� Tl�A� �Ay��d�³� ��¤ ¤� Ty¶z��� ��¤d��¤  � �� �q�t�� ¨fk§

:¨��wt�� Yl� An§d� .C∞ �nO��

•

J(f)(x,y,z) =

(
x 0 −z

cosx sin y sinx cos y 0

)
.

•

J(f)(x,y) =


y x

x 1
2x

1+x2
0

 .

•

J(f)(x,y) =
(
2xy3, 3x2y2

)
=⇒ ∇f (x, y) =

(
2xy3

3x2y2

)
.

6 ��C �§CAmt�� TlslF 7.6

TylRAft�� T� A`m�� ��  d� : 1 �§rm�

3y′ + 4y = 0

.y (0) = 2 ¨¶�dt�³� ªrK�� �q�§ ©@��
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�þþ���

¨�At�� �kK�� Yl� 	tk� T� A`m�� £@¡

y′ = −4

3
y

w¡ ¨¶�dt�³� ªrK�� �q�§ ©@�� ����  Ð�

y (x) = y (0) e−
4
3
x

:©�

y (x) = 2e−
4
3
x.

:Ty�At�� TylRAft�� T� A`m�� �kt� : 2 �§rm�

y′ + 2xy = x. (E)

.Ts�A�tm�� TylRAft�� T� A`m�� �wl� d�¤� (1

.y(0) = 1 �q�� ¨t�� (E) T� A`m�� �wl� d�¤� (2

�þþ���

¢n�¤ .¨fy� 
�A� w¡ k ∈ R �y� A(x) = x2/2 +k ��¤d�� ¨¡ a(x) = 2x T��dl� Tyl}±� ��¤d��

:�kK�� �� R Yl� T�r`m�� ��¤d�� �� ¨¡ E Ts�A�tm�� T� A`m�� �wl�

y(x) = ce−x
2

.¨fy� 
�A� c ∈ R �y�

:�kK�� �� E þ� QA��� ���� ��  µ� ��b�

yp(x) = c(x)e−x
2

: An§d� .
��w��� ryy�� Tq§rV �Am`tF��

y′p(x) + 2xyp(x) = c′(x)e−x
2

.

.x ∈ R �� ��� �� c′(x) = xex
2
:  A� �Ð�Wq�¤ �Ð� E þ� �� w¡ yp ¢n�¤

: �A�m�� �ybF Yl� xex
2
T��dl� Tyl}±� ��¤d�� �y� �� c(x) T��d�� �kt�
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c(x) = 1/2ex
2

.

�y� yp T��d�� ¢n�¤

yp(x) = 1/2ex
2

e−x
2

= 1/2

: �kK�� �� ��¤d�� �� ¨¡ E T� A`m�� �wl� ,¢yl�¤ .E þ� �� ¨¡

y(x) = ce−x
2

+
1

2
c ∈ R.

.c = 1/2 : ¸�Ak§ y(0) = 1 ªrK�� An¡ ,E1 T� A`ml� �� y �y�

:TylRAft�� T� A`ml� ]0,∞[ ¨� �km� �A�� rb�� Yl� ��Akt�� �rtq� : 3 �§rm�

y′(x)− y(x)

x
− y(x)2 = −9x2 (E).

.(E) T� A`ml� y0 QA� �� y(x) = ax �y� a ∈]0,∞[ d�¤� (1

:TylRAft�� T� A`m�� Y�� (E) T� A`m�� �w�§ y(x) = y0(x)− 1
z(x)

: T��d�� ryy��  � 
b�� (2

z′(x) +

(
6x+

1

x

)
z(x) = 1. (E1)

.]0,∞[ Yl� (E1) �wl� d�¤� (3

.]0,∞[ Yl� T�r`m�� (E) T� A`m�� �wl� �� d�¤� (4

�þþ���

Ty�At�� TylRAft�� T� A`m�� ��n�

y′(x)− y(x)

x
− y(x)2 = −9x2.

 ±¤ ,T� A`ml� QA� ��  wk§ y0(x) = ax �y� a ∈]0,∞[ Yl� ��b� (1

y′0(x)− y0(x)

x
− y0(x)2 = −a2x2,

.a = 3 �ky� ¤ .a = ±3  A� �Ð� Xq�¤ �Ð� �� w¡ y0
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�S� ,�d`n� ¯¤ C1 �nO�� �� T�� z 
�A� �Ð� (2

y(x) = 3x− 1/z(x).

:  A� �Ð� Xq�¤ �Ð� �� y ¢n�¤

z′(x)

z(x)2
+

1

xz(x)
− 1

z(x)2
+

6x

z(x)
= 0.

�q�§ z  A� �Ð� Xq�¤ �Ð�Tq�As�� T� A`ml� �� y Yl� �O�� z(x)2 ¨� 
rS�A�

z′(x) +

(
6x+

1

x

)
z(x) = 1. (E1)

T��d�� x 7→ 6x + 1/x T��dl� Tyl}� T�� @��� .]0,∞[ �A�m�� Yl� (E1) T� A`m�� ��n� (3

x 7→ 3x2 + ln(x)

:T��d�� ¨¡ Ts�A�tm�� T� A`m�� �wl� ¢n�¤

x 7→ Ae−3x
2−ln(x).

�kK�� �� (E1) T� A`ml� QA� �� �� ��bn�

zp(x) = α(x)e−3x
2−ln(x)

 A� �Ð� �� w¡ zp ¢n�¤

α′(x)e−3x
2−ln(x) = 1

.α(x) = e3x
2
/6  A� �Ð� �A�m�� �ybF Yl� α′(x) = xe3x

2
 A� �Ð� ©�

: ¨¡ (E1) T� A`m�� �wl�

z(x) =
1 + Ae−3x

2

6x
, �y� A ∈ R.

.]0,∞[ �A�m�� Yl� T�r`m�� (E) �wl�  µ� �tntsnF (4

Yl� y(x) > 3x  � Ay¶db� |rfn�¤ .]0,∞[ �A�m�� Yl� �r`� C1 �nO�� �� �� y �ky�

¢n�¤ .�km� Cd� rb��� ,I ⊂]0,∞[ �wtfm�� �A�m��

y(x) = 3x− 1/zI(x)

­C¤rS�A� An§d� , ��As�� ��¥s�� 	s� .I Yl� C1 �nO�� �� zI < 0 ��¤d�� {`� ��� ��

: �

zI(x) =
1 + AIe

−3x2

6x
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�Ð� 1 > AIe
−3x2

 ± I 6=]0,+∞[ �k� AI < 0  �� zI < 0  ±¤ .AI ∈ R 
�A��� ��� ��

.¨fk§ Am� ryb� x  A�

.J Yl� y(x) < 3x  wk§ �y�� J �wtf� �A�� d�w§ ,¨�At�A�¤

{`b� y(x) = 3x − 1/zJ(x) ,J ¨�  � ¤ . Ak�³� Cdq� ryb� J  � «r�� ­r� |rtf�

,��As�� ��¥s�� �� «r�� ­r� . C1 �nO�� �� zJ > 0 ��¤d��

zJ(x) =
1 + AJe

−3x2

6x

.
�A� AJ �y�

��Ð @n�¤ , YO�±� d���  wk§  � |rtfm�� ��  A� J =]a, b[ �wtfm�� �A�m��  ±

¤ y(a) = 3a  �� a > 0  A� �Ð� ]0,+∞[ �A�m�� Yl� ¢f§r`� �t§  � |rtf§ y �y���

An§d�  wk§ y T��d�� T§C�rmtFA� �k§ ��  � ¢�± ,y(b) = 3b ,b < ∞  A� �Ð� º¨K�� Hf�

�Ð� ¨��wt�� Yl� Xq� �km� �@¡ .ry�} ε > 0 ��� �� ]a− ε, b+ ε[ �A�m�� Yl� y(x) < 3x

: � Anl� dq� �k� .x→ b A�dn� zJ(x)→ +∞ ¤� x→ a A�dn� zJ(x)→ +∞  A�

zJ =
1 + AJe

−3x2

6x
,

.(b = 0 ¤ a = 0 ¨��wt�� Yl�  A� �Ð� ºAn�tFA�) �®V³� Yl� �km� ry� �@¡ ��@�

£@¡ ¨� ]0,+∞[ �A�m�� Yl� y(x) < 3x �ky�¤ ]0,+∞[ �A�m�� Yl� y(x) = 3x �ky� ¢n�¤

	tk§¤ ]0,+∞[ �A�m�� Yl� �r`� z(x) = 1/(3x− y(x)) ,­ry�±� T�A���

z(x) = [1 + Ae−3x
2

]/6x.

: �� �� y  A� �Ð� ¢n�¤ .A ≥ −1 ­C¤rS�A� ,z > 0  ±

y(x) = 3x ¤� y(x) = 3x− 6x

1 + Ae−3x2
�y� A ≥ −1.

�A�m�� Yl� C1 �nO�� �� ¤ �r`� y  �� ,�r`� y  A� �Ð� , ��Ð �� Hk`�� Yl�

.�� ¢�� �� �q�t�� Annkm§¤ ,]0,∞[

Ty�At�� TylRAft�� T� A`m�� �kt� : 4 �§rm�

y′′ + 2y = 0

.T� A`m�� £@¡ �� (1

:Ty�At�� ª¤rK�� �q�� ¨t��¤ Tq�As�� TylRAft�� T� A`ml� ®� �q�� ¨t�� f T��d�� d�¤� (2

.f ′ (0) = −2 ¤ f (0) = 1
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�þþ���

: �kK�� �� T� A`m�� 	tk� (1

y′′ +
(√

2
)2
y = 0

:�kK�� @��� ¨t�� R Yl� T�r`m�� ��¤d�� ¨¡ Ah�wl� ¢n�¤

α cos
√

2x+ β sin
√

2x, α, β ∈ R

:Ty�At�� ª¤rK�� �q�� ¨t��¤ Tq�As�� TylRAft�� T� A`ml� ®� �q�� ¨t�� f T��d�� (2

:�y� α, β ∈ R d�w§ ©� f ′ (0) = −2 ¤ f (0) = 1

f (x) = α cos
√

2x+ β sin
√

2x =⇒ f (0) = α = 1

¤

f ′ (x) =
√

2β cos
√

2x−
√

2α sin
√

2x =⇒
√

2β = −2 =⇒ β = −
√

2

:¨¡ �yVrK�� �q�� ¨t�� T��d�� ©�

f (x) = cos
√

2x−
√

2 sin
√

2x.

:Ty�At�� TylRAft�� �¯ A`m�� �wl� d�¤� : 5 �§rm�

1) y′′ − 3y′ + 2y = ex.

2) y′′ − y = −6 cosx+ 2x sinx.

3) 4y′′ + 4y′ + 5y = sinxe−x/2.

�þþ���

:T� A`m�� �kt�

y′′ − 3y′ + 2y = ex.

:zymm��  ¤d��� ry��

f(r) = (r − 1)(r − 2)

:��¤d�� �ym� ¨¡ Ts�A�tm�� T� A`m�� �wl�  �� ¨�At�A�¤

y(x) = c1e
x + c2e

2x
�y� c1, c2 ∈ R.

¨�db�  Ahy� - ¨my¡�r� �y¡�r��206­rks� rSy� dm�� T`�A�



TylRAft�� �¯ A`m�� .x As�� �Of��6 ��C �§CAmt�� TlslF .7.6

: w¡ P Yl� (∗) ªrK�� (ıı) T�A��� ¨� ��� yp(x) = P (x)ex �kK�� �� QA� �� �� ��b�

.�q�� P (x) = −x ¤ P ′′ − P ′ = 1

:�kK�� �� ��¤d�� ¨¡ T� A`m�� �wl�  �� ��@�

y(x) = (c1 − x)ex + c2e
2x

�y� c1, c2 ∈ R.

:�kK�� �� �wl� Ah� Ts�A�tm�� T� A`m�� 0 = (r − 1)(r + 1) An¡ .y′′ − y = −6 cosx+ 2x sinx

y(x) = c1e
x + c2e

−x
�y� c1, c2 ∈ R.

T� A`ml� y1 ��  A�§� Anyl� ��@� ,y′′ − y = −6 cosx : T� A`m�� �q�� 3 cosx T��d��  � ^�®�

 � ^�®� ,�@h� .TF¤Cdm�� T� A`ml� ¾®�  wkyF yp(x) = 3 cosx + y1(x)  ± y′′ − y = 2x sinx

.y′′−y = 2xeix : T� A`ml� z1 ��  A�§³ £®�� T�Rwm�� Tq§rW�� �d�ts�¤ 2x sinx = Im(2xeix)

.f(i) = −2 6= 0  ± 1 T�Cd�� ��  ¤d��� ­ry�� ¨¡ P �y� P (x)eix �kK�� Yl� z1 �� ��b�

�§r`t�� d`� ¨W`§ ©@�� 2iP ′(x) − 2P (x) = 2x : ¢n�¤ P Yl� (∗) ªrK�� f ′(i) = 2i An§d�

¢n�¤ .P (x) = −x− i
y1(x) = Im((−x+ i)eix) = −x sinx− cosx.

:��¤d�� ¨¡ �wl���  �� ¨�At�A�¤

y(x) = c1e
x + c2e

−x + 2 cosx− x sinx �y� c1, c2 ∈ R.

y1(x) = A(x) sinx+B(x) cosx �kK�� ������ ����b�

y′′−y = 2x sinx þ� ��  A�§³«r�� Tq§rV

y′′1 ,y′1 	s�� ­zymm�� T� A`m�� C@� Hy� i  ± 1 T�Cd�� ��  ¤d��� ��ry�� ¨¡ A,B �y�

: ªrK�� Yl� �O�t� . . . y1 Yl� TF¤Cdm�� T� A`m�� �bW�¤

(A′′ − A− 2B′) sinx+ (B′′ −B − 2A′) = 2x sinx

:  A� �Ð� �q�t§ ©@��{
A′′ − A− 2B′ = 2x

B′′ −B − 2A′ = 0
.

©@�� b = c = 0 ,a = d = −1 : �O�� d§d�t�� d`� ,B(x) = cx + d � A(x) = ax + b :	tk�¤

.y1  d�§

4y′′ + 4y′ + 5y = sinxe−
x
2

­rks� rSy� dm�� T`�A�207¨�db�  Ahy� - ¨my¡�r� �y¡�r��


