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�¤±� ¨F�ds��  A�t��

( ªAq� 5) : 1 �§rm�

:T§d`t� ¤� T§rZAn� dR ,T§rZAn� ,TyFAk`�� Ty�At�� T�®`�� 
�A� �Ð� A�  d�

∀x, y ∈ Z : xRy ⇐⇒ x = −y

?	y�r� T�®� ¤� ,¥�Ak� T�®� ¨¡ �¡¤

( ªAq� 5) : 2 �§rm�

: ¨l§Am� R\{1} Yl� T�r`m�� f T��d�� �kt�

f(x) =
1− x

x3 − 1
.

.1 TWqn�� dn� C�rmtF³A� f T��d�� d§dm� Annkm§ ¢�� 
b��

.d§dmt�� �@h� 1 dn� ­Ðw��m�� Tmyq��  d�

( ªAq� 4) : 3 �§rm�

.E �� �yy¶z� �yy�A`J �y¶AS� G ¤ F �ky�

? E ¨� rJAb� �m� �kK� G ¤ F  � �wq� Yt� (1

?E ¨�  ®�Akt�  Ay¶z�  Ay�A`J  �ºAS� G ¤ F  � �wq� Yt� (2

:T�®`�A� ¨�At�� ¨l��d�� �ykKt��  w�A� �r`n�¤ I = ]−1, 1[ �A�m�� �ky� ( ªAq� 6) : 4 �§rm�

∀x, y ∈ I : x ⋆ y =
x+ y

1 + xy

.¨`ym��¤ ¨l§db� ⋆  w�Aq��  � �¡r� (1

.¢nyy`� 	lW§ © Ay� rOn� �lm§ ⋆  w�Aq��  � �¡r� (2

.⋆  w�Aql� Tbsn�A� ry\� rOn� ¢� I �� rOn� ��  � �¡r� (3



�¤±� ¨F�dsl�  A�t�³� ��

1 ��C �§rmt�� �þþ� •

.1 ̸= −1 , ���w�� ¨� .Ahsfn� T�®� Ah� Hy� 1  ± , TyFAk`�� 
sy� T�®`��

.x = −y ⇐⇒ y = −x  ± , T§rZAn� T�®`��

1 ̸= −1. Amny� , (−1)R1 ¤ 1R(−1)  ± , T§rZAn� dR 
sy� T�®`��

­rZAnt�  wktF Ah��� ¯�¤ , T§d`t� 
sy� T�®`��

.	y�r� T�®� ¯¤ , ¥�Ak� T�®� 
sy� T�®`�� £@¡ ¢n�¤

2 ��C �§rmt�� �þþ� •


As� dn� �yy`� �d� T�A� An§d� ��@� ,1 Tmyq�� dn� �Aqm��¤ Xsb�� �� �� �d`n§

,�rtKm�� ��A`�� ��r�tF�� rsk�� Xsb� ,�@¡ �yy`t�� �d� T��E³ .1 dn� f T��d�� T§Ah�

:d��

x3 − 1 = (x− 1)(x2 + x+ 1)

: T��d�� �bO� ¢n�¤

f(x) =
−1

x2 + x+ 1
.

¨�At�A�¤

lim
x→1

f(x) = −1/3

:�kK�� Yl� 	tk� ­ dmm�� T��d��¤ C�rmtF³A� d§dmtl� Tl�A� T��d��  � �tnts�

f̃(x) =


1− x

x3 − 1
 A� �Ð� x ̸= 1,

−1/3  A� �Ð� x = 1.

3 ��C �§rmt�� �þþ� •

:  A� �Ð� E ¨� �rJAb� A`m� �kK� G ¤ F  � �wq� (1

F ∩G = {0E} ◦

.F +G = E ◦



.F ⊕G = E z�r�A� ¢� z�r�¤

 ®�Akt�  Ay¶z�  Ay�A`J  �ºAS� G ¤ F  � �wq� rJAb� �m� ¨� G ¤ F  A� �Ð� (2

.E ¨�

�� rOn� ��  A� �Ð� Xq�¤ �Ð� E  ®�Akt� G ¤ F  � �wq� : TySq�� 	s� ¤�

.G �� rOn�¤ F �� rOn`� ­dy�¤ Tq§rW� 	tk§ E

4 ��C �§rmt�� �þþ� •

An§d� :�§dbt�� (1

x ⋆ y =
x+ y

1 + xy
=

y + x

1 + yx
= y ⋆ x

.¨l§db� ⋆ ¢n�¤

An§d� :�ym�t��

∀x, y, z ∈ I : (x ⋆ y) ⋆ z =

(
x+ y

1 + xy

)
⋆ z

= t ⋆ z =
t+ z

1 + tz
=

x+ y + z + xyz

1 + xy + yz + zx

«r�� Th� ��¤

∀x, y, z ∈ I : x ⋆ (y ⋆ z) = x ⋆

(
y + z

1 + yz

)
= x ⋆ t =

x+ t

1 + xt
=

x+ y + z + xyz

1 + xy + yz + zx
.

: � ^�®�

∀x, y, z ∈ I : (x ⋆ y) ⋆ z = x ⋆ (y ⋆ z)

.¨`ym�� ⋆ ¢n�¤

�yt� A`m�� ��� © Ay��� rOn`��  A�§³ (2

e ⋆ x = x

x ⋆ e = x



:An§d� .­d��¤ T� A`� �� ¨fk§ ¨l§db� 	y�rt��  w�A�  � Am�¤

∀x ∈ I : x ⋆ e = x

⇐⇒ x+ e

1 + xe
= x

⇐⇒ x+ e = x (1 + xe)

⇐⇒ e = x2e

⇐⇒ (1− x2)e = 0

⇐⇒ e = 0 ∈ I

.e = 0 w¡ © Ay� rOn� �lm§ ⋆  w�Aq�� ¢n�¤

�yt� A`m�� ��� ry\n�� rOn`��  A�§³ (3

x⋆x′ = e

x′⋆x = e

:An§d� .­d��¤ T� A`m� ¨ftk� ¨l§db� 	y�rt��  w�A�  � Am�¤

∀x ∈ I : x ⋆ x′ = e

⇐⇒ x+ x′

1 + xx′ = 0

⇐⇒ x+ x′ = 0

⇐⇒ x′ = −x ∈ I

.x′ = −x ∈ I w¡ ⋆  w�Aql� Tbsn�A� ry\� rOn� x ∈ IrOn� �k� ¢n�¤




