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T§rb��� Ynb�� .1.3 Ty�A`K�� ��ºASf�� : ��A��� �Of��

ºz��� ��m§ ¢�� Ð� ,¨W��� rb��� �A§r\� Ahyl� Ynbu� ¨t�� �wOf�� �¡� �� ºz��� �@¡ rbt`§

d`u§ Am� ,�� d�m�� ,�A�wfOm�� ,TyW��� �AqybWt�� ��� ,�y¡Af� �� £d`� ¨��yF Am� ¨FAF±�

.�A�wm�m�� ��As�� xCdl� Tlmk�

T§rb��� Ynb�� 1.3

Tyl��d�� Tylm`�� 1.1.3

. E ̸= ∅ �y�� T�wm�� E �kt� : 1.1.3 �§r`�

Yl� �r`� �ybW� �� (Loi de composition interne) Tyl�� Tylm� ¤� ¨l�� 	y�r�  w�A� ¨ms�

.E ¨� ¢my� @��§¤ E✕E

:®�� 	tkn� . . . ⊥ ,∆ , ⋆ :Ew�r�Aþ� ­ A� ¢� z�r�¤

⋆ :
E✕E → E

(x, y) → x ⋆ y

:¨l§ A� �q�� �Ð� E ¨� Tyl�� ⋆ Tylm`��  wk�¤

∀x, y ∈ E : x ⋆ y ∈ E

.E ¨� ­rqts� ⋆ Tyl��d�� Tylm`��  � �wq�  � ©�

 ± .E ¨� Tyl�� Tylm� 
sy� + ¢n�¤ E = {0, 1, 6, 9, 8} T�wm�m�� �kt� : 1 �A��

9 + 8 = 17 /∈ E

.R ¨� Tyl�� Tylm� + : 2 �A��

­r�z�� 2.1.3

�� T§C¤rR Ah�wk�  r�m�� rb��� ¨� Tmhm��¤ TyFAF±� T§rb��� Ynb�� «d�� ­r�z�� rbt`�

�d�ts�¤ ��ºASf��¤ �wq���¤ �Aql��A� :«r�±� ­ r�m�� T§rb��� Ynb�� 
A`ytF�¤ �h� ���
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Ty�A`K�� ��ºASf�� : ��A��� �Of�� T§rb��� Ynb�� .1.3

�� T��sm�� £@¡ rbt`�¤ ºASf�� ¨� ���wm�� Tm\tn� ªAqn�� �m� �ynO� ¨� r�z�� T§r\�

X�r��  w�A� �AKktF� ¨� �A`f�� A¡C¤ Y�� T�AR� ��Cwlb�� �l� ¨� Tmhm�� �¶Asm�� Er��

T§r\� Tynb� CwW� ©� CwO� Anyl� 	`O§ rRA��� 
�w�� ¨�¤ .Tny`� ­r�E¤ ­ Am�� º§z� �y�

.r�z�� T§r\� ­d�As�  ¤ �A·§z���

�Ð� ⋆ Tyl�� Tylm`� ­ ¤z� T�wm�� G �y� Groupe ­r�E �kK� (G, ⋆)  � �wq� : 2.1.3 �§r`�

:Ty�At�� T`�C±� ª¤rK�� 
qq��

¨l��  w�A� ⋆ (1

∀x, y ∈ G, x ⋆ y ∈ G.

¨`ym��  w�A� ⋆ (2

∀x, y, z ∈ G, (x ⋆ y) ⋆ z = x ⋆ (y ⋆ z).

dy�¤ © Ay� rOn� �bq§  w�A� ⋆ (3

∃!e ∈ G, ∀x ∈ G, x ⋆ e = x ¤ e ⋆ x = x,

⋆ Tylm`l� Tbsn�A� ryS� G �� rOn� �k� (4

∀x ∈ G, ∃x′ ∈ G : x ⋆ x′ = x′ ⋆ x = e.

.x−1 z�r�A� ¢� z�r§¤ x 
wlqm� Yms§ x′

ªrK�� AnfR� �Ð�

∀x, y ∈ G, x ⋆ y = y ⋆ x

Tyl§db� ­r�E �kK� (G, ⋆)  � �wq�

Tyl§db� ­r�E �kK� (R,+) T�wm�m�� : 3 �A��

	y�rt�� Tylm`� ­ ¤zm�� Tyl�Aqt�� �AqybWt�� T�wm�� L (E) ¤ E ̸= ∅ T�wm�m�� �kt� : 4 �A��

◦ :
E✕E → E

(f, g) → f ◦ g
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Tyl§db� 
sy� ­r�E �kK� (E, ◦) T�wm�m��

.­r�E (G, ⋆) �kt�

:  A� �Ð� G �� Ty¶z� ­r�E H ⊂ G �kt� : 3.1.3 �§r`�

e ∈ H •

.x ⋆ y ∈ H  �� x, y ∈ H �� ��� �� •

.x−1 ∈ H  �� x ∈ H �� ��� �� •

Tql��� 3.1.3


qq�� �Ð� Tql� �kK� Ah�� ∆ ¤ ⋆ �ytyl��d�� �yylm`�A� ­ ¤zm�� (A,∆, ⋆)  � �wq� : 4.1.3 �§r`�

:¨l§ A�

Tyl§db� ­r�E (A, ⋆) (1

Ty`ym�� ∆ (2

∀x, y, z ∈ A : (x∆y)∆z = x∆(y∆z).

∆ Yl� Ty`§Ew� ⋆ (3

∀x, y, z ∈ A : x ⋆ (y∆z) = (x ⋆ y)∆(x ⋆ z).

ªrK�� �q�� �Ð�

∃!e ∈ A : ∀x ∈ A, x∆e = e∆x = x.

.T§d��¤ Tql� (A,∆, ⋆) Tql���  � �wq�

ªrK�� �q�� �Ð�

∀x, y ∈ A : x∆y = y∆x.

.Tyl§db� Tql� (A,∆, ⋆) Tql���  � �wq�
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Ty�A`K�� ��ºASf�� : ��A��� �Of�� ¨�A`K�� ºASf�� .2.3

.T§d��¤ Tyl§db� Tql� �kK� (R,+,✕) T�wm�m�� : 5 �A��

�q���¤� �s��� 4.1.3

�ytyl��d�� �yylm`�A� ­ ¤zm�� �q� ¤� �s� Ah��K ̸= ϕ�y�KT�wm�m��  � �wq� : 5.1.3 �§r`�

:¨l§ A� 
qq�� �Ð� ∆ ¤ ⋆

Tql� (K, ⋆,∆) (1

∆ Tyl��d�� Tylm`l� Tbsn�A� © Ay��� rOn`�� w¡{e} �y� ,­r�E (K−{e},∆) (2

ªrK�� �q�� �Ð�

∀x, y ∈ K : x∆y = y∆x.

.¨l§db� (K, ⋆,∆) �s���  � �wq�

.¨l§db� �s� �kK� (Q,+, ·) T�wm�m�� : 6 �A��

¨�A`K�� ºASf�� 2.3

��m§ ¢�� Ð� ,¨W��� rb��� �A§r\� Ahyl� Ynbu� ¨t�� �wOf�� �¡� �� ºz��� �@¡ rbt`§

...�� d�m�� ,�A�wfOm�� ,TyW��� �AqybWt�� ��� ,�y¡Af� �� £d`� ¨��yF Am� ¨FAF±� ºz���

...T§rb��� Ynub��¤ �A�wm�m�� �O� ��� TyRAm�� �wOf�� x¤Cd� Tlmk� d`u§ ¢�� Am� ,���


�A� �Ð� K ¨l§dbt�� �q��� Yl� ¨�A`J ºAS� Ah�� E ̸= ∅ T�wm�m��  � �wq� : 1.2.3 �§r`�

:¨l§Am� ­ ¤z�

:�y� E w�� E✕E �� �r`m�� �ybWt�� ©� Tyl�� Tylm� ¤� ¨l�� 	y�r�  w�A� •

E✕E → E

(u, v) 7→ u+ v
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:�y� E w�� K✕E �� �r`m�� �ybWt�� ©� Ty�CA� Tylm� ¤� ¨�CA� 	y�r�  w�A� •

K✕E → E

(λ, u) 7→ λ · u

:Ty�At�� ª¤rK�� �q�§ ©@��

u, v ∈ E �� ��� �� (1

u+ v = v + u

u, v, w ∈ E �� ��� �� (2

u+ (v + w) = (u+ v) + w

u ∈ E �� ��� �� �y� 0E ∈ E © Ay� rOn� d�w§ (3

u+ 0E = u

�y� u′ ry\� rOn� �bq§ u ∈ E rOn� �� (4

u+ u′ = 0E.

.−u z�r�A� u′ry\nl� z�r�

u ∈ E �� ��� �� (5

1 · u = u

u ∈ E ¤ λ, µ ∈ K �� ��� �� (6

λ · (µ · u) = (λµ) · u

u, v ∈ E ¤ λ ∈ K �� ��� �� (7

λ · (u+ v) = λ · u+ λ · v

u ∈ E ¤ λ, µ ∈ K �� ��� �� (8

(λ+ µ) · u = λ · u+ µ · u
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:�Of�� T§Ah� Yt� ¤ ,d`� A� ¨� : 1 T\�®�

.¨l§db� �q� w¡ ¢� AO� �q� �� -

.�AymlF Yms� �q��� r}An�¤ T`J� Yms� ¨�A`K�� ºASf�� r}An� -

.Ay�A�  wk§  � �kmm�� ry� �� ¢n�¤ ¤ �¤d`m�� �A`K�� Yl� ��¯� Yl� �mtK§ ¨�A`J ºAS� �� -

.(Tyqyq���  �d�±� �q� Yl�) ¨qyq� ¨�A`J ºAS� ¢�� E �� �wq� ,K = R  A� �Ð� -

.(Tyly�t��  �d�±� �q� Yl�) ¨ly�� ¨�A`J ºAS� ¢�� E �� �wq� ,K = C  A� �Ð� -

¢n�¤ .E = R2 ¤ K = R �S� : ©� ,R �q��� Yl� �r`m�� ¨�A`K�� ºASf�� R2 �ky� : 1 �A��

	tk�¤ .R �� rOn� y ¤ R �� rOn� x �y� (x, y) �¤z�� w¡ u ∈ E rOn� ��

R2 =
{
(x, y) | x ∈ R, y ∈ R

}
.

(+) ¨l��d��  w�Aq�� R2 Yl� �r`� •

:¢n�¤ R2 �� �§rOn� (x′, y′) ¤ (x, y) �ky�

(x, y) + (x′, y′) = (x+ x′, y + y′).

(·) ¨�CA���  w�Aq�� R2 Yl� �r`� •

:¢n�¤ R �� rOn� λ ¤ R2 �� rOn� (x, y) �ky�

λ · (x, y) = (λx, λy).

�k� ry\n�� rOn`��¤ .(0, 0) �¤d`m�� �A`K�� w¡ �m��� Tyl��d�� Tylm`l� Tbsn�A� © Ay��� rOn`��

.−(x, y) z�r�A� AS§� ¢� z�r� d� ©@�� (−x,−y) rOn`�� w¡ (x, y) rOn�
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λ · u

u

v

u+ v

−u

0

�S� .1 �� rb�� ¨`ybV  d� n �ky� ,R �q��� Yl� �r`m�� ¨�A`K�� ºASf�� Rn �ky� : 2 �A��

.E = Rn ¤ K = R
	tk�¤ .R �� r}An� x1, x2, . . . , xn �y� (x1, x2, . . . , xn) �A`K�� �Ð� w¡ u ∈ E rOn� ��

Rn =
{
(x1, x2, . . . , xn) | xi ∈ R, i = 1, 2, ...

}
.

(+) ¨l��d��  w�Aq�� Rn Yl� �r`� •

:¢n�¤ Rn �� �§rOn� (x′
1, . . . , x

′
n) ¤ (x1, . . . , xn) �ky�

(x1, . . . , xn) + (x′
1, . . . , x

′
n) = (x1 + x′

1, . . . , xn + x′
n).

(·) ¨�CA���  w�Aq�� Rn Yl� �r`� •

:¢n�¤ R �� rOn� λ ¤ Rn �� rOn� (x1, . . . , xn) �ky�

λ · (x1, . . . , xn) = (λx1, . . . , λxn).

ry\n�� rOn`��¤ .(0, 0, . . . , 0) �¤d`m�� �A`K�� w¡ �m��� Tyl��d�� Tylm`l� Tbsn�A� © Ay��� rOn`��

.−(x1, . . . , xn) z�r�A� AS§� ¢� z�r� d� ©@�� (−x1, . . . ,−xn) rOn`�� w¡ (x1, . . . , xn) rOn� �k�

.C ¤� R �q��� Yl� Cn ¤ C ºASf�� ºAK�� �km§ ��wnm�� Hfn�
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Ty�A`K�� ��ºASf�� : ��A��� �Of�� ¨�A`K�� ºASf�� .2.3

. R w�� R �� T�r`m�� ��¤dl� ¨�A`K�� ºASf�� : 3 �A��

:¨l§ Am� R ¨�A`K�� ºASf�� Tynb� A¡ ¤z� .f : R −→ R ��¤d�� T�wm�� F (R,R) �kt�

(+) ¨l��d��  w�Aq�� F (R,R) Yl� �r`� •

:¨l§ Am� �r`� f + g ¢n�¤ .F (R,R) �� �§rOn� g ¤ f �kt�

∀x ∈ R, (f + g)(x) = f(x) + g(x).

(·)¨�CA���  w�Aq�� F (R,R) Yl� �r`� •

:¨l§ Am� ¨mls� T�� º�d� �r`� ¢n�¤ R �� rOn� λ ¤ F (R,R) �� T�� f �kt�

∀x ∈ R, (λ · f)(x) = λ · f(x).

	tk� TVAs� �k� ¤�

(λf)(x) = λf(x).

:¨l§ Am� T�r`m�� T�¤d`m�� T��d�� ¢��� �m�l� Tbsn�A� © Ay��� rOn`�� �r`� •

∀x ∈ R, f(x) = 0.

.0F (R,R) z�r�A� Ah� z�r�  � �km§

:¨l§ Am� R w�� R �� T�r`m�� g T��d�� w¡ F (R,R) �� f T��dl� ry\n�� rOn`�� •

∀x ∈ R, g(x) = −f(x).

.−f z�r�A� �m�l� Tbsn�A� f ry\n� z�r�

Ty�A`K�� ��ºASf�� º�d� 1.2.3

.K �q��� Yl� Ty�A`J ��ºAS� E1, E2, . . . , En �ky�¤ Ayl§db� ®q� K �ky� : 2.2.3 �§r`�
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:¨l§ Am� (·) ¤ (+) �ytyl��d�� �ytylm`�� E = E1✕E2✕ · · ·✕En Yl� �r`�

∀λ ∈ K, ∀(x1, x2, . . . , xn), (y1, y2, . . . , yn) ∈ E :

1) (x1, x2, . . . , xn) + (y1, y2, . . . , yn) = (x1 + y1, x2 + y2, . . . , xn + yn),

2) λ · (x1, x2, . . . , xn) = (λ · x1, λ · x2, . . . , λ · xn).

w¡ ºASf�� �@¡ ¨� © Ay��� rOn`��  wk§ .º�d��� ºAS� Yms§ ¨�A`J ºAS� ��m§ (E,+, ·) @¶dn�

:	tk�¤ ºAS� �k� T§ Ay��� r}An`�� �A`J

0E = (0E1 , 0E2 , . . . , 0En) .

Ty�A`K�� ��ºASf�� ¨� 
As��� 2.2.3

:An§d� ¢n�¤ .λ ∈ K ¤ u ∈ E �ky�¤ .K �q��� Yl� ¨�A`J ºAS� E �ky� : 1 TyS�

0 · u = 0E (1

λ · 0E = 0E (2

(−1) · u = −u (3

u = 0E �y� λ · u = 0E ⇐⇒ λ = 0 (4

λ · u = 0E =⇒ (λ = 0K) ∨ (u = 0E) (5

z�r�A� u + (−v) �A`Kl� z�r§¤ ,�rW�� Yms� u + (−v) ­CwO�� (u, v) þ� ��r� ¨t�� Tylm`�� (6

:Ty�At�� Q�w��� An§d� ¢n�¤ .u− v

λ(u− v) = λu− λv ¤ (λ− µ)u = λu− µu.

Ty¶z��� Ty�A`K�� ��ºASf�� 3.2.3

.K ¨l§dbt�� �q��� Yl� ¨�A`J ºAS� (E,∆, ⋆) Ty�®��� �kt�
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�q�� �Ð� E �� ¨¶z� ¨�A`J ºAS� ¢�� E �� F �A��� ry� ºz��� �� �wq� : 3.2.3 �§r`�

: AVrK��

.(E,∆) Tyl§dbt�� ­r�z�� �� Ty¶z� ­r�E (F,∆) (1

. ∀λ ∈ K, ∀x ∈ F : λ · x ∈ F (2

:¨�At�� �§r`t�� �Am`tF� Annkm§ ¤�

.E �� Ty�A� ry� Ty¶z� T�wm�� F ¤ K �q��� Yl� ¨�A`J ºAS� E �kt� : 4.2.3 �§r`�

:¨l§ A� �q�� �Ð� E �� ¨¶z� ¨�A`J ºAS� Ah�� F �� �wq�

0E ∈ F (1

u+ v ∈ F An§d� u, v ∈ F �� ��� �� (2

λ · u ∈ F An§d� u ∈ F Äl� ¤ λ ∈ K �� ��� �� (3

.E �� ¨¶z� ¨�A`J ºAS� A�¤ w¡ {0E}  �� ,E ¨�A`J ºAS� �� ��� �� - : 4 �A��

¨¡ Pn [x] ,n ©¤As� ¤� ��� Ah�A�C ¨t�� Tyqyq��� �®�A`m�� ��Ð  ¤d��� ��ry�� T�wm�� -

Pn [x] �� ¨¶z� ¨�A`J ºAS� w¡ Pm [x] : �� N∗ �� n �� ��� �� An§d�¤ . K Yl� ¨�A`J ºAS�

.n < m �y�

.E �� Ty�A� ry� Ty¶z� T�wm�� F ¤ K �q��� Yl� ¨�A`J ºAS� E �kt� : 1.2.3 T�yt�

:¨�At�� ªrK�� �q�t§  � ¨fk§ E �� ¨¶z� ¨�A`J ºAS� F  wk§ ¨k�

∀x, y ∈ F, ∀λ, µ ∈ K : λx+ µy ∈ F.

ºAS� AS§� w¡ ,¨l§db� �q� Yl� ¨�A`J ºAS� �� ¨¶z� ¨�A`J ºAS� �� • : 2 T\�®�

.�q��� Hf� Yl� ¨�A`J
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¨�A`K�� ºASf�� .2.3 Ty�A`K�� ��ºASf�� : ��A��� �Of��

.�q��� Hf� Yl� ¢sf� �� ¨¶z� ¨�A`J ºAS� AS§� w¡ ,A� ¨l§db� �q� Yl� ¨�A`J ºAS� �� •

TyW��� �zm�� 4.2.3

.E �� �A`J n , v1, v2, . . . , vn �kt�¤ ,�y�}  d� n ≥ 1  � |rtf� : 5.2.3 �§r`�

�kK�� �� �A`K�� :©�

u = λ1v1 + λ2v2 + · · ·+ λnvn

.v1, v2, . . . , vn T`J°� ¨W� �z� Yms§ (K �q��� �� �AymlF λ1, λ2, . . . , λn �y�)

.¨W��� �zm�� �®�A`� Yms� λ1, λ2, . . . , λn �Aymls��

.v1 �� TyW� T�®� Yl� u  � �wq� ¤ u = λ1v1 ¢n�¤ ,n = 1  A� �Ð� : 3 T\�®�

: ± (1, 1, 1) ¤ (1, 1, 0) �y�A`Kl� ¨W� �z� ¨¡ (3, 3, 1) �A`K�� ,R3 ºASf�� ¨� (1 : 5 �A��

(3, 3, 1) = 2(1, 1, 0) + (1, 1, 1).

λ d�w§ ¯ ¢�± v1 = (1, 1) �A`K�� �� AyW� Xb�r� Hy� u = (2, 1) �A`K�� ,R2 ºASf�� ¨� (2

.(2, 1) = (λ, λ) ¸�Ak§ ©@�� u = λv1  wk§ Yt� ¨qyq�

:¨l§Am� T�r`� ��¤ f3 ¤ f2 ,f1 ,f0 �ky�¤ ,Tyqyq��� ��¤d�� ºAS� E = F (R,R) �ky� (3

∀x ∈ R f0(x) = 1, f1(x) = x, f2(x) = x2, f3(x) = x3.

þ� T�r`m�� f T��d�� ¢n�¤

∀x ∈ R f(x) = x3 − 2x2 − 7x− 4

 ± f0, f1, f2, f3 ��¤dl� ¨W� �z� ¨¡

f = f3 − 2f2 − 7f1 − 4f0.
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T�wfOm�� �kt� M2,3(R) �A�wfOm�� ºAS� ¨� (4

A =

(
1 1 3

0 −1 4

)
.

¯� Ah�A�wk� �� ¨� CAf}� Yl� ©wt�� �A�wfOm� ¨W� �z� �kJ Yl� A T�At� �yWts�

:®�� Xq� ­d��¤

A =

(
1 0 0

0 0 0

)
+

(
0 1 0

0 0 0

)
+ 3

(
0 0 1

0 0 0

)
−

(
0 0 0

0 1 0

)
+ 4

(
0 0 0

0 0 1

)
.

¨W��� �®qtF³�¤ ªAb�C³� 5.2.3

Yl� E ¨�A`K�� ºASf�� r}An� �� {v1, v2, · · · , vn} Tl¶A� �� �wq� n ∈ N∗ �ky� : 6.2.3 �§r`�

�Aymls�� �� Tl¶A� �� ��� ��  A� �Ð� ,­r� Tlm� Ah�� ¤� AyW� Tlqts� Ah�� K ¨l§dbt�� �q���

:An§d� {λi}i≤n ∈ K
λ1v1 + λ2v2 + · · ·+ λnvn = 0E

:©� ,T�¤d`� Ah�®�A`� �ym�  wk� �y�

λ1 = 0K, λ2 = 0K, · · · λn = 0K.

.	y�rt�� Yl� K ¨l§dbt�� �q��� rf}¤ E ¨�A`K�� ºASf�� rf}  ®�m§ 0K ¤ 0E

T`J±� R3 ¨qyq��� ¨�A`K�� ºASf�� ¨� rbt`n� : 6 �A��

a1 =


1

1

1

 , a2 =


1

2

3

 , a3 =


2

−1

1

 , b =


2

−2

−1


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:An§d� ¤ {a1, a2, a3} T`J°� ¨W� �z� w¡ b �A`K�� ,¢n�¤

b =


2

−2

−1

 =


1

1

1

−


1

2

3

+


2

−1

1


= a1 − a2 + a3.

Ah�� AyW� Tlqts� �k� ��  � ,¨�A`K�� ºASf�� r}An� �� Tl¶A� T§� �� �wq� • : 4 T\�®�

.AyW� TWb�r�

.¨�A`J ºAS� ©� ¨� AyW� Tlqts� Ty�A��� T�wm�m�� •

P3(X) = 1 + 3X −X2 ¤ P2(X) = 5 + 3X − 2X2 ,P1(X) = 1−X  ¤d��� ��ry�� : 7 �A��

: ± Pn[X] ¤d��� ��ry�� ºAS� ¨� TW��rt� TyW� Tlm� �kK�

3P1(X)− P2(X) + 2P3(X) = 0.

Tlm��� £@¡  � �¡rbn� .{cos, sin} Tlm��� �kt�¤ ,Tyqyq��� ��¤d�� ºAS� F (R,R) �ky� : 8 �A��

 � |rf� :AyW� Tlqts�

λ cos+µ sin = 0

 � ¸�Ak§

∀x ∈ R λ cos(x) + µ sin(x) = 0.

Tlm���  � ©� .µ = 0 AnyW`� x = π
2

��� ��¤ .λ = 0 :AnyW`� ��¤Asm�� £@¡ x = 0 ��� ��

.AyW� Tlqts� {cos, sin}
:Ty�At�� Ty�l�m�� T�®`�� An§d� ¢�± AyW� TWb�r� {cos2, sin2, 1} Tlm��� , «r�� Ty�A� ��

∀x ∈ R : cos(x)2 + sin(x)2 − 1 = 0.

.λ1 = 1, λ2 = 1, λ3 = −1 :An§d� �y� T�¤d`� ry� Ahl� ¨W��� �zm�� ���w� An¡
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Yl� E ¨�A`K�� ºASf�� r}An� �� {v1, v2, · · · , vn} Tl¶A� �� �wq� n ∈ N∗ �ky� : 2.2.3 T�yt�

Ahl� 
sy� {λi}i≤n ∈ K �Aymls�� �� Tl¶A� �d�¤ �Ð� AyW� TWb�r� Ah�� K ¨l§dbt�� �q���

:�q�� ,A`� T�¤d`�
n∑

i=1

λivi = 0E.

Tlm���  � ^�¯ ��As�� �A�m�� �� : 9 �A��

a1 =


1

1

1

 , a2 =


1

2

3

 , a3 =


2

−1

1

 , b =


2

−2

−1


AyW� TWb�r�

a1 − a2 + a3 − b = 0R3 .

©�

∃λ1 = 1, λ2 = −1, λ3 = 1, λ4 = −1 : λ1a1 + λ2a2 + λ3a3 + λ4b = 0R3 .

.A`� T�¤d`� Ahl� 
sy�

xAF±� ¤� ¤d�Aq�� 6.2.3

{v1, · · · , vn} Tlm��� �� �wq� ,E ¨�A`K�� ºASf�� �� T`J� v1, · · · , vn �kt� : 7.2.3 �§r`�

T`J±� ¨� ¨W� �z� �kJ Yl� 	tk§ E �� �A`J ��  A� �Ð� E ¨�A`K�� ºASfl� ­d�w� Tlm� Ah��

.v1, · · · , vn
:	tk�¤

∀v ∈ E, ∃λ1, . . . , λp ∈ K : v = λ1v1 + · · ·+ λnvn.

¨¶z��� ¨�A`K�� ºASf�� �whfm� TWb�r� ©� .E ºASfl� ­d�w� {v1, · · · , vn} Tlm���  � AS§� �wq� ¤

.E = V ect(v1, · · · , vn)  A� �Ð� Xq�¤ �Ð� d�wm��
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.E = R3 �� v3 =
(

0
0
1

)
¤ v2 =

(
0
1
0

)
, v1 =

(
1
0
0

)
Ty�At�� T`J±� �A�m�� �ybF Yl� �kt� : 10 �A��

	tk§ R3 �� v =
(

x
y
z

)
�A`J ��  ± R3 þ� ­d�w� {v1, v2, v3} Tlm���(

x
y
z

)
= x

(
1
0
0

)
+ y

(
0
1
0

)
+ z

(
0
0
1

)
.

.λ3 = z ,λ2 = y ,λ1 = x ¨¡ ���w`�� An¡

�kK� ¯ {v1, v2} T`J±� .E = R3 �� v2 =
(

1
2
3

)
,v1 =

(
1
1
1

)
Ty�At�� T`J±� �kt� : 11 �A��

®`�  A� �Ð�� .V ect(v1, v2) ¨�A`K�� ºASfl� ¨mtn§¯ v =
(

0
1
0

)
�A`K�� ®�� .R3 þ� ­d�w� Tlm�

:AS§� 	tk§ ©@��¤ .v = λ1v1 + λ2v2 �y� λ1, λ2 ∈ R d�� �ws�(
0
1
0

)
= λ1

(
1
1
1

)
+ λ2

(
1
2
3

)
:Ty�At�� TyW��� Tlm��� AnyW`§

λ1 + λ2 = 0

λ1 + 2λ2 = 1

λ1 + 3λ2 = 0

.�� Ah� Hy� ¨t��

.Tyqyq��� �®�A`m�� ��Ð Tyqyq��� ≤ n T�Cd�� ��  ¤d��� ��ry�� ºAS� Pn[X] �ky� : 12 �A��

.Pn[X] ºASfl� ­d�w� Tlm� �kK� {1, X,X2 · · · , Xn}  ¤d��� ��ry�� Tlm� ¢n�¤

AS§� ¨¡ F ′ =
{
v′1, v

′
2, · · · , v′q

}
¢n�¤ .E þ� ­d�w� Tlm� F = {v1, v2, · · · , vp} �kt� : 2 TyS�

.F Tlm��� ¨� ¨W� �z� �kJ Yl� F ′ �� �A`J �� 	t� �Ð� Xq�¤ �Ð� E þ� ­d�w� Tlm�

�kK� E �� B = (v1, v2, . . . , vn) Tlm���  � �wq� .K Yl� ¨�A`J ºAS� E �ky� : 8.2.3 �§r`�

:
�A� �Ð� E ºASfl� xAF�

.E þ� ­d�w� Tlm� B (1

.AyW� Tlqts� Tlm� B (2
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Ty�A`K�� ��ºASf�� : ��A��� �Of�� ¨�A`K�� ºASf�� .2.3

.E ¨�A`K�� ºASfl� xAF� B = (v1, v2, . . . , vn) �kt� : 1.2.3 T§r\�

d�w§ ©� .B T�wm�m�� r}An� ¨� ¨W� �zm� ­dy�¤ T�At� �kJ Yl� 	tk§ v ∈ E �A`J ��

:�y� ­dy�¤ λ1, . . . , λn ∈ K �AymlF

v = λ1v1 + λ2v2 + · · ·+ λnvn.

.B xAF±� ¨� v �A`K�� �Ay��d�� Yms� (λ1, . . . , λn) (1 : 5 T\�®�

�kK�� �� �ybWt�� (2

ϕ : Kn −→ E

(λ1, λ2, . . . , λn) 7−→ λ1v1 + λ2v2 + · · ·+ λnvn

.E ¨�A`K�� ºASf�� w�� Kn ¨�A`K�� ºASf�� �� ��Aq� w¡

¨�A`J ºAS� d`� 7.2.3

ºASf��  �� r}An`�� �� n ¢tn�  d� ¤Ð B xAF� E ¨�A`K�� ºASfl�  A� �Ð� : 9.2.3 �§r`�

:	tk�¤ ¢tn� d`� ¤Ð E ¨�A`K��

dim(E) = Card(B) = n.

. dim({0}) = 0 ©� �¤d`� d`� ¤Ð {0} �¤d`m�� ºASf�� : 6 T\�®�

:w¡ R2 ºASfl� ¨�w�Aq�� xAF±� (1 : 13 �A��{(
1

0

)
,

(
0

1

)}

.2 w¡ R2 ºASf�� d`� ¢n�¤
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T`J±� (2{(
2

1

)
,

(
1

1

)}

.r}An`��  d� Hf� Yl� ©wt�§ ¢��� r�� R2 þ� xAF� ©� ¤ R2 ºASfl� xAF� AS§� �kK�

.rOn� n ©w�§ (e1, e2, · · · , en) ¢� xAF� ��  ± n d`� ¤Ð Kn ºASf�� T�A� TfO� (3

©w�§ ©@�� (1, X,X2, · · · , Xn) w¡ Pn[X] ºASf�� xAF�  ± (dimPn[X] = n + 1) (4

.rOn�n+ 1

: �� n ¢tnm�� d`b�� ¤Ð ¨�A`J ºAS� ¨� : 2.2.3 T§r\�

,YO�� d�� rOn� n Ah� AyW� Tlqts� Tlm� �� •

,xAF� ¨h� rOn� n �� T�wk� AyW� Tlqts� Tlm� �� •

,��±� Yl� rOn� n �� T�wk� ¨h� ­d�w� Tlm� �� •

.xAF� ¨h� rOn� n �� T�wk� ­d�w� Tlm� �� •

.£d�w� ©@�� ¨�A`K�� ºASf�� d`� ,T`J� Tlm� Tb�C ¨ms� : 10.2.3 �§r`�

:Tq�As�� T§r\nl� TlhF �¶At� ¨¡ Ty�At�� �A\�®m�� : 7 T\�®�

n r��±� Yl� �A`J n �� T�wk� T`J� Tlm� Tb�C •

.AyW� Tlqts� Tlm��� £@¡ 
�A� �Ð� Xq�¤ �Ð� n ¨¡ �A`J n �� T�wk� T`J� Tlm� Tb�C •

AFAF� �kK� Tlm��� £@¡ 
�A� �Ð� Xq�¤ �Ð� n ¨¡ �A`J n �� T�wk� T`J� Tlm� Tb�C •
.£d�w� ©@�� ¨�A`K�� ºASfl�

rJAbm�� �wm�m�� 8.2.3
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u + v r}An`�� �ym� T�wm�� .E �� �yy¶z� �yy�A`J �y¶AS� G ¤ F �ky� : 11.2.3 �§r`�

¢� z�r�¤ .G ¤ F �yy¶z��� �yy�A`K�� �y¶ASf�� �wm�� Yms� G �� rOn� v ¤ F �� rOn� u �y�

:	tk� ¢n�¤ .F +G z�r�A�

F +G =
{
u+ v | u ∈ F, v ∈ G

}
.

F

G

F +G

: �� .E �� �yy¶z� �yy�A`J �y¶AS� G ¤ F �ky� : 3 TyS�

.E �� ¨¶z� ¨�A`J ºAS� F +G (1

.G ¤ F 
�w�� Hf� ¨� ©w�§ ¨¶z� ¨�A`J ºAS� ��� w¡ F +G (2

¨� rJAb� �m� ¨� G ¤ F  � �wq� .E �� �yy¶z� �yy�A`J �y¶AS� G ¤ F �ky� : 12.2.3 �§r`�

: A� �Ð� E

F ∩G = {0E} •

.F +G = E •

.F ⊕G = E z�r�A� ¢� z�r�¤

.E ¨�  ®�Akt�  Ay¶z�  Ay�A`J  �ºAS� G ¤ F  � �wq� rJAb� �m� ¨� G ¤ F  A� �Ð�

­dy�¤ Tq§rW� 	tk§ E �� rOn� ��  A� �Ð� Xq�¤ �Ð� E  ®�Akt� G ¤ F  � �wq� : 4 TyS�
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.G �� rOn�¤ F �� rOn`�

¨n`§ G �� rOn�¤ F �� rOn`� ­dy�¤ T�At� �kJ Yl� 	tk§ E �� w  � �wq� (1 : 8 T\�®�

,u′ ∈ F �y� w = u′ + v′ �kK�� �� «r�� T�At� ¤ v ∈ G ¤ u ∈ F �y� w = u + v  �

.v = v′ ¤ u = u′ Amt� ¢��� v′ ∈ G

¨�A`K�� ºASfl� �mk� F ¨¶z��� ¨�A`K�� ºASf��  � �wq� An��� .F ⊕ G = E An§d�  A� �Ð� (2

.Hk`�� ¤ G ¨¶z���

 A`�� ��Ð Ty�A`J ��ºAS� ¨� Xq�  wk§ Tl�Aktm�� Ty¶z��� Ty�A`K�� ��ºASf��  w�¤ (3

.Tyhtn�

 �� .F ⊕G = E An§d�  A� �Ð� (4

dim(E) = dim(F ) + dim(G).

.G =
{
(0, y) ∈ R2 | y ∈ R

}
¤ F =

{
(x, 0) ∈ R2 | x ∈ R

}
�ky� (1 : 14 �A��

.F ⊕G = R2  � 
b��

«r�  � �km§ ¤� .F +G = R2  �� (x, y) = (x, 0) + (0, y)  � Am�¤ F ∩G = {(0, 0)} An§d�

.­dy�¤ (x, y) = (x, 0) + (0, y) Ty�At�� T�Atk��  � T�whs�

x

y

F

G

0

G′

F ⊕G′ = R2 :  � AS§� �Ab�� Annkm§ .G′ =
{
(x, x) ∈ R2 | x ∈ R

}
�S�¤ F @��� (2

.F ∩G′ = {(0, 0)}  � 
b�� (A

 �� (x, y) ∈ G′ AS§� ¤y = 0 ©� (x, y) ∈ F Th� �� ¢n�¤ (x, y) ∈ F ∩G′  A� �Ð�

.(x, y) = (0, 0) ¨�At�A�¤ .x = y
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.F +G′ = R2  � 
b�� (B

 � Am� .u = v + w �y� w ∈ G′ ¤ v ∈ F �� ��b� .u = (x, y) ∈ R2 �kt�

¤ x1 d�� �Ð� .x2 = y2  �� w = (x2, y2) ∈ G′  � Am� ¤ y1 = 0  �� v = (x1, y1) ∈ F

�y� x2

(x, y) = (x1, 0) + (x2, x2).

¤ x1 = x − y �y� y = x2 ¤ x = x1 + x2 ¨�At�A�¤ .(x, y) = (x1 + x2, x2) ¢n�¤

d�� .x2 = y

(x, y) = (x− y, 0) + (y, y),

.G′ �� rOn�¤ F �� rOn� �wm�� w¡ R2 r}An� �� rOn� ©�  � 
b�§ Am�

3 ��C �§CAmt�� TlslF 3.3

:¨l§ Am� �r`m�� ⋆ ¨l��d�� 	y�rt��  w�Aq� R T�wm�m��  ¤z� (1 : 1 �§rm�

∀x, y ∈ R : x⋆y = xy +
(
x2 − 1

) (
y2 − 1

)
.© Ay��� rOn`�� w¡ 1  �¤ ¨`ym�� Hy�¤ ¨l§db� ⋆  � 
b��

:¨l§ Am� �r`m�� ⋆ ¨l��d�� 	y�rt��  w�Aq� R∗
+ T�wm�m��  ¤z� (2

∀x, y ∈ R∗
+ : x⋆y =

√
x2 + y2

.© Ay��� rOn`�� w¡ 0  �¤ ¨`ym�� ¤ ¨l§db� ⋆  � 
b�� (A

.⋆ Tylm`l� Tbsn�A� ry\� rOn� ©� R∗
+ ¨� d�w§¯ ¢�� 
b�� (B

�þþ���

 � ^�®� (1

x⋆y = xy + (x2 − 1)(y2 − 1) = yx+ (y2 − 1)(x2 − 1) = y⋆x

¨l§db� ⋆  w�Aq�� ¢n�¤

:�y�� z ¤ y ¤ x Yl� Cw�`�� ¨fk§ ,Ay`ym�� Hy�  w�Aq��  � �Ab�³

­rks� rSy� dm�� T`�A�125¨�db�  Ahy� - ¨my¡�r� �y¡�r��


