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.­ w�w� 
�A� �Ð� Ty�At�� �A§Ahn�� 	s�� . : 1 �§rm�

1. lim
x→5+

x2 − 11x+ 28

x2 − 25
2. lim

x→5−

x2 − 11x+ 28

x2 − 25

3. lim
x→5+

x2 − 9x+ 20

x2 − 25
4. lim

x→5−

x2 − 9x+ 20

x2 − 25

�þþ���

.�Aqm�� ­CAJ� Y�� £Abt�¯� Anyl� . limx→5x
2 − 25 = 0 ¤ limx→5 x

2 − 11x+ 28 = −2 An§d� (1

: �tnts� .limx→5+ x
2 − 25 = 0+

¢n�¤ x2 > 25 An§d� x > 5 ��� ��

lim
x→5+

x2 − 11x+ 28

x2 − 25
= −∞.

:An§d� T�A��� £@¡ ¨� .limx→5− x
2 − 25 = 0− : � ^�®� �k� ,Tq§rW�� Hfn� rys� (2

lim
x→5−

x2 − 11x+ 28

x2 − 25
= +∞.

�§rV �� Ahl§znF .0/0 �yy`� �d� T�A� ¨¡ ¨�At�A�¤ ,limx→5 x
2 − 9x + 20 = 0 An§d� (3

:An� �tn§ ¨�At�A�¤ .�rtKm�� C@��� Y�� �Aqm��¤ Xsb�� �yl��

x2 − 25 = (x− 5)(x+ 5)

«r�� Ty�A� ��

x2 − 9x+ 20 = (x− 5)(x− 4).

:	tk�  � �yWts�

x2 − 9x+ 16

x2 − 25
=

(x− 5)(x− 4)

(x− 5)(x+ 5)
=
x− 4

x+ 5
.
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:¢yl�¤ ,�yy`t�� �d� T�A� d�w�¯ An¡

lim
x→5

x− 4 = 1 ¤ lim
x→5

x+ 5 = 10.

: � �tnts� ](4[

lim
x→5

x2 − 9x+ 16

x2 − 25
=

1

10
.

.�CAs§ ¤ Anym§ T§Ahn�� TF�Cd� T�A�� Ans�¤

: Ty�At�� �A§Ahn�� 	s�� : 2 �§rm�

1. limx→+∞
√
x+ 4−

√
x− 4 2. limx→+∞

√
x2 − 1− x

�þþ���

:���rm�� ¨� 
rSnF , T�A� �� ¨�

(1

√
x+ 4−

√
x− 4 =

(
√
x+ 4−

√
x− 4)(

√
x+ 4 +

√
x− 4)√

x+ 4 +
√
x− 4

=
(x+ 4)− (x− 4)√
x+ 4 +

√
x− 4

=
8√

x+ 4 +
√
x− 4

.

:An§d� �tn§ ¢n�¤ (�yy`� �d� T�A� 
sy�) +∞ Y�� �Aqm�� �¤¥§

lim
x→+∞

√
x+ 4−

√
x− 4 = 0.

(2

√
x2 − 1− x =

(
√
x2 − 1− x)(

√
x2 − 1 + x)√

x2 − 1 + x

=
x2 − 1− x2√
x2 − 1 + x

=
−1√

x2 − 1 + x
.
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:An§d� �tn§ ¢n�¤ +∞ Y�� �Aqm�� �¤¥§

lim
x→+∞

√
x2 − 1− x = 0.

: Ty�At�� �A§Ahn�� 	s�� : 3 �§rm�

1. lim
x→+∞

e2x − ex 2. lim
x→+∞

e2x + 1

x+ 3

3. lim
x→+∞

xex + 2ex − 5

ex − 3
4. lim

x→+∞

x2 + x sinx

x2 + x cosx
.

�þþ���

: d�� .�rtK� ��A`� e2x �r�� (1

e2x − ex = e2x
(

1− ex

e2x

)
= e2x(1− e−x).

:¢n�¤ limx→+∞ 1− e−x = 1 ¤ limx→+∞ e
2x = +∞ �y� ¨�

lim
x→+∞

e2x − ex = +∞.

:d�� �Aqm�� ¨� x ¤ Xsb�� ¨� �rtK� ��A`� e2x �r�� (2

e2x + 1

x+ 3
=
e2x

x

1 + e−2x

1 + 3
x

.

:An§d� �y� ¨�

lim
x→+∞

1 + e−2x = 1, lim
x→+∞

1 +
3

x
= 1 =⇒ lim

x→+∞

1 + e−2x

1 + 3
x

= 1.

An§d� ,d§�zt�� �®� �� ,«r�� Ty�A� ��

lim
x→+∞

e2x

x
= +∞.

:w¡ �A§Ahn�� 
rR �}A�� �tnts� ,�ry��

lim
x→+∞

e2x + 1

x+ 3
= +∞.
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: d�� �Aqm�� �� ex ¤ Xsb�� �� �rtK� ��A� xex �r�� (3

xex + 2ex − 5

ex − 3
=
xex

ex
·

1 + 2
x
− 5

xex

1− 3e−x
= x ·

1 + 2
x
− 5

xex

1− 3e−x
.

:AnyW`§ limx→+∞ e
−x = 0  ± ,(�yy`� �d� T�A� 
sy�) limx→+∞ xe

x = +∞  ±¤

lim
x→+∞

1 +
2

x
− 5

xex
= 1, lim

x→+∞
1− 3e−x = 1 =⇒ lim

x→+∞

1 + 2
x
− 5

xex

1− 3e−x
= 1.

:  � �yt§Ahn�� 
rR �}A�� �tnts�

lim
x→+∞

xex + 2ex − 5

ex − 3
= +∞.

:d�� �Aqm��¤ Xsb�� �� �rtK� ��A`� x2 �r�� (4

x2 + x sinx

x2 + x cosx
=
x2

x2
·

1 + sinx
x

1 + cosx
x

=
1 + sinx

x

1 + cosx
x

.

:x > 0 �� ��� �� An§d� −1 ≤ sinx ≤ 1  ±

−1

x
≤ sinx

x
≤ 1

x

.limx→+∞
cosx
x

= 0  � Tq§rW�� Hfn� �¡rb� .limx→+∞
sinx
x

= 0 T§r\n�� 	s� ¢n�¤

: d��

lim
x→+∞

x2 + x sinx

x2 + x cosx
=

1

1
= 1.

.1 dn� x3 T��d�� T§Ah� TF�Cd� ,(ε, δ) d�¤� ©� �§r`t�� �Am`tF�� : 4 �§rm�

�þþ���

.(1 ¨¡ T§Ahn��  ±) |x3 − 1| < ε  �� |x− 1| < δ  A� �Ð� ,�y�δ > 0 �� ��b� .ε > 0 @���

�y� δ > 0 �k� .ε ≥ 1 ���w§ δ þ�� Hfn,ε = 1 ��� �� δ d�¤ �Ð�� ε ≤ 1  � |rf�  � �yWts�

 �� ­d§�zt� x3 	`k� T��d��  ±¤ ��rV±� 	y`kt� �wq� 1− δ ≤ x ≤ 1 + δ  �� .|x− 1| < δ

1− 3δ + 3δ2 − δ3 ≤ x3 ≤ 1 + 3δ + 3δ2 + δ3.
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:¸�Ak§ �@¡

−3δ + 3δ2 − δ3 ≤ x3 − 1 ≤ 3δ + 3δ2 + δ3.

�y� δ ∈]0, 1] @���  � ¨fk§

−3δ + 3δ2 − δ3 ≥ −ε

¤

3δ + 3δ2 + δ3 ≤ ε.

¢n�¤ 
�A� c > 0 ¤ δ ≤ cε  � |rf�

3δ + 3δ2 + δ3 = 3cε+ 9c2ε2 + c3ε3 ≤ (3c+ 9c2 + c3)ε

¤ ε ≤ 1  ±

−3δ + 3δ2 − δ3 ≥ −3δ − 3δ2 − δ2 ≥ −(3c+ 9c2 + c3)ε

�ybF Yl� .3c + 9c2 + c3 ≤ 1 �y� c > 0 ¨qyq�  d� d��  � ¨fk§ .�A�As��� Hf� �Ab�A�

 �� δ = ε/100  A� �Ð� ¢�� �¡rb� ε ∈]0, 1] ��� �� .c = 1/100 �A�m��

|x− 1| ≤ δ =⇒ |x3 − 1| ≤ ε.

.1 ©¤As� 1 dn� x3 T§Ah�  � 
b�§ �@¡

: ¨l§Am� R Yl� T�r`m�� g T��d�� �kt� : 5 �§rm�

g(x) =

 1
ln |x|  A� �Ð� x /∈ {0,−1, 1}
0  A� �Ð� x = 0,−1, 1

?­rmts�  wk� g T��d�� ªAqn�� ©� ¨�

�þþ���

�d`n§ ¯ ­rmts� T�� 
wlq� A¡CAbt�A� R\{−1, 0, 1} Yl� ­rmts� T�� ¨¡ g T��d��

 ± .0 dn� g T��d�� T§C�rmtF� xCdn� .Ah�Aq�

lim
x→0

ln |x| = −∞
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:An§d�

lim
x→0

g(x) = lim
X→−∞

1

X
= 0 = g(0).

 ±¤ �� .0 dn� ­rmts� g T��d��

lim
x→1+

ln |x| = 0+

 ��

lim
x→1+

g(x) = lim
X→0+

1

X
= +∞ 6= g(1).

.−1 dn� ­rmts� 
sy� g  � �¡rb� Tq§rW�� Hfn� .1 dn� ­rmts� 
sy� g T��d��

. : 6 �§rm�

¨l§Am� T�r`m�� f : R→ R T��d�� �kt� (1

f(x) =

(ax)2  A� �Ð� x ≤ 1,

a sin(π
2
x)  A� �Ð� x > 1

?­rmts� f T��d��  wk� Yt� a �y� ¨¡A� .¨qyq� 
�A� a ∈ R�y�

: ­rmts� Ty�At�� g : R→ R T��d��  wk� Yt� α, β, γ ∈ R
�A��� �y� �� d�¤� (2

g(x) =


1  A� �Ð� x ≤ 0,

αe−x + βex + γx(ex − e−x)  A� �Ð� 0 < x < 1,

e2−x  A� �Ð� x ≥ 1.

�þþ���

 A� �Ð� Xq�¤ �Ð� ­rmts� f  ± .]−∞; 1[ Yl�¤ ]1; +∞[ �A�m�� Yl� ­rmts� T��d�� .(0)

,Tyt§Ahn�� «¤Ast�  � 	�§ ¤ xtimi� x u� � 1 dn� CAsy�� ��¤ �ymy�� �� T§Ah� �bq§ f

:An§d� �k�

lim
x→1+

f(x) = a sin(π/2) = a ¤ lim
x→1−

f(x) = a2.
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¤� a = 1  A� �Ð� Xq�¤ �Ð� ¨n`§ a2 = a  A� �Ð� Xq�¤ �Ð� 1 dn� ­rmts� f T��d��

.a = 0

CAsy�� Yl� ¤ �ymy�� Yl� T§C�rmtF¯� TF�C Anyl� ­rm�� £@¡ �k� ,º¨K�� Hf� �`f� .(0)

�A�m�� ¤ ] −∞; 0[ �A�m�� Yl� A¡C�rmtF� �R�w�� �� g T��dl� ,1 ¤ 0 �ytWqn�� dn�

:Th� �� An§d�¤ .]1; +∞[ Yl�¤ ]0; 1[

lim
x→0−

g(x) = 1 ¤ lim
x→0+

g(x) = α + β.

:An§d� «r�� Th� ��¤

lim
x→1−

g(x) = αe−1 + βe1 + γ(e1 − e−1) ¤ lim
x→1+

g(x) = e1.

:Ty�At�� Tlm��� �q�� (α, β, γ) Ty�®��� 
�A� �Ð� Xq�¤ �Ð� ­rmts� g T��d�� α + β = 1

e−1α + e1β + (e1 − e−1)γ = e1.

: T·�Akm�� Tlm��� d�� .L2 �� e−1L1 �rW� �A�m�� �ybF Yl�¤ Tlm��� ��� α + β = 1

(e1 − e−1)β + (e1 − e−1)γ = e1 − e−1.

:d�n� Ty�A��� T� A`m�� �� e1 − e−1 Tmyq�� ��zt�� �yWts�

 α + β = 1

β + γ = 1.
⇐⇒


α = γ

β = 1− γ
γ = γ

.{(0, 1, 0) + γ(1,−1, 1) : γ ∈ R} :¨¡ ­rmts� g T��d�� Ahl�� �� ¨t�� �Ay�®��� T�wm��
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: ¨l§Am� R\{−1} Yl� T�r`m�� f T��d�� �kt� : 7 �§rm�

f(x) =
1 + x

x3 + 1
.

.−1 TWqn�� dn� C�rmtF³A� f T��d�� d§dm� Annkm§ ¢�� 
b��

.d§dmt�� �@h� −1 dn� ­Ðw��m�� Tmyq��  d�

�þþ���


As� dn� �yy`� �d� T�A� An§d� ��@� ,−1 Tmyq�� dn� �Aqm��¤ Xsb�� �� �� �d`n§

,�rtKm�� ��A`�� ��r�tF�� rsk�� Xsb� ,�@¡ �yy`t�� �d� T��E³ .−1 dn� f T��d�� T§Ah�

:d��

x3 + 1 = (x+ 1)(x2 − x+ 1)

: T��d�� �bO� ¢n�¤

f(x) =
1

x2 − x+ 1
.

¨�At�A�¤

lim
x→−1

f(x) = 1/3

:�kK�� Yl� 	tk� ­ dmm�� T��d��¤ C�rmtF³A� d§dmtl� Tl�A� T��d��  � �tnts�

f̃(x) =


1 + x

x3 + 1
 A� �Ð� x 6= −1,

1/3  A� �Ð� x = −1.

? 0¨� �AqtJ®� Tl�A� Ty�At�� ��¤d�� �¡ : 8 �§rm�

f(x) =
x

1 + |x|
, g(x) =

 x sin(x) sin(1/x)  A� �Ð� x 6= 0

0  A� �Ð� x = 0.
, h(x) = |x| sinx.

�þþ���
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Tmyq�� dn� T§Ah� �bq� 
�A� �Ð� Amy� ��b�¤ T��dl� d§�zt�� Tbs� 	s�� �§r`t�� 	s�

.0
f(x)− f(0)

x
=

x
1+|x|

x
=

1

1 + |x|
→ 1

:An§d� g T��dl� Tbsn�A� .1 AhqtK�¤ 0 dn� �AqtJ²� Tl�A� T��d�� .x→ 0 A�dn�

g(x)− g(0)

x
= sin(x) sin(1/x).

: � �tnts� | sin(1/x)| ≤ 1 ¤ | sinx| ≤ |x| �m`ts�∣∣∣∣g(x)− g(0)

x

∣∣∣∣ ≤ |x|.
.0 Y�� �¤¥§ x Am� 0 þ� �¤¥� d§�zt�� Tbs� ,T�CAqm�� T§r\� �Am`tF��

:An§d� h ��� �� .g′(0) = 0 �� 0 dn� �AqtJ²� Tl�A� g T��d��

h(x)− h(0)

x
= |x| · sinx

x
.

Tbs� ¢n�¤ 0 Y�� �¤¥§ x Am� 0 Y�� �¤¥§ |x| ¤ 0 Y�� �¤¥§ x Am� 1 þl� �¤¥§ sinx/x  ±

.h′(0) = 0 �y� 0 dn� �AqtJ²� Tl�A� h ¢n�¤ 0 Y�� �¤¥§ x Am� 0 þ� �¤¥� d§�zt��

¨l§ Am� R+ Yl� T�r`m�� f T��d��  wk� �y�� a, b ∈ R d�¤� : 9 �§rm�

f(x) =


√
x  A� �Ð� 0 ≤ x ≤ 1

ax2 + bx+ 1  A� �Ð� x > 1

.1 dn� �AqtJ²� Tl�A�

�þþ���

.1 dn� ­rmts� f T��d��  wkt�� 	�§ ,¯¤�

: An§d�

lim
x
<→1

f (x) = lim
x
<→1

(√
x
)

= 1 = lim
x
>→1

f (x) = a+ b+ 1.

:¢n�¤

a+ b+ 1 = 1 =⇒ b = −a.
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.1 dn� �AqtJ³� Tyl�A� xCdn�

.[0, 1] �A�m�� Yl� x 7→
√
x T��d�� �� ��AWt� f T��d��

.1/2 ¢tmy� ©@��¤ 1  d`�� CAs§ �� �tK� �bq§ f ,x 7→ 1
2
√
x
w¡ x 7→

√
x T��d�� �tK�

¢n�¤ x 7→ ax2 + bx + 1 T��d�� �� [1,+∞[ �A�m�� Yl� ��AWt�f T��d�� «r�� Th� ��

.x 7→ 2ax+ b w¡ AhqtK�

.2a+ b ©¤As§ AhqtK�¤ ,1 dn� �AqtJ²� Tl�A� �Ð� f T��d��

: A� �Ð� Xq�¤ �Ð� 1 dn� �AqtJ²� Tl�A� f T��d�� ,�ry��

lim
x
<→1

f (x)− f (1)

x− 1
= f ′g (1) = lim

x
>→1

f (x)− f (1)

x− 1
= f ′d (1)

⇐⇒ 1

2
= 2a+ b

⇐⇒

 a = 1
2

b = −1
2

: R Yl� Ty�At�� ��¤d�� �AqtJ� Tyl�A� xC � : 10 �§rm�

f(x) =

 x2 sin
(
1
x

)
x 6= 0

0 x = 0
g(x) =

 x3 sin
(
1
x

)
x 6= 0

0 x = 0.

�þþ���

: ± ,0 dn� ­rmts� f  � ^�®�

lim
x→0

f (x) = 0 = f (0)

.R∗ Yl� ruF C1
�nO�� �� ¨¡ f T��d�� «r�� Th� ��

: d§�zt�� Tbs� T§Ah� xCd� �§r`tl� �w�r�A�¤ 0 dn� �AqtJ³� Tyl�A� xCdn�

f(x)− f(0)

x
= x sin

(
1

x

)
−→ 0, x→ 0
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.|x sin
(
1
x

)
| ≤ |x| d�� ¨lfF¤ ©wl� d�  w�¤ ¨� Ty�l�m�� ��¤d�� Q�w� �Sf�

�� f T��d�� 
�A� �Ð� A�  d�� ¨k� .f ′(0) = 0 �� ,0 dn� �AqtJ²� Tl�A� f T��d�� ¨�At�A�¤

.0 dn� �tKm�� T§C�rmtF� TF�C 	�§ ,0 dn� C1
�nO��

:An§d� x 6= 0 ��� �� ,¢yl�¤

f ′(x) = 2x sin

(
1

x

)
− cos

(
1

x

)
.

:¤ 0 Y�� �¤¥§ xn ¢n�¤ xn = 1
2nπ

�S�

f ′(xn) =
1

nπ
sin(2nπ)− cos(2nπ) = −1 6= f ′(0).

.C1
�nO�� �� 
sy� f T��d��  � ©� ,0 dn� rmts� Hy� f ′ :¨�At�A�¤

dn� �AqtJ²� Tl�A� R∗ Yl� C1
�nO�� �� Ah�� �¡rb� ¨k� g T��d�� ��A`� �§rW�� Hfn�

:x 6= 0 ��� �� ,��Ð Yl� T�AR� .g′(0) = 0 �y� 0

g′ (x) = 3x2 sin

(
1

x

)
− x cos

(
1

x

)
:�y�

|g′(x)− g′(x)| ≤ 3 |x|2 + |x|.

.C1
�nO�� �� g ¢n�¤ ,0 dn� rmts� g′  � �d§ �@¡

: Ty�At�� ��¤dl� n T�Cd�� �� �tKm�� 	s�� : 11 �§rm�

1.x 7→ x exp(x) 2.x 7→ x2 sinx

3.x 7→ xn−1 ln(1 + x).

�þþ���

:d�� �AqtJ³� Q�w� �Am`tF��
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f (x) = xex =⇒ f ′ (x) = ex + xex.

g (x) = x2 sinx =⇒ g′ (x) = x2 cosx+ 2x sinx.

h (x) = xn−1 ln(1 + x) =⇒

h′ (x) =
xn−2

x+ 1
(x− ln (x+ 1) + n ln (x+ 1)− x ln (x+ 1) + nx ln (x+ 1)) .

w¡ xne1/x T��dl� n+ 1 T�Cd�� �� �tKm��  � 
b�� .n ∈ N �kt� : 12 �§rm�

(−1)n+1

xn+2
e1/x.

�þþ���

.n Yl� ���rt�A� T�wlWm�� T�®`�� 
b�n� .R∗ Yl� C∞ �nO�� �� T��d��

.n = 0 ��� �� T�y�} Ty}A��� ¢n�¤ .
−1
x2
e1/x w¡ e1/x T��d�� �tK� ,n = 0 ��� �� ,An§d�

: ©� n ��� �� T�y�} T�®`��  � |rf�

(
xn−1e1/x

)(n)
=

(−1)n e1/x

xn+1

�m`ts� �� xxn−1e1/x �kK�� Yl� xne1/x T��d�� 	tk� �@h� .n + 1 ��� �� Aht�} �¡rbn�¤

: �¡rb� ¨k� zynby� T�y}

(
xne1/x

)(n+1)
=

(−1)n+1

xn+2
e

1
x
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:d��

(
xne1/x

)(n+1)
=

(
x
(
xn−1e1/x

))(n+1)
=

n+1∑
k=0

Ck
n · x(k) ·

(
xn−1e1/x

)(n+1−k)

= C0
n · x(0) ·

(
xn−1e1/x

)(n+1−0)
+ C1

n · x(1) ·
(
xn−1e1/x

)(n+1−1)

= 1 · x ·
(
xn−1e1/x

)(n)
+ (n+ 1) ·

(
xn−1e1/x

)(n)
= x ·

(
(−1)n e1/x

xn+1

)′
+ (n+ 1) · (−1)n e1/x

xn+1

= x · (−1)n+1

xn+3
e

1
x (x+ nx+ 1) + (n+ 1) · (−1)n e1/x

xn+1

=
(−1)n+1

xn+2
e

1
x

?¨l�Aq� ,r�A� ,�§Abt� w¡ ¨�At�� �ybWt�� : 13 �§rm�

f : R → R

x → 2x+ 5

�þþ���

f : R → R

x → 2x+ 5

 ± Tn§Abt� f T��d�� •
f(x) = f(y) ⇒ x = y

 ± ­r�A� f •
y = 2x+ 5 ⇒ x =

y − 5

2
∈ R

.x ∈ R dy�¤ �� �bq� Ah�±¤ Tn§Abt�¤ ­r�A� Ah�± Tyl�Aq� f •
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: þ� T�r`m�� T��d�� f �kt� : 14 �§rm�

f(x) =

√
1 + x−

√
1 + x2

x

.f T��dl� Df �§r`t�� T�wm�� d�¤� (1

R? Yl�C�rmtF³A� d§dmtl� Tl�A� ¨¡ �¡ lim
x→0

f(x), 	s�� (2

�þþ���

f(x) =

√
1 + x−

√
1 + x2

x

Df �§r`t�� T�wm�� •

Df = {x 6= 0} ,

Df =
{

1 + x > 0, 1 + x2 > 0
}

=⇒ Df = {x > −1}

=⇒ Df = ]−1, 0[ ∪ ]0,+∞[ .

rsk�� Xsb�¤ ���rm�� ¨� 
rS� T§Ahn�� 
As�� •

√
1 + x−

√
1 + x2

x
=

√
1 + x−

√
1 + x2

x
∗
√

1 + x+
√

1 + x2
√

1 + x+
√

1 + x2

=
1 + x− (1 + x2)

x
(√

1 + x+
√

1 + x2
)

=
x− x2

x
(√

1 + x+
√

1 + x2
)

=
1− x(√

1 + x+
√

1 + x2
)
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=⇒ lim
x→0

f(x) =
1

2

: ¨¡ ­ dmm�� T��d��¤ R Yl� C�rmtF³A� d§dmtl� Tl�A� f

f̃ =


√
1+x−

√
1+x2

x
, x 6= 0,

1
2
, x = 0.
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