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�@¡ .Ahf§r`� �A�� ��  d� ©�� Tyqyq� Tmy� ¨qyq��� ry�tml� Tyqyq��� T��d�� X�r�

�ytym� �y� T�®� T�Ay} QwO��� ¢�¤ Yl� �kmm�� �� �`�§ T§ d`�� ��¤d�� �� �wn��

£@¡ d§d�� AS§� �km§¤ ,�l`m�  ¤zm�� «wtsm�� ¨� ¨ly�mt�� A¡An�nm� ­zymm� .�yty¶A§zy�

.¨lyl�� �kJ ¤� TylRAf� T� A`� ¤� Tny`� T�y} �®� �� T��d��

T§ d`�� T��d�� 1.2

¨�db�  Ahy� - ¨my¡�r� �y¡�r�� ­rks� rSy� dm�� T`�A�



¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� T§ d`�� T��d�� .1.2

�� �wq� . F T�wm�m�� w�� E T�wm�m�� �� T�®� f ¤  At�wm�� F ¤ E �kt� : 1.1.2 �§r`�

:	tk�¤ F �� r��±� Yl� �rOn� E �� rOn� �k� 
q�C� �Ð� T�� Ah�� f

f : E −→ F

x 7−→ f(x) = y

.�ybW� �kK�

:  A� �Ð� Xq�¤ �Ð� T§ d� T�� f  � �wq� : 2.1.2 �§r`�

f : E ⊂ R −→ F ⊂ R
x 7−→ f(x) = y

.�ybW� �kK�

. F ∈ R ¨� r��±� Yl� ­Cw} E �� x rOn� �k�  A� �Ð� Xq�¤ �Ð� T§ d� T�� f  � Yn`m�

: x 
wlq� T��d�� : 1 �A��

f : ]−∞, 0[∪ ]0,+∞[ −→ R

x 7−→ 1

x
.

�§r`t�� T�wm�� 1.1.2

A¡Cw} d��  � �km§ ¨t��  �d�±� T�wm��  A�§� ¨n`§ T§ d� T�� �§r`� T�wm�� d§d��

¨l§ Am� Ah�r`�  � �km§ �@h�¤ .T��d�� £@h�

: ¨l§ Am� f T§ d� T�� �§r`� T�wm�� �r`� : 3.1.2 �§r`�

Df = {x ∈ R | f(x) ∈ R}

­rks� rSy� dm�� T`�A� ¨�db�  Ahy� - ¨my¡�r� �y¡�r��



T§ d`�� T��d�� .1.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

.f(x) ∈ R  wk§ Yt� T��d�� �®W�� T�wm�� ��m� �§r`t�� T�wm��

f : Df ⊂ R −→ R
x 7−→ f(x).

�A�m� d���

¨l§ Am� T�r`m�� f T��d�� �kt� : 2 �A��

f : R −→ R

x 7−→ f(x) =
1

(x2 − 1)
.

Annkm§ ¯ An¡  Ð� .0 ©¤As§  � �km§ ¯ ¨qyq�  d� �Aq�  � �l`�¤ . T��d�� �Aqm� d�w§ x ry�tm��

Tyqyq���  �d�±� �ym� Yl� T�r`� f ¨�At�A� . f T��d�A� −1  d`�� ¯ ¤ 1  d`�� ­Cw} 	s��  �

: 	tk� ¤ −1, 1 ºAn�tF��

(f T�r`� ) ⇐⇒ x2 − 1 ̸= 0

x2 − 1 = 0 ⇐⇒ (x− 1) (x+ 1) = 0

⇐⇒ x = 1 ∧ x = −1

⇐⇒ Df = R−{1,−1}

⇐⇒ Df = ]−∞,−1[ ∪ ]−1, 1[ ∪ ]1,+∞[

x

y

1
x2−1

1−1

T��d�� Yn�n� 2.1.2

¨�db�  Ahy� - ¨my¡�r� �y¡�r�� ­rks� rSy� dm�� T`�A�



¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2

¨l§ Am� T�r`m�� R2 �� Γf Ty¶z��� T�wm�m�� w¡ f : U → R T�d�� Yn�n� : 4.1.2 �§r`�

Γf =
{
(x, f(x)) | x ∈ U

}
.

.
1
2
+ 1

2
x2 + sin

(
3(x−1)

2

)
T��d�� Yn�n� �CAs§¤ 1/x T��d�� Yn�n� Anym§ : 3 �A��

x

f(x)
(x, f(x))

Γf

x

y

1
x

T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� 2.2

��d�tFA� , ¯ �� T§ r� �� Ty�¤E T��d�� 
�A� �Ð� A� d§d�� Tyfy� �l`tnF ,ºz��� �@¡ ¨�

T§ r� 
�A� �Ð� A� Y�� T��d�� Yn�n� rZAn� ryK§ �y� .Ahf§r`� ¤� Ah� QA��� ¨�Ayb�� �Fr��

.Ty�¤E ��

Ty�¤z�� T��d�� 1.2.2

:  A� �Ð� Ty�¤E T�� f  � �wq� : 1.2.2 �§r`�

∀x ∈ Df : f (x) = f (−x) .

­rks� rSy� dm�� T`�A� ¨�db�  Ahy� - ¨my¡�r� �y¡�r��



T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

¨�¤E (n ∈ N) �y� x 7→ axn ¨l§ Am� R T�wm�m�� Yl� T�r`m�� ��¤d�� : 1 �A��

x

y

x2

x4
6x6

Tbsn�A�  A�rZAnt� M ′ (−x0, f (−x0)) ¤ M (x0, f (x0)) TWqn��  �� Ty�¤E f T��d�� 
�A� �Ð�

.	y��rt�� Cw�m�

T§ rf�� T��d�� 2.2.2

:  A� �Ð� T§ r� T�� f  � �wq� : 2.2.2 �§r`�

∀x ∈ Df : f (x) = −f (−x) .

© r� (n ∈ N) �y� x 7→ xn ¨l§ Am� R T�wm�m�� Yl� T�r`m�� ��¤d�� : 2 �A��

¨�db�  Ahy� - ¨my¡�r� �y¡�r�� ­rks� rSy� dm�� T`�A�



¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2

x

y

x3
x5

x7

Tbsn�A�  A�rZAnt� M ′ (−x0, f (−x0)) ¤ M (x0, f (x0)) TWqn��  �� T§ r� f T��d�� 
�A� �Ð�

.�dbml�

T§C¤d�� T��d�� 3.2.2

�hf� .¨�CAk§d�� ©wtsm�� ¨� Crkt� �kK� ¢�At��  A`u§ �Ðwm� Y�� T§C¤d�� ��¤d�� ryK� , Ay�Ay�

.­rtf��¤ ­C¤d�� �y¡Af�  Aq�� �hm�� �� , A�Am� T§C¤d�� �whf�

¤ .T��d�� C¤d� Crkt� Xm� �� ºz� r�}� �� ���wt§ ©@�� ¨�Ayb�� �Fr�� ºz� Yms§ : 3.2.2 �§r`�

.­rtf�� �FA� C¤d�� Hf� �A§Ah� ¨� ­ w�wm�� Tl}Af�� ªAqn�� �� �yn�� �y� ­w�f�� Yms�

: �y� k > 0 d�¤ �Ð� T§C¤ T�� f  � �wq� : 4.2.2 �§r`�

∀x ∈ Df : f (x+ k) = f (x) .

­rks� rSy� dm�� T`�A� ¨�db�  Ahy� - ¨my¡�r� �y¡�r��



T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

x x+ Ti⃗

ff(x) = f(x+ T )

.π A¡C¤ T§C¤ T�� tangente T��d��¤ 2π A¡C¤ T§C¤ ��¤ cosinus ¤ sinus ��¤d�� : 3 �A��

x

y

cosx

sinx

0 π−π

+1

−1

Tb�As�� ��¤d�� ¤ Tb�wm�� ��¤d�� 4.2.2

.Df �� ¯A�� ∆ �ky�¤ .Df Ahf§r`� T�wm�� Yl� T�r`� T§ d� T�� f �kt�

 A� �Ð� ∆ Yl� (A�Am� ) Tb�w� f T��d��  wk� : 5.2.2 �§r`�

∀x ∈ ∆ : f (x) ≥ 0 (f (x) > 0) .

 A� �Ð� ∆ Yl� (A�Am� ) Tb�AF f T��d��  wk� ¤

∀x ∈ ∆ : f (x) ≤ 0 (f (x) < 0) .

¨�db�  Ahy� - ¨my¡�r� �y¡�r�� ­rks� rSy� dm�� T`�A�



¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2

Tbsn�A� Hk`��¤ �}�wf�� Cw�� �w�  wk§ A¡An�n�  �� Tb�w� f T��d�� 
�A� �Ð� : 1 T\�®�

.Tb�As�� T��d�� Yn�nm�

.�}�wf�� Cw�� �� �d�� �VAqt§ ¯ A¡An�n�  �� A�Am� Tb�AF ¤� A�Am� Tb�w� f T��d�� 
�A� �Ð�

��¤d�� Yl� T§rb��� �Aylm`�� 5.2.2

¢n�¤ .R T�wm�m�� �� U ºz��� Hf� Yl� �yt�r`� �yt�� g : U → R ¤ f : U → R �kt�

:Ty�At�� ��¤d�� �§r`� �yWts�

¨l§ Am� T�r`m�� f + g : U → R T��d�� w¡ g ¤ f �yt��d�� �wm�� (1

∀x ∈ U, (f + g)(x) = f(x) + g(x).

¨l§ Am� T�r`m�� f · g : U → R T��d�� w¡ g ¤ f �yt��d�� º�d� (2

∀x ∈ U, (f · g)(x) = f(x) · g(x).

¨l§ Am� T�r`m�� λ · f : U → R T��d�� w¡ f T��d��¤ λ ∈ R ¨mls� º�d��� (3

∀x ∈ U, (λ · f)(x) = λ · f(x).

x

f(x)

g(x)

(f + g)(x)

g

f

f + g

­rks� rSy� dm�� T`�A�¨�db�  Ahy� - ¨my¡�r� �y¡�r��



T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

�yt�� T�CAq� 6.2.2

¤� �� r�}� f  � �wq� ¢n�¤ . ∆ ⊂ Df ∩Dg ºz��� Hf� Yl� �yt�r`� �yt�� g ¤ f �kt�

: 	tk�¤ g ©¤As§

f ≤ g  A� �Ð� ∀x ∈ ∆, f(x) ≤ g(x).

	tk�¤ g ©¤As§ ¤� �� rb�� f  � �wq� ¤

f ≥ g  A� �Ð� ∀x ∈ ∆, f(x) ≥ g(x).

T��d�� Yn�n� �w�  wk§ f T��d�� Yn�n�  �� g ©¤As§ ¤� �� rb�� f T��d�� 
�A� �Ð� : 2 T\�®�

. g

f(x) = exp(x)

g(x) = ln(x)

Tþþ�� T�A�C 7.2.2

.Df �� ¯A�� I �ky�¤ .Df Ahf§r`� T�wm�� Yl� T�r`� T�� f �kt�

:  A� �Ð� Xq�¤ �Ð� I Yl� ­d§�zt� f  � �wq� : 6.2.2 �§r`�

∀(x, y) ∈ I2 : x > y =⇒ f(x) ≥ f(y).

.]0,+∞[ �A�m�� Yl� ­d§�zt� T�� x 7→ ln (x) �t§CA�w� T��d�� : 4 �A��

¨�db�  Ahy� - ¨my¡�r� �y¡�r�� ­rks� rSy� dm�� T`�A�



¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2

f(x) = ln(x)

:  A� �Ð� Xq�¤ �Ð� I Yl� A�Am� T§d§�zt� f  � �wq� : 7.2.2 �§r`�

∀(x, y) ∈ I2 : x > y =⇒ f(x) > f(y).

:  A� �Ð� Xq�¤ �Ð� I Yl� TO�Ant� f  � �wq� : 8.2.2 �§r`�

∀(x, y) ∈ I2 : x > y =⇒ f(x) ≤ f(y).

:  A� �Ð� Xq�¤ �Ð� I Yl� A�Am� TO�Ant� f  � �wq� : 9.2.2 �§r`�

∀(x, y) ∈ I2 : x > y =⇒ f(x) < f(y).

.]0,+∞[ �A�m�� Yl� A�Am� TO�Ant� T�� x 7→ 1
x

wlq� T��d�� : 5 �A��

­rks� rSy� dm�� T`�A� ¨�db�  Ahy� - ¨my¡�r� �y¡�r��



T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

f(x) = 1/x

­ ¤d�m�� T��d�� 8.2.2

T�wm�� Yl� T�r`� T��d��  wk�  � d�¯ ¯ ¤� ­ ¤d�� T��d�� 
�A� �Ð� A� ��b�� ¨� ºdb�� �b�

.T��d��  ¤d� �� ��b�� ¨� �db� �� Ty�A� ry�

.Df Ahf§r`� T�wm�� T§ d� T�� f �kt� : 10.2.2 �§r`�

: �y�� M ¨qyq�  d� d�¤ �Ð� Xq�¤ �Ð� Yl�±� �� ­ ¤d�� f  � �wq� (1

∀x ∈ Df f(x) ≤ M.

: �y�� m ¨qyq�  d� d�¤ �Ð� Xq�¤ �Ð� �fF±� �� ­ ¤d�� f  � �wq� (2

∀x ∈ Df m ≤ f(x).

: �y�� M ¤ m  Ayqyq�  � d� d�¤ �Ð� Xq�¤ �Ð� ­ ¤d�� f  � �wq� (3

∀x ∈ Df m ≤ f(x) ≤ M.

¨�db�  Ahy� - ¨my¡�r� �y¡�r�� ­rks� rSy� dm�� T`�A�



¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� T§C¤d�� ¤ T§ rf�� ,Ty�¤z�� ��¤d�� .2.2

x

y

M

m

.­ ¤d�� ��¤ cosinus ¤ sinus ��¤d�� : 6 �A��

x

y

cosx

sinx
0 π−π

+1

−1

T��d� Ay�d��¤ «wOq�� �yq�� 9.2.2

.Df �� �A�� I ¤ x0 ∈ Df �ky� ¤ Df Ahf§r`� T�wm�� T§ d� T�� f �kt� : 11.2.2 �§r`�

 A� �Ð� x0 TWqn�� dn� f T��dl� TqlWm�� «wOq�� Tmyq�� ¢�� f(x0)  d`��  � �wq� (1

∀x ∈ Df : f(x) ≤ f(x0).

 A� �Ð� I �A�m�� ¨� x0 TWqn�� dn� f T��dl� Tybs� «wO� Tmy� ¢�� f(x0)  d`��  � �wq� (2

¤ x0 ∈ I

∀x ∈ I f(x) ≤ f(x0).

­rks� rSy� dm�� T`�A� ¨�db�  Ahy� - ¨my¡�r� �y¡�r��



�Aþþ§Ahn�� .3.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

 A� �Ð� x0 TWqn�� dn� f T��dl� TqlWm�� Ay�d�� Tmyq�� ¢�� f(x0)  d`��  � �wq� (3

∀x ∈ Df f(x) ≥ f(x0).

 A� �Ð� I �A�m�� ¨� x0 TWqn�� dn� f T��dl� Tybs� Ay� Tmy� ¢�� f(x0)  d`��  � �wq� (4

¤ x0 ∈ I

∀x ∈ I f(x) ≥ f(x0).

.[2, 2] �A�m�� Yl� �Fr�� ¨� �y� d�m�� �ytWqn�� ¨� ¨lfF r��¤ ©wl� d� �bq� f T��d�� : 7 �A��

f(x) = 3x3 − x2 − 10x

x2−2

�Aþþ§Ahn�� 3.2

�yl�t�� ¨� Tmhm�� �y¡Afm�� ��¤ �AyRA§r�� ¨� TyFAF±� �y¡Afm�� d�� �� �A§Ahn�� rbt`�

¢� �bF d� ¹CAq��  � ¨� �J ¯¤ .��Akt��¤ �AqtJ¯�¤ C�rmtF¯� �whf� Ahyl� dmt`§ �y�

.T� r��� �kK� �A§Ahn�� xCd� �Of�� �@¡ ¨� �k� ,�A§Ahn�� �wRw� TF�C 

�þþ§CA`� 1.3.2

TWq� dn� T§Ahn��
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� �Aþþ§Ahn�� .3.2

Yl� ©wt�� 
�A� �Ð� x0 TWqn�� C�w� ¢�� R �� V Ty¶z��� T�wm�m��  � �wq� : 1.3.2 �§r`�

x0 TWqn�� ©w�§ �wtf� �A��

.I �A�m�� �� TWq� x0 ∈ R �kt�¤ .R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt�

TWqn�� dn� T�r`� ry�  wk� Am�C) x0 TWqn�� C�w� ¨� T�r`m�� f T��d��  � �wq� : 2.3.2 �§r`�

: A� �Ð� x0 TWqn�� dn� ℓ ∈ R T§Ah� �bq� Ah�� (x0

∀ϵ > 0 ∃δ > 0 ∀x ∈ I |x− x0| < δ =⇒ |f(x)− ℓ| < ϵ.

: 	tk� ¤ x0 Y�� �¤¥§ x Am� ℓ Y�� �¤¥� f(x) T��d��  � �wq�¤

lim
x→x0

f(x) = ℓ ¤� lim
x0

f = ℓ.

x

y

x0

ℓ
ϵ

ϵ

δ

.x0 = 1 TWqn�� dn� T§Ahn��  A�§� 
wlWm�� f (x) = 3x− 2 �kt� : 1 �A��

An§d�

lim
x→1

f (x) = lim
x→1

(3x− 2) = 1

d�� �§r`t�� �Am`tFA�¤

∀ϵ > 0, ∃δ > 0, ∀x ∈ R, |x− x0| < δ =⇒ |f(x)− ℓ| < ϵ

­rks� rSy� dm�� T`�A� ¨�db�  Ahy� - ¨my¡�r� �y¡�r��



�Aþþ§Ahn�� .3.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

|x− 1| < δ =⇒ |3x− 2− 1| < ϵ

=⇒ |3x− 3| < ϵ

=⇒ |3 (x− 1)| < ϵ

=⇒ 3 |(x− 1)| < ϵ

=⇒ |(x− 1)| < ϵ

3

 � d�� ¨k� δ = ϵ
3
Tmyq�� @���  � ¨fk§ ¨n`§

lim
x→1

f (x) = 1.

.]a, x0[∪]x0, b[ �kK�� �� T�wm�m�� Yl� T�r`� T�� f �kt�

 A� �Ð� x0 TWqn�� dn� +∞ T§Ah� �bq� f T��d��  � �wq� (1 : 3.3.2 �§r`�

∀A > 0 ∃δ > 0 ∀x ∈ I |x− x0| < δ =⇒ f(x) > A.

	tk�¤

lim
x→x0

f(x) = +∞.

 A� �Ð� x0 TWqn�� dn� −∞ T§Ah� �bq� f T��d��  � �wq� (2

∀A > 0 ∃δ > 0 ∀x ∈ I |x− x0| < δ =⇒ f(x) < −A.

	tk�¤

lim
x→x0

f(x) = −∞.

.I =]a,+∞[ �kK�� �� T�wm�� Yl� T�r`m�� f : I → R T��d�� �kt�

 A� �Ð� +∞ dn� ℓ T§Ahn�� �bq� f T��d��  � �wq� ℓ ∈ R �ky� (1 : 4.3.2 �§r`�

∀ϵ > 0 ∃B > 0 ∀x ∈ I x > B =⇒ |f(x)− ℓ| < ϵ.

	tk�¤

lim
x→+∞

f(x) = ℓ ¤� lim
+∞

f = ℓ.
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� C�rmtF³� .4.2

 A� �Ð� +∞ dn� +∞ T§Ahn�� �bq� f T��d��  � �wq�¤ (2

∀A > 0 ∃B > 0 ∀x ∈ I x > B =⇒ f(x) > A.

	tk�¤

lim
x→+∞

f(x) = +∞.

.]−∞, a[ �kK�� �� T�wm�� Yl� T�r`� T��d�� 
�A� Ð� −∞ dn� T§Ahn�� �r`� Tq§rW�� Hfn�

.

�A§Ahn�� Yl� �Aylm`�� 2.3.2

.x0 = ±∞ �y� x0 TWqn�� �kt� . g¤ f �yt��d�� �kt�

 A� �Ð� : 1 TyS�

lim
x0

f = ℓ ∈ R ¤ lim
x0

g = ℓ′ ∈ R

:  ��

lim
x0

(λ · f) = λ · ℓ  �� λ ∈ R �� ��� �� •

lim
x0

(f + g) = ℓ+ ℓ′ •

lim
x0

(f · g) = ℓ · ℓ′ •

lim
x0

1

f
=

1

ℓ
¢n�¤ ,ℓ ̸= 0  A� �Ð� •

.lim
x0

1

f
= 0  �� (−∞ ¤�) lim

x0

f = +∞ AS§�  A� �Ð�

C�rmtF³� 4.2

TWq� dn� C�rmtF³� 1.4.2
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C�rmtF³� .4.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

�A�m�� �� TWq� x0 ∈ R �kt�¤ .R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt� : 1.4.2 �§r`�

.I

: ¨l§A� �q�� �Ð� x0 TWqn�� dn� ­rmts� f T��d��  � �wq�

∀ϵ > 0, ∃δ > 0, ∀x ∈ I, |x− x0| < δ =⇒ |f(x)− f(x0)| < ϵ.

	tk�¤

lim
x→x0

f (x) = f (x0) .

x

y

x0

f(x0)
ϵ

ϵ

δ

 ± x0 = 0 TWqn�� dn� ­rmts� f(x) = ex T��d�� : 1 �A��

lim
x→x0

f (x) = lim
x→0

ex = e0 = 1 = f(x0).

�A�� Yl� C�rmtF³� 2.4.2

.R �� I �A�m�� Yl� T�r`� T�� f : I → R �kt� : 2.4.2 �§r`�

T�wm�m� z�r� .I �A�m�� ªAq� �ym� Yl� ­rmts� 
�A��Ð� I �A�m�� Yl� ­rmts� f T��d��  � �wq�

. C (I) z�r�A� I �A�� Yl� ­rmtsm�� ��¤d��
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��C�rmtF³� .4.2

TWFwtm�� �yq�� T§r\�

­rmtsm�� f : [a, b] → R T��d�� �kt� ]Théorème des valeurs intermédiaires[ : 1.4.2 T§r\�

d�w§ ¢��� f(b) ¤ f(a) �y� CwO�� y ¨qyq�  d� �� ��� �� ¢n�¤ . [a, b] Tmyqtsm�� T`Wq�� Yl�

.f(c) = y �y� c ∈ [a, b] ¨qyq�  d�

�k� �� �Ð� ,«r�� Ty�A� �� .A¾d§r� ­C¤rS�A� Hy� c ¨qyq���  d`�A��� , (rs§±� �kK�� ¨�)

.(�ymy�� Yl� �kK��) T�y�} T§r\n�� d`� �l� ,­rmts� T��d��

x

y

a

f(a)

b

f(b)

y

c1 c2 c3
x

y

a
f(a)

b

f(b)

y

C�rmtF³A�  �dt�³� 3.4.2

.T�� f : I{x0} → R ¤ I �� TWqn�� x0 �kt� ¤ I �A�m�� �ky� : 3.4.2 �§r`�

dn� Tyhtn� T§Ah� �bq� f 
�A� �Ð� x0 TWqn�� dn� C�rmtF³A� d§dmtl� Tl�A� f T��d��  � �wq� (1

:	tk�¤ .x0

ℓ = lim
x0

f.

x ∈ I �� ��� �� f̃ : I → R z�r�A� Ah� z�r� ¨t�� T��d�� Ahny� �r`� (2

f̃(x) =

f(x)  A� �Ð� x ̸= x0

ℓ  A� �Ð� x = x0.

.x0 TWqn�� dn� C�rmtF³A� f T��d�� d§dm� Yms�¤ x0 TWqn�� dn� ­rmts� f̃ T��d�� ¢n�¤
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C�rmtF³� .4.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

x

y

x0

ℓ

¨l§ Am� R∗ T�wm�m�� Yl� T�r`m�� T��d�� �kt� : 2 �A��

f(x) = x sin

(
1

x

)
.

? 0 dn� C�rmtF³A� d§dmt�� �bq� f �¡

d§dmtl� Tl�A� Ah�� ©� .0 dn� 0 þ� �¤¥� f  � �tnts� ,|f(x)| ≤ |x|  �� x ∈ R∗ �� ��� �� An§d�

:¨l§ Am� R Yl� T�r`m�� f̃ T��d�� w¡ A¡d§dm�¤ 0 dn� C�rmtF³A�

f̃(x) =

x sin
(
1
x

)
 A� �Ð� x ̸= 0

0  A� �Ð� x = 0.

−2 −1.5 −1 −0.5 0.5 1 1.5 2

−0.5

0.5

1

x

x sin(1/x)
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� �AqtJ³� �y��w� ¤ �tKm�� .5.2

­rmtsm�� ��¤d�� Yl� �Aylm`�� 4.4.2

.�A§Ahn�� Yl� Tl�Amm�� A§ASql� T§Cw� �¶At� ¨¡ T§C�rmtF¯� Yl� Ty�¤±� �Aylm`��

¢n�¤ .x0 ∈ I TWqn�� �kt� f, g : I → R �yt��d�� �kt� : 1 TyS�

,(λ ∈ R �� ��� ��) x0 dn� ­rmts� λ · f •

,x0 dn� ­rmts� f + g •

,x0 dn� ­rmts� f · g •

.x0 dn� ­rmts�
1
f
¢n�¤ ,f(x0) ̸= 0  A� �Ð� •

TWqn�� dn� ­rmts� f 
�A� �Ð� .f(I) ⊂ J �y� �yt�� g : J → R ¤ f : I → R �kt� : 2 TyS�

.x0 TWqn�� dn� ­rmts� g ◦ f 	y�r� T��d��  �� f(x0) TWqn�� dn� ­rmts� g 
�A� �Ð� ¤ x0 ∈ I

�AqtJ³� �y��w� ¤ �tKm�� 5.2

TWq� ¨� �tKm�� 1.5.2

.x0 ∈ I �kt�¤ .T�� f : I → R ¤ R �� �wtf� �A�� I �ky�

d§�zt�� Tbs� 
�A� �Ð� x0 TWqn�� dn� �AqtJ²� Tl�A� f T��d��  � �wq� : 1.5.2 �§r`�

f(x)− f(x0)

x− x0

.x0 Tmyql� �¤¥§ x Am� Tt�A� T§Ah� �bq�

.f ′(x0) z�r�A� ¢� z�r� ¤ x0 Tmyq�� dn� f T��dl� �tKm�� Tmy� ¤� �tKm��  d`�� T§Ahn�� ¢t¡ Yms�

­rks� rSy� dm�� T`�A� ¨�db�  Ahy� - ¨my¡�r� �y¡�r��



�AqtJ³� �y��w� ¤ �tKm�� .5.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

	tk�¤

f ′(x0) = lim
x→x0

f(x)− f(x0)

x− x0

.

.

�� Yl� �AqtJ²� Tl�A� 
�A� �Ð� I �A�m�� Yl� �AqtJ²� Tl�A� f T��d��  � �wq� : 2.5.2 �§r`�

.x0 ∈ I TWq�

.
df
dx

¤� f ′ z�r�A� Ah� z�r� �tKm�� T�� Yms� x 7→ f ′(x) T��d��

:An§d�¤ .x0 ∈ R TWq� �� dn� �AqtJ²� Tl�A� f(x) = x2 T�r`m�� T��d�� : 1 �A��

f(x)− f(x0)

x− x0

=
x2 − x2

0

x− x0

=
(x− x0)(x+ x0)

x− x0

= x+ x0 −−−→
x→x0

2x0.

.f ′(x) = 2x : T�At� Annkm§ AS§� ¤� ,2x0 w¡ x0 dn� f T��dl� �tKm��  d`��  � Antb�� ¢�� Yt�

�tKml� ¨Fdnh�� rysft�� 2.5.2

Tmyq�� ¢y�w� ��A`� ¢� (x, f(x)) ¤ (x0, f(x0)) ­zym� ªAq� rb� rm§ ©@�� �yqtsm�� X���

.f ′(x0) Tmyq�� w¡ �\�� ¢y�w� ��A`�  � d�� T§Ahn�� ¨� .
f(x)−f(x0)

x−x0

¨¡ (x0, f(x0)) TWqn�� ¨� xAmm�� T� A`�

y = (x− x0)f
′(x0) + f(x0).

M0

x0 x

M

: �� T�� f �kt� : 1 TyS�
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� �AqtJ³� �y��w� ¤ �tKm�� .5.2

T�Ahn�� 
�A� �Ð� Xq�¤ �Ð� x0 dn� �AqtJ²� Tl�A� f •

lim
h→0

f(x0 + h)− f(x0)

h

.Tyhtn�¤ ­ w�w�

ϵ : I → R T�� ¤ (f ′(x0) ©¤As§ ©@��) ℓ ∈ R d�¤ �Ð� Xq�¤ �Ð� x0 dn� �AqtJ²� Tl�A� f •
�� ϵ(x) −−−→

x→x0

0 �y�

f(x) = f(x0) + (x− x0)ℓ+ (x− x0)ϵ(x).

.T�� f : I → R �kt�¤ x0 ∈ I ¤ �wtfm�� I �A�m�� �ky� : 2 TyS�

.x0 dn� ­rmts� f  �� x0 dn� �AqtJ²� Tl�A� f 
�A� �Ð� •

.I Yl� ­rmts� f  �� I Yl� �AqtJ²� Tl�A� f 
�A� �Ð� •

T��d�� �tK� 	s�� .c Tmyq�� @��� ¨t�� f Tt�A��� T��d�� �kt�¤ .
�A� ¨qyq� d� c �ky� : 2 �A��

:Tt�A���

∀x ∈ R,∀h ∈ R∗,
f(x+ h)− f(x)

h
=

c− c

h
= 0

:¢n�¤

∀x ∈ R, f ′(x) = lim
h→0

f(x+ h)− f(x)

h
= 0.

.�¤d`� Tt�A��� T��d�� �tK�  �� ¨�At�A�¤

¢nk�¤ 0 ¨� rmts� f(x) = |x| TqlWm�� Tmyq�� T�� , �A�m�� �ybF Yl� :¸VA� Hk`�� : 1 T\�®�

.0 dn� �AqtJ³� Tl�A� ry�
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�AqtJ³� �y��w� ¤ �tKm�� .5.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

x

y

1

0 1

y = |x|

: �q�§ x0 = 0 dn� ­ A§z�� �d`�  �� ,�`f�A�¤

f(x)− f(0)

x− 0
=

|x|
x

=

+1  A� �Ð� x > 0

−1  A� �Ð� x < 0
.

�tKm�� 
As� 3.5.2

:An§d� x ∈ I �� ��� �� ¢n�¤ .I �A�m�� Yl� �AqtJ²� �ytl�A� �yt�� f, g : I → R �kt� : 3 TyS�

(f + g)′(x) = f ′(x) + g′(x) •


�A� ¨qyq�  d� λ �y� (λf)′(x) = λf ′(x) •

(f · g)′(x) = f ′(x)g(x) + f(x)g′(x) •

(f(x) ̸= 0  A� �Ð�)

(
1
f

)′
(x) = − f ′(x)

f(x)2
•

(g(x) ̸= 0  A� �Ð�)

(
f

g

)′

(x) =
f ′(x)g(x)− f(x)g′(x)

g(x)2
•

:Ty�At�� ­�¤Asm�� ^f� �hF±� �� : 2 T\�®�

(f + g)′ = f ′ + g′ (λf)′ = λf ′ (f · g)′ = f ′g + fg′

(
1

f

)′

= − f ′

f 2
,

(
f

g

)′

=
f ′g − fg′

g2
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� �AqtJ³� �y��w� ¤ �tKm�� .5.2

(
f−1
)′
=

1

f ′ ◦ f−1
.

	y�rt��  �� f(x) dn� �AqtJ²� Tl�A� T�� g ¤ x dn� �AqtJ²� Tl�A� T�� f 
�A� �Ð� : 4 TyS�

:�kK�� �� AhqtK�¤ x dn� �AqtJ²� Tl�A� T�� g ◦ f

(
g ◦ f

)′
(x) = g′

(
f(x)

)
· f ′(x).

T�w��m�� ��¤d�� {`� �tK�

.ry�t� x , Aht�r`� 	�§ ¨t�� Tysy¶r�� �yOl� P�l� w¡ CAsy�� Yl�  w�wm�� �¤d���

.x 7→ u(x) TfyZ¤ ��m§ u , 	y��rt�� �¤d� w¡ �ymy�� Yl�  w�wm�� �¤d���

T��d�� �tKm��

un nu′un−1 (n ∈ Z)

1
u

− u′

u2

√
u 1

2
u′
√
u

uα αu′uα−1 (α ∈ R)

eu u′eu

lnu u′

u

cosu −u′ sinu

sinu u′ cosu

tanu u′(1 + tan2 u) = u′

cos2 u

T��d�� �tKm��

xn nxn−1 (n ∈ Z)

1
x

− 1
x2

√
x 1

2
1√
x

xα αxα−1 (α ∈ R)

ex ex

lnx 1
x

cosx − sinx

sinx cosx

tanx 1 + tan2 x = 1
cos2 x
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�AqtJ³� �y��w� ¤ �tKm�� .5.2¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

�� f(x) = 1 + x2 ¤ g′(x) = 1
x
�� g(x) = ln(x) An§d� .ln(1 + x2) T��d�� �tK� 	s�n� : 3 �A��

w¡ ln(1 + x2) = g ◦ f(x) 	y�rt�� �tK� ¢n� ¤ .f ′(x) = 2x

(
g ◦ f

)′
(x) = g′

(
f(x)

)
· f ′(x) = g′

(
1 + x2

)
· 2x =

2x

1 + x2
.

Ty��wtm�� �AqtKm�� 4.5.2

f ′ : I → R TqtKm�� T��d�� 
�A� �Ð� .AhqtK� f ′
�ky�¤ �AqtJ²� Tl�A� T�� f : I → R �kt�

: T�A� TfO� .f T��dl� ¨�A��� �tKm�� f ′′ = (f ′)′  �� �AqtJ²� Tl�A� T�� AS§�

f (0) = f, f (1) = f ′, f (2) = f ′′
....¤ f (n+1) =

(
f (n)

)′
.­r� n �AqtJ²� Tl�A� f �wq� , w�w� n T�Cd�� �� f (n)

�tKm��  A� �Ð�

]ztynby� T�®�[ : 1.5.2 T§r\�

(f✕g)(n) = f (n)✕g + C1
nf

(n−1)✕g(1) + · · ·+ Ck
n f (n−k)✕g(k) + · · ·+ f✕g(n)

: «r�� ­CAb`�¤(
f✕g

)(n)
=

n∑
k=0

Ck
n f (n−k)✕g(k).

: An§d� n = 0 ��� �� :zynby� T�y} T�} ���rt�A� �¡rbn�

(f✕g)(0)(x) = (f · g)(x) =
0∑

k=0

Ck
0 f

(k)(x)g(0−k)(x) = f (x) g (x)

: � |rf� .n = 0 ��� �� T�y�} Ty}A���  Ð�

(f✕g)(n)(x) =
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x)

:  � �ybn�¤

(f✕g)(n+1)(x) =
n+1∑
k=0

Ck
n+1f

(k)(x)g(n+1−k)(x)
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of���AqtJ³� �y��w� ¤ �tKm�� .5.2

: An§d�

(f✕g)(n+1)(x) = ((f✕g)(n))
′
(x).

:  Ð�

(f✕g)(n+1)(x) =

(
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x)

)′

: ¨�At�A�¤

(f✕g)(n+1)(x) =
n∑

k=0

Ck
n

(
f (k+1)(x)g(n−k)(x) + f (k)(x)g(n+1−k)(x)

)
:  Ð�

(f✕g)(n+1)(x) =
n∑

k=0

Ck
nf

(k+1)(x)g(n−k)(x) +
n∑

k=0

Ck
nf

(k)(x)g(n+1−k)(x).

p = k + 1 : �¤±� �wm�m�� ¨� ry�tm�� ryy�t� �wq�

n∑
k=0

Ck
nf

(k+1)(x)g(n−k)(x) =
n+1∑
p=1

Cp−1
n f (p)(x)g(n+1−p)(x)

: ¨�At�A�¤

(f✕g)(n+1)(x) =
n+1∑
k=1

Ck−1
n f (k)(x)g(n+1−k)(x) +

n∑
k=0

Ck
nf

(k)(x)g(n+1−k)(x)

:  Ð�

(f✕g)(n+1)(x) =

(
n∑

k=1

(Ck−1
n + Ck

n)✕
(
f (k)(x) g(n+1−k)(x)

))
+Cn

nf
(n+1)(x)g(0)(x) + C0

nf
(0)(x)g(n+1)(x)

:  Ð� Cn
n = C0

n = 1 ¤ Ck−1
n + Ck

n = Ck
n+1 :  � ^�¯

(f✕g)(n+1)(x) =

(
n∑

k=1

Ck
n+1f

(k)(x)g(n+1−k)(x)

)
+ f (n+1)(x)g(0)(x) + f (0)(x)g(n+1)(x)

: �wm�m�� ¨� �§ry�±� �§d��� �A� � Annkm§ ¢�� ^�¯

C0
n+1f

(0)(x)g(n+1−0)(x) = f (0)(x) g(n+1)(x)

¤

Cn+1
n+1f

(n+1)g(n+1−(n+1))(x) = f (n+1)(x)g(0)(x)
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Ah�wlq� ¤ Ty�l�m�� ��¤d�� .6.2¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

:  Ð�

(f✕g)(n+1)(x) =
n+1∑
k=0

Ck
n+1f

(k)(x)g(n+1−k)(x)

: An§d� ��rt�A�  A¡rb�� 	s�  Ð�

(∀n ∈ N, n ≤ p)(∀x ∈ I) : (f✕g)(n)(x) =
n∑

k=0

Ck
nf

(k)(x)g(n−k)(x).

Ah�wlq� ¤ Ty�l�m�� ��¤d�� 6.2

	�t�� xw� T��d�� ¤ 	�� T��d�� 1.6.2

:�y� cosinus z�r�A� Ah� z�r� ¨t�� 	�� T��d�� �kt�

cos : R → [−1, 1]

x 7→ cosx,

T��d��  wk� ,�A�m�� £@¡ ¨� .[0, π] �A�m�� Yl� A¡@�� ¨fk§ T��d�� £@¡ �� ��Aq� Yl� �wO�l�

:CAOt�³�  �� ¨�At�A�¤ ,A�Am� TO�Ant�¤ ­rmts� 	��

cos : [0, π] → [−1, 1]

:	tk�¤ arccosinus 	�t�� xw� Y�d� Tyl�Aqt�� Tysk`�� ¢t�� ¤ .��Aq� w¡

arccos : [−1, 1] → [0, π]

x

y

cosx

0 π 2ππ
2

−π −π
2

+1

−1

x

y

arccosx

0 1−1

π

π
2
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��Ah�wlq� ¤ Ty�l�m�� ��¤d�� .6.2

: ¨sk`�� ��Aqt�� �§r`� �®� �� ,An§d� ��@�

cos
(
arccos(x)

)
= x ∀x ∈ [−1, 1]

arccos
(
cos(x)

)
= x ∀x ∈ [0, π]

:«r�� ��CAb`�

cos(x) = y ⇐⇒ x = arccos y x ∈ [0, π]  A� �Ð�

:w¡ Tysk`�� T��d�� �tK�  ��

arccos′(x) =
−1√
1− x2

, ∀x ∈]− 1, 1[

	��� xw� T��d�� ¤ 	� T��d�� 2.6.2

�r`m�� [−π
2
,+π

2
] �A�m�� Yl� 	� T��d�� CAOt��

sin : [−π
2
,+π

2
] → [−1, 1]

:�y� arcsinus z�r�A� ¢� z�r�¤ 	��� xw� Y�d§ ¨sk`�� Ahl�Aq� .Tyl�Aq� T�� w¡

arcsin : [−1, 1] → [−π
2
,+π

2
]

x

y sinx

0 π 2ππ
2

−π −π
2

+1

−1

x

y

arcsinx

0 1−1

π
2

−π
2
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Ah�wlq� ¤ Ty�l�m�� ��¤d�� .6.2¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

:An§d�¤

sin
(
arcsin(x)

)
= x ∀x ∈ [−1, 1]

arcsin
(
sin(x)

)
= x ∀x ∈ [−π

2
,+π

2
]

sin(x) = y ⇐⇒ x = arcsin y, x ∈ [−π

2
,+

π

2
]  A� �Ð�

:w¡ Tysk`�� T��d�� �tK�  ��

arcsin′(x) =
1√

1− x2
∀x ∈]− 1, 1[

�S�� xw� T��d�� ¤ �R T��d�� 3.6.2

]− π
2
,+π

2
[ �A�m�� Yl� �R T��d�� CAOt��

tan :]− π
2
,+π

2
[→ R

: �y� arctangentez�r�A� ¢� z�r�¤ �S�� xwq� ¨sk`�� Ahl�Aq� ¨ms� .Tyl�Aq� T�� w¡

arctan : R →]− π
2
,+π

2
[

x

y tanx

π
2

−π
2

3π
2

π−π

arctanx

0

π
2

−π
2

¨�db�  Ahy� - ¨my¡�r� �y¡�r��­rks� rSy� dm�� T`�A�



¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��Ah�wlq�¤ T§d¶�z�� ��¤d�� .7.2

tan
(
arctan(x)

)
= x ∀x ∈ R

arctan
(
tan(x)

)
= x ∀x ∈]− π

2
,+π

2
[

tan(x) = y ⇐⇒ x = arctan y, x ∈]− π

2
,+

π

2
[  A� �Ð�

:w¡ Tysk`�� T��d�� �tK�  ��

arctan′(x) =
1

1 + x2
, ∀x ∈ R.

Ah�wlq�¤ T§d¶�z�� ��¤d�� 7.2

¤� Ty�l�m�� ��¤dl� Tl�Amm�� ��¤d�� ¨¡ �AyRA§r�� ¨� ­d¶�z�� ��¤d�� ¤� T§d¶�z�� ��¤d��

¨RA§r�� �b� �� ��¤d�� £@¡ �§dq� �� d¶�z�� �Wq�� T�� �� TqtK� ��¤ Ah�± .T§r¶�d��

.Aq�¯ �ybtyF Am� Ty�l�m�� ��¤d�A� �d� ThybJ Q�w� Ah� ¤ �rb�¯ �rn¡  A¡w� ©rs§ws��

Ah�wlq�¤ ©d¶�z�� �Amt�� 	y� T�� 1.7.2

:T�r`m�� T��d�� ¨¡ cosinus hyperbolique ©d¶�z�� �Amt�� 	y� T��d�� ,x ∈ R ��� ��

coshx =
ex + e−x

2
.

:	tk� �y� [0,+∞[ �A�m�� Yl� A¡CAOt��

cosh : [0,+∞[→ [1,+∞[

�y� Argch z�r�A� ¨sk`�� Ahl�Aqt� z�r� .Tyl�Aq� T�� Ahn� �`�§

Argch : [1,+∞[→ [0,+∞[.
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Ah�wlq�¤ T§d¶�z�� ��¤d�� .7.2¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

x

y
coshx

Argchx
1

10

Ah�wlq�¤ ©d¶�z�� 	y��� T�� 2.7.2

: z�r�A� Ah� z�r� ¨t�� sinus hyperbolique ©d¶�z�� 	y��� T�� x ∈ R �� ��� ��

sinhx =
ex − e−x

2
,

:¨l§A� �q�� A�Am� ­d§�zt�¤ �AqtJ²� Tl�A� ,­rmts� T�� ¨¡ sinh : R → R

lim
x→−∞

sinhx = −∞

¤

lim
x→+∞

sinhx = +∞,

:w¡ ¨sk`�� Ahl�Aq�¤ .Tyl�Aq� T�� Ah�� ¨n`§ �@¡

Argsh : R → R.
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��Ah�wlq�¤ T§d¶�z�� ��¤d�� .7.2

x

y

sinhx

Argshx

1

10

cosh2 x− sinh2 x = 1 • : 1 TyS�

sinh′ x = coshx ¤ cosh′ x = sinhx •

.­rmts� ¤ A�Am� ­d§�zt� T�� Argsh : R → R •

.Argsh′x = 1√
x2+1

:�y� �AqtJ²� Tl�A� T�� Argsh •

Argshx = ln
(
x+

√
x2 + 1

)
. •

Ah�wlq�¤ ©d¶�z�� �\�� T�� 3.7.2

:z�r�A� Ah�z�r� ¨t�� tangente hyperbolique ©d¶�z�� �\�� T�� ,�§r`t�A�

tanhx =
sinhx

coshx

:z�r�A� ¨sk`�� Ahl�Aqt� z�r� ,Tyl�Aq�¤ tanh : R →]− 1, 1[ T�r`� T�� ¨¡

Argth :]− 1, 1[→ R.
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Ah�wlq�¤ T§d¶�z�� ��¤d�� .7.2¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

x

y

tanhx

Argthx

1

−1

0

T§d¶�z�� ��¤dl� Ty�l�m�� �A�®`�� 4.7.2

(1

cosh2 x− sinh2 x = 1

(2

cosh(a+ b) = cosh a · cosh b+ sinh a · sinh b

cosh(2a) = cosh2 a+ sinh2 a = 2 cosh2 a− 1

= 1 + 2 sinh2 a

(3

sinh(a+ b) = sinh a · cosh b+ sinh b · cosh a

sinh(2a) = 2 sinh a · cosh a

(4

tanh(a+ b) =
tanh a+ tanh b

1 + tanh a · tanh b
T§d¶�z�� ��¤d�� �tK� (5

cosh′ x = sinhx.

sinh′ x = coshx.

tanh′2 x =
1

cosh2 x
.
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of�� ¤d�m�� rKn�� .8.2

T§d¶�z�� ��¤d�� 
wlq� ��¤d�� �tK� (6

Argch′x =
1√

x2 − 1
, (x > 1)

Argsh′x =
1√

x2 + 1
,

Argth′x =
1

1− x2
, (|x| < 1)

(7

Argchx = ln
(
x+

√
x2 − 1

)
, (x ≥ 1)

Argshx = ln
(
x+

√
x2 + 1

)
, (x ∈ R)

Argthx =
1

2
ln

(
1 + x

1− x

)
, (−1 < x < 1)

 ¤d�m�� rKn�� 8.2

x = 0 TWqn�� �w� f(x) = expx T��d�� �wlF �� ­rk� ºAW�� �km§ .TyF±� T��d�� �A�� @���

.�yqts� X�� ¨�Ayb�� �Fr�� 	§rqt� Anm� dq� .y = 1 + x ¢t� A`�  wk� ©@�� , AhlZ TWF�w�

T��dl� ¨�Ayb�� �Fr�� ,y = c0 + c1x + c2x
2
T� A`m�� ®�� @��� , �S�� 	§rq� d��  � A� C� �Ð�

­zym� Ty}A� Ah� T� A`m�� £@¡ .y = 1 + x + 1
2
x2

T� A`m�� ��� w¡ x = 0 TWqn�� C�w� ¨� f

�Wq�� T� A`� Yl� r�`� .g′′(0) = 0 ¤ g′(0) = 0 , g(0) = 0 �� g(x) = expx−
(
1 + x+ 1

2
x2
)
¨¡

.f T��dl� 2 T�Cd�� �� 	§rq� d�� ¨n`§ ¸�Akm��

... T`��r��¤ T��A��� T�Cd�� �Am`tFA� 	§rqt�A� rmtsns� ,T� r���  wk�  � A� C� �Ð� �bW�A�
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 ¤d�m�� rKn�� .8.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

x

y

1

0 1

y = ex

y = 1 + x

y = 1 + x+ x2

2

y = 1 + x+ x2

2
+ x3

6

¨t�� ,T�� ©± Tbsn�A� n T�Cd�� ��  ¤d��� ry�� Yl� ��b� �wF ,�Of�� �� ºz��� �@¡ ¨�

 wk� A� Ab�A�) x Tt�A��� TWqn�� C�w� ¨� Xq� T��A} �¶Atn�� .�S�� �kK� T��d�� �� 
rtq�

r\n�� �� ¨t�� TWqn�� dn� Ty�Attm�� �AqtKm�� �� �@¡  ¤d��� ry�� 
As� �tyF .(0 C�w��

.Ahy�

Cwl§A� �y} 1.8.2

,1712 �A� A¡�K�� ©@�� Cwl§A� �¤r� �AyRA§r�� ��A� �F� Yl� 
ymF ¨t�� ,Cwl§A� T�y} �ms�

¢�®�A`� dmt`� ©@�� , ¤d� ry�� TWF�w� TWq� C�w�� ��r� ­d� �RAftl� Tl�A� T�� 	§rqt�

.TWqn�� £@¡ ¨� T��d�� �AqtK� Yl� Xq�

An§d� ¢n� ¤ x0, x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt� : 1.8.2 T§r\�

f(x) = f(x0) +
(x− x0)

1!
f ′(x0) +

(x− x0)
2

2!
f ′′(x0) + . . .

+
(x− x0)

n

n!
f (n)(x0) + (x− x0)

nε(x− x0)

�y�

lim
x→x0

ε(x− x0) = 0.
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¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��  ¤d�m�� rKn�� .8.2

:¨l§ Am� T�r`m�� f T��d�� �kt� : 1 �A��

f :]− 1,+∞[ → R
x 7→ ln(1 + x)

T�®��� 	��rm�� �� 0 TWqn�� ¨� Cwl§A� �y} 
As�� �wqnF ,��rm�� �� T§Ah�¯A� �AqtJ²� ��A�

f ′′(x) = − 1
(1+x)2

	s�� A¡d`� .f ′(0) = 1 d�� f ′(x) = 1
1+x

	s�� �� .f(0) = 0 :An§d� .Y�¤±�

.f (3)(0) = 2 d��¤ f (3)(x) = 2
(1+x)3

	s�� �ry��¤ .f ′′(0) = −1 d��

: � ���rt�A� 
b��  � �yWts�

f (n)(x) =
(−1)n−1(n− 1)!

(1 + x)n

: Tmyq�� 
As� �km§ �y�

f (n)(0) = (−1)n−1(n− 1)!.

: An§d� n > 0 ��� �� ¨�At�A�¤

f (n)(0)

n!
xn =

(−1)n−1(n− 1)!

n!
xn =

(−1)n−1

n
xn.

w¡ 0 TWqn�� ¨� f T��dl� Cwl§At�  ¤d��� ry�� ,T�A� TfO�

Pn(x) =
n∑

k=1

(−1)k−1xk

k
= x− x2

2
+

x3

3
− · · ·+ (−1)n−1xn

n
.

:Cwl§At�  ¤d� ��ry�� �®� �¤� ¨l§ Amy�

P1(x) = x,

P2(x) = x− x2

2
,

P3(x) = x− x2

2
+

x3

3
.

�� r���� r��� P3 ¤ P2 ¤ P1  ¤d��� ��ry�k� Ty�Ayb�� �wFr�� 
rtq� ,¢lfF� ¨�Ayb�� �Fr�� ¨�

.0 C�w� ¨� Xq� �@¡¤ f þ� ¨�Ayb�� �Fr��
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 ¤d�m�� rKn�� .8.2 ¨qyq��� ry�tm�� ��Ð Tyqyq��� ��¤d�� : ¨�A��� �Of��

x

y

0

1

y = ln(1 + x)

y = x

y = x− x2

2

y = x− x2

2
+ x3

3

 �Cw� - �A� �y} 2.8.2

�ybWt� An§d� ¢n� ¤ x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt� : 2.8.2 T§r\�

: �Cw� - �A� T�y} d�� x0 = 0 TWqn�� ¨� Cwl§A� T�y}

f(x) = f(0) +
x

1!
f ′(0) +

x2

2!
f ′′(0) + . . .+

xn

n!
f (n)(0) +

xn

n!
ε(x)

: 2 �A��

1) cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ . . .+ (−1)n

x2n

(2n)!
+ x2n+1ε(x)

2) sinx = x− x3

3!
+

x5

5!
+ . . .+ (−1)n

x2n+1

(2n+ 1)!
+ x2n+2ε(x)

3)(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + . . .+

α(α− 1) . . . (α− n+ 1)

n!
xn + xnε(x)

3.1) α = −1 =⇒ 1

1 + x
= 1− x+ x2 + . . .+ (−1)nxn + xnε(n)

3.2) α = −1

2
=⇒ 1√

1 + x
= 1− 1

2
x+

3

8
x2 + . . .+ (−1)n

1 ∗ 3 ∗ 5 . . . (2n− 1)

2 ∗ 4 ∗ 6 . . . 2n
xn + xnε(x)

4)ex = 1 +
x

1!
+

x2

2!
+ . . .+

xn

n!
+ xnε(x)
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5) ln(1 + x) = x− x2

2
+

x3

3
+ . . .+ (−1)n−1x

n

n
+ xnε(x)

T�w��m�� ��¤d�� {`b�  ¤d�m�� rKn�� 3.8.2

ex = 1 + x+
x2

2!
+

x3

3!
+

x4

4!
+ o(x4) ⋆

1

1− x
= 1 + x+ x2 + ...+ xn + o(xn) ⋆

ch(x) = 1 +
x2

2!
+

x4

4!
+ ...+

x2n

2n!
+ o(x2n+1) ⋆

sh(x) = 1 +
x3

3!
+

x5

5!
+ ...+

x2n+1

(2n+ 1)!
+ o(x2n+1) ⋆

 ¤d�m�� rKn�� Yl� �Aylm� 4.8.2

¨� A� T��d�  ¤d�m�� rK� ry��  � �km§ ¢��  �Cw� - �A� T�y}¤ Cwl§AV T�y} �� Aq�AF An§�C

 ¤d�m�� rKn�� Yl� �Aylm`�� �rK� �wF �@h�¤ 0 TWqn�� ¨�  ¤d�� rK� Y�� R a ∈ TWqn��

.0 TWqn�� ¨� Xq�

T�Cd�� ��  ¤d�m�� rKn�� 0 C�w� ¨�  ®bq� 0 dn� �yt�r`� �yt�� g ¤ f �kt�¤ .n ∈ N �kt�

:�y� n

f(x) = p0 + p1x+ · · ·+ pnx
n + xnϵ1(x)

= Pn (x) + xnϵ1(x)

¤

g(x) = q0 + q1x+ · · ·+ qnx
n + xnϵ2(x)

= Qn (x) + xnϵ2(x)

�yt��dl�  ¤d��� ©rK� �wm�� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ f + g • : 1 TyS�

:g ¤ f

(f + g)(x) = f(x) + g(x) = Pn (x) +Qn (x) + xnϵ(x).
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ºAq�³� �� g ¤ f �yt��dl�  ¤d��� ©rK� º�d� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ fg •
:n ©¤As� ¤� �� ��� T�Cd�� ��Ð  ¤d��� Yl� ¯�

(f · g)(x) = f(x) · g(x) = Tn(x) + xnϵ(x)

.n T�Cd�� dn� ��wtm�� Pn (x) ·Qn (x)  ¤d��� ry�� Tn(x) �y�

�y� n T�Cd�� �� 0 dn�  ¤d�� rK� �bq� f ◦ g T��d��  �� (q0 = 0 ©�) g(0) = 0 
�A� �Ð� •
.P (Q(x)) 	y�rt�A� �r`� n T�Cd�� dn� ��wtm��  ¤d��� ry�� ºz�

:An§d�  �� q0 ̸= 0  A� �Ð� •

1

g(x)
=

1

q0

1

1 + q1
q0
x+ · · ·+ qn

q0
xn + xnϵ2(x)

q0

.

: 	tk§¤ n+ 1 T�Cd�� �� a dn�  ¤d�� rK� �bq� F  �� f T��dl� Tyl}� T�� F 
�A� �Ð� •

F (x) = Pn+1(x− a) + (x− a)n+1η(x)

.lim
x→a

η(x) = 0 :�y�

.arctan(x) T��dl�  ¤d�m�� rKn�� 
As� : 3 �A��

: � �l`�

arctan′(x) =
1

1 + x2

�S� .

f(x) =
1

1 + x2

:	tk� ¤ F (x) = arctan(x) ¤

arctan′ x =
1

1 + x2
=

n∑
k=0

(−1)kx2k + x2nϵ(x).

: �� arctan(0) = 0  ±¤

arctanx =
n∑

k=0

(−1)k

2k + 1
x2k+1 + x2n+1ϵ(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·
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.5 Tb�r�� �� 0 dn� tanxT��dl�  ¤d�m�� rKn�� • : 4 �A��

¯¤�

sinx = x− x3

6
+

x5

120
+ x5ϵ(x).

«r�� Th� ��

cosx = 1− x2

2
+

x4

24
+ x5ϵ(x) = 1 + u

�S�

u = −x2

2
+

x4

24
+ x5ϵ(x).

: u3 ¤ u2 
As��� ¨� �At��

u2 =

(
−x2

2
+

x4

24
+ x5ϵ(x)

)2

=
x4

4
+ x5ϵ(x)

��

u3 = x5ϵ(x).

:¨�At�A�¤

1

cosx
=

1

1 + u
= 1− u+ u2 − u3 + u3ϵ(u)

= 1 +
x2

2
− x4

24
+

x4

4
+ x5ϵ(x)

= 1 +
x2

2
+

5

24
x4 + x5ϵ(x).

ry�±� ¨�

tanx = sin x · 1

cosx

=
(
x− x3

6
+

x5

120
+ x5ϵ(x)

)
·
(
1 +

x2

2
+

5

24
x4 + x5ϵ(x)

)
= x+

x3

3
+

2

15
x5 + x5ϵ(x).
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.4 Tb�r�� �� 0 dn�
1+x
2+x

T��dl�  ¤d�m�� rKn�� •

1 + x

2 + x
= (1 + x)

1

2

1

1 + x
2

=
1

2
(1 + x)

(
1− x

2
+
(x
2

)2
−
(x
2

)3
+
(x
2

)4
+ o(x4)

)
=

1

2
+

x

4
− x2

8
+

x3

16
− x4

32
+ o(x4)

.3 Tb�r�� �� 0 dn� h(x) = sin
(
ln(1 + x)

)
T��dl�  ¤d�m�� rKn�� 
As� : 5 �A��

:¢n�¤ g(x) = ln(1 + x) ¤ f(u) = sinu �S� •

f ◦ g(x) = sin
(
ln(1 + x)

)
¤ g(0) = 0.

T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •

f(u) = sinu = u− u3

3!
+ u3ϵ1(u)

.0 C�w� ¨� u ��� ��

�S� •

u = g(x) = ln(1 + x) = x− x2

2
+

x3

3
+ x3ϵ2(x)

.0 C�w� ¨� x ��� ��

: u3 ¤ u2 =
(
x− x2

2
+ x3

3
+ x3ϵ2(x)

)2
= x2 − x3 + x3ϵ3(x) :u2 	s�� •

u3 = x3 + x3ϵ4(x).
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:¢n�¤ •

h(x) = f ◦ g(x) = f(u)

= u− u3

3!
+ u3ϵ1(u)

=

(
x− 1

2
x2 +

1

3
x3

)
− 1

6
x3 + x3ϵ(x)

= x− 1

2
x2 +

1

6
x3 + x3ϵ(x).

2 ��C �§CAmt�� TlslF 9.2

.­ w�w� 
�A� �Ð� Ty�At�� �A§Ahn�� 	s�� : 1 �§rm�

1. lim
x→5+

x2 − 11x+ 28

x2 − 25
2. lim

x→5−

x2 − 11x+ 28

x2 − 25

3. lim
x→5+

x2 − 9x+ 20

x2 − 25
4. lim

x→5−

x2 − 9x+ 20

x2 − 25

�þþ���

.�Aqm�� ­CAJ� Y�� £Abt�¯� Anyl� . limx→5x
2 − 25 = 0 ¤ limx→5 x

2 − 11x + 28 = −2 An§d� (1

: �tnts� .limx→5+ x2 − 25 = 0+ ¢n�¤ x2 > 25 An§d� x > 5 ��� ��

lim
x→5+

x2 − 11x+ 28

x2 − 25
= −∞.

:An§d� T�A��� £@¡ ¨� .limx→5− x2 − 25 = 0− : � ^�®� �k� ,Tq§rW�� Hfn� rys� (2

lim
x→5−

x2 − 11x+ 28

x2 − 25
= +∞.

�§rV �� Ahl§znF .0/0 �yy`� �d� T�A� ¨¡ ¨�At�A�¤ ,limx→5 x
2 − 9x + 20 = 0 An§d� (3

:An� �tn§ ¨�At�A�¤ .�rtKm�� C@��� Y�� �Aqm��¤ Xsb�� �yl��

x2 − 25 = (x− 5)(x+ 5)
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