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Exercise series N° 4 ��C �§CAmt�� TlslF 5.4

Exercise N°− 1 − ��C �§rm�

.T¶z�t�A� ��Akt�� �§rV �� Ty�At�� �®�Akt�� 	s��

Compute the following integrals by integration by parts.

1)

∫
x2 lnx dx. 2)

∫
x arctanxdx.

3)

∫
lnxdx then

∫
(lnx)2 dx. 4)

∫
cosx expx dx.

Solution - �þþ���

∫
x2 lnx dx •

.v′ = x2
¤ u = lnx �y� T¶z�t�A� ��Akn�

Let’s integrate by parts where we put u = lnx and v′ = x2.

.v = x3

3
¤ u′ = 1

x
¢n�¤

then u′ = 1
x
and v = x3

3
.∫

lnx · x2 dx =

∫
uv′ =

[
uv
]
−
∫

u′v =

[
lnx · x

3

3

]
−
∫

1

x
· x

3

3
dx

=

[
lnx · x

3

3

]
−
∫

x2

3
dx =

x3

3
lnx− x3

9
+ c.

∫
x arctanx dx •

.v = x2

2
¤ u′ = 1

1+x2 ¢n�¤ .v′ = x ¤ u = arctanx �y� T¶z�t�A� ��Akn�

Let’s integrate by parts where u = arctanx and v′ = x. These include u′ = 1
1+x2 and v = x2

2
.

∫
arctanx · x dx =

∫
uv′ =

[
uv
]
−
∫

u′v

=

[
arctanx · x

2

2

]
−
∫

1

1 + x2
· x

2

2
dx
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=

[
arctanx · x

2

2

]
− 1

2

∫ (
1− 1

1 + x2

)
dx

=
x2

2
arctanx− 1

2
x+

1

2
arctanx+ c

=
1

2
(1 + x2) arctanx− 1

2
x+ c ∫

(lnx)2 dx then
∫
lnx dx •

¤ u′ = 1
x
¢n�¤ .v′ = 1 ¤ u = lnx �y� T¶z�t�A� ��Akt�� �Am`tF��

∫
lnx dx : ��Akt�� ��� ��

.v = x

In order to integrate:
∫
lnx dx using integration by parts, where u = lnx and v′ = 1. Then

u′ = 1
x
and v = x.

∫
lnx dx =

∫
uv′ =

[
uv
]
−
∫

u′v

= [lnx · x]−
∫

1

x
· x dx

= [lnx · x]−
∫

1 dx

= x lnx− x+ c

¤ u′ = 2 1
x
lnx ¢n�¤ .v′ = 1 ¤ u = (ln x)2 �y�

∫
(lnx)2 dx 
As�� T¶z�t�A� ��Akt�� �m`ts�

.v = x

We use integration by parts to calculate
∫
(lnx)2 dx where u = (lnx)2 and v′ = 1. Of which

u′ = 2 1
x
lnx and v = x.

∫
(lnx)2 dx =

∫
uv′ =

[
uv
]
−
∫

u′v

=
[
x(lnx)2

]
− 2

∫
lnx dx

= x(lnx)2 − 2(x lnx− x) + c

.Aq�AF 
ws�m�� ��Akt�� An�d�tF� , ry�±� rWs�� Yl� �wO�l�
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To get the last line, we used the previously computed integral.

.I =
∫
cosx expx dx �S� •

: Ð� .v = sin x ¤ u′ = exp x ¢n�¤ .v′ = cos x ¤ u = exp x �y� T¶z�t�A� ��Akt�� �m`ts�

We use the integral by parts where u = expx and v′ = cosx. Then, u′ = expx and v = sinx.

So:

I =

∫
cosx expx dx =

[
sinx expx

]
−
∫

sinx expx dx

:Yl� �O�� An��� J =
∫
sinx expx dx : � AnRr� �Ð�

If we assume that: J =
∫
sinx expx dx, then we get:

I =
[
sinx expx

]
− J

�@¡ .v′ = sinx ¤ u = expx �� «r�� ­r� T¶z�t�A� ��Akt�� �Am`tF� dy`� J 
As� ��� ��

:AnyW`§

In order to calculate J we use integration by parts again with u = expx and v′ = sinx. This

gives us:

J =

∫
sinx expx dx =

[
− cosx expx

]
−
∫
− cosx expx dx =

[
− cosx expx

]
+ I

:Ty�A� T� A`� An§d�  Ð�

So we have a second equation:

J =
[
− cosx expx

]
+ I

:d�� Tq�As�� T� A`m�� ¨� Ahtmyq� J |w`�

Substituting J for its value in the previous equation, we find:

I =
[
sinx expx

]
− J =

[
sinx expx

]
−
[
− cosx expx

]
− I
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where �y�

2I =
[
sinx expx

]
+
[
cosx expx

]
:��Akt�� 
As�� An� �ms§ A� �@¡¤

This allows us to calculate the integral:

I =
1

2
(sinx+ cosx) expx+ c.

Exercise N°− 2 − ��C �§rm�

:r�±� �z� �Ð� ��Akt�� �§r`� �A�� d§d�� �� ,Ty�At�� �®�Akt�� 	s��

Calculate the following integrals, specifying the integral domain definition if is necessary:

1)

∫
sin8 x cos3 xdx. 2)

∫
cos4 xdx. 3)

∫
cos2003 x sinxdx.

4)

∫
1

sinx
dx. 5)

∫
1

cosx
dx. 6)

∫
1

7 + tan x
dx.

Solution - �þþ���

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
sin8 x cos3 xdx =

1

9
sin9 x− 1

11
sin11 x+ c

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
cos4 xdx =

1

32
sin 4x+

1

4
sin 2x+

3

8
x+ c

The integral is defined at R. .R Yl� �r`� ��Akt�� •∫
cos2003 x sinxdx = − 1

2004
cos2004 x+ c

The integral is defined at ]kπ, (k + 1) π[. ]kπ, (k + 1) π[ Yl� �r`� ��Akt�� •∫
1

sinx
dx =

1

2
ln

∣∣∣∣1− cosx

1 + cos x

∣∣∣∣+ c = ln
∣∣∣tan x

2

∣∣∣+ c

(Change the variable u = cosx or u = tan x
2
). .(u = tan x

2
¤� u = cosx ry�tm�� ryy��)
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−π

2
+ kπ, π

2
+ kπ

[
Yl� �r`� ��Akt�� •

The integral is defined at
]
−π

2
+ kπ, π

2
+ kπ

[
∫

1

cosx
dx =

1

2
ln

∣∣∣∣1 + sin x

1− sinx

∣∣∣∣+ c = ln
∣∣∣tan(x

2
+

π

4

)∣∣∣+ c

.(u = tan x
2
¤� u = sinx ry�tm�� ryy��)

(Change the variable u = sinx or u = tan x
2
).

R \
{
arctan (−7) + kπ , π

2
+ kπ , k ∈ Z

}
�A�m�� Yl� �r`� ��Akt�� •

The integral is defined at R \
{
arctan (−7) + kπ , π

2
+ kπ , k ∈ Z

}
∫

1

7 + tan x
dx =

7

50
x+

1

50
ln |tanx+ 7|+ 1

50
ln |cosx|+ c

.(u = tanx ry�tm�� ryy��)

(Change the variable u = tanx ).

Exercise N°− 3 − ��C �§rm�

.ry�tm�� ryy�� �§rV �� Ty�At�� �®�Akt�� 	s��

Calculate the following integrals by changing the variable.

1)

∫
(cosx)1234 sinx dx. 2)

∫
1

x lnx
dx.

3)

∫
1

3 + exp (−x)
dx. 4)

∫
1√

4x− x2
dx.

Solution - �þþ���

∫
(cosx)1234 sinx dx •

Yl� �O�� du = − sinx dx ¤ x = arccosu An§d� u = cosx ry�tm�� ryy�� �S�

We put the variable change u = cosx we have x = arccosu and du = − sinx dx we get:

∫
(cosx)1234 sinx dx =

∫
u1234(−du) = − 1

1235
u1235 + c = − 1

1235
(cosx)1235 + c

This primitive function is defined at R. .R Yl� T�r`� Tyl}±� T��d�� £@¡
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1

x lnx
dx •

: 	tk� du = dx
x

¤ x = expu An§d� u = lnx ry�tm�� ryy�� �ky�

Let the change of variable u = lnx, then we have x = expu and du = dx
x

we write:

∫
1

x lnx
dx =

∫
1

lnx

dx

x
=

∫
1

u
du = ln |u|+ c = ln |lnx|+ c

Tbsn�A� �lt��  wk§ d� 
�A���) ]1,+∞[ Yl� ¤� ]0, 1[ Yl� T�r`� Tyl}±� T��d�� £@¡

.(�y�A�ml�

This primitive function is defined as ]0, 1[ or ]1,+∞[ (the constant may be different for the

two intervals).

∫
1

3+exp(−x)dx •

.dx = du
u

AS§� 	tk§ ©@�� du = exp x dx ¤ x = lnu ¢n�¤ .u = expx ry�tm�� ryy�� �ky�

Let the variable be changed to u = expx. Including x = lnu and du = expx dx which also

writes dx = du
u
.

∫
dx

3 + exp (−x)
=

∫
1

3 + 1
u

(
du

u

)
=

∫
du

3u+ 1
=

1

3
ln |3u+ 1|+ c =

1

3
ln (3 expx+ 1) + c

.R Yl� T�r`� Tyl}±� T��d�� £@¡

This primitive function is defined at R. ∫
1√

4x−x2dx •

¨� ¨`y�r� C@�� rs� An¡ An§d� .�¤r`� º¨J Y�� ¢��zt�� w¡ ry�tm�� ryy�� �� |r���

��Ak� �y� w¡ ¢�r`� A� .2 T�Cd�� ��  ¤d� ry�� C@��� 
��¤ �Aqm��

The purposed of changing a variable is to reduce it to something known. Here we have a

fraction with a square root in the denominator and under the root a polynomial of degree 2.

What we know is how to integrate

∫
du√
1− u2

= arcsinu+ c,
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w¡¤ arcsin(t) T��d�� TqtK� �r`� An�±

Because we know the derivative of the function arcsin(t) which is

arcsin′(t) =
1√

1− t2
.

�kK�� Yl� 4x− x2
C@��� 
�� A� T�At� �¤A�n� .¢y�� ­ w`�� �¤A�nF ��@�

We will try to get back to it. Let’s try to write under the radical 4x− x2 in the form

1− t2 : 4x− x2 = 4− (x− 2)2 = 4

(
1−

(1
2
x− 1

)2)
.

¤ 4x − x2 = 4(1 − u2) : wk§ ¢l�� �� u = 1
2
x − 1 ry�tm�� ryy�� T�r�� ¨`ybW�� �� ��@�

.dx = 2du

So it is natural to experiment with changing the variable u = 1
2
x − 1 for it is: 4x − x2 =

4(1− u2) and dx = 2du.

∫
dx√

4x− x2
=

∫
2du√

4(1− u2)
=

∫
du√
1− u2

= arcsinu+ c = arcsin

(
1

2
x− 1

)
+ c

.x ∈ ]0, 4[ Yl� T�r`� Tyl}±� T��d�� £@¡u ∈]−1, 1[ Yl� �AqtJ²� Tl�A�¤ T�r`�arcsinu T��d��

The function arcsinu is defined and is differentiable on u ∈]− 1, 1[. This primitive function

is defined on x ∈ ]0, 4[.

Exercise N°− 4 − ��C �§rm�

�¯ A`m�� �Ayn�nm� ­ d�m�� TqWnm�� T�As� 	s��

Calculate the area of the region bounded by the curves of the equations

y =
x2

2
and y =

1

1 + x2
.

Solution - �þþ���

�ymFr�� �Fr� .xr��� Yn�n� y = 1
1+x2 T��d�� Yn�n� ¤ , ¸�Ak� �W� w¡ y = x2/2 T��d�� Yn�n�

.Ah�As�� �wqnF ¨t�� TqWnm��  Ayn�nm��  �@¡  d�§ A`� .�yy�Ayb��
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The graph of the function y = x2/2 is a parabola, and the graph of the function y = 1
1+x2 is a

bell curve. Draw the two graphs. Together, these two curves define the area that we are going to

calculate.

��Ð �ym�� �km§ : x = −1 ¤ x = +1 Ty��d�³� ªAq� dn�  Ayn�nm��  �@¡ �VAqt§ , ºd� ©Ð ¹ A�

.
x2

2
= 1

x2+1
T� A`m�� �� �§rV �� ¢n� �q�t�� �� ¨�Ayb�� �Fr�� Yl�

Firstly, these two curves intersect at the coordinate points x = +1 and x = −1 : this can be

guessed on the graph and then verified by solving the equation x2

2
= 1

x2+1
.

f(x) = x2/2

g(x) = 1
1+x2

1−1

We will calculate two areas: :�yt�As� 	s�nF

T� A`m�� CwWF �y�¤ Ty��d�³� Cw�� �w�¤ , ¸�Akm�� �Wq�� 
�� TqWnml� A1 T�Asm�� •
: ¢n�¤ .(x = +1) ¤ (x = −1)

The A1 area of the region under the parabola, above the ordinate axis and between the lines

of the equation (x = −1) and (x = +1). Including:

A1 =

∫ +1

−1

x2

2
dx =

[
x3

6

]+1

−1
=

1

3
.

T� A`m�� ªwW� �y�¤ �Ay��d�³� Cw�� �w�¤ , xr��� 
�� T`��w�� TqWnml�A2 T�Asm�� •
:¢n�¤ .(x = +1) ¤ (x = −1)

The area A2 for the area under the bell, above the ordinate axis and between the equation

lines (x = −1) and (x = +1). Including:
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A2 =

∫ +1

−1

1

x2 + 1
dx = [arctanx]+1

−1 =
π

2
.

:©¤As� ¸�Akm�� �Wq�� �w�¤ xr��� 
�� A T�Asm�� •

The area A under the bell and above the parabola is:

A = A2 −A1 =
π

2
− 1

3
.

Exercise N°− 5 − ��C �§rm�

.Tyl}±� ��¤d�� d�¤� �� Ty�At�� Cwsk�� �l�

Factorize the following fractions and then find the primitive functions.

1)
1

a2 + x2
. 2)

1

(1 + x2)2
. 3)

x3

x2 − 4
.

4)
4x

(x− 2)2
. 5)

1

x2 + x+ 1
. 6)

1

(x2 + 2x− 1)2
.

7)
3x+ 1

(x2 − 2x+ 10)2
. 8)

3x+ 1

x2 − 2x+ 10
. 9)

1

x3 + 1
.

Solution - �þþ���

.�§r`t�� T�wm�� �� �A�� �� ¨� T��A} �¶Atn��

The results are valid in every interval of the definition set.

:¨¡ Tyl}±� T��d�� ¢n�¤ Xys� �kJ
1

x2+a2
•

A simple form of which the primitive function is:∫
dx

x2 + a2
=

1

a
arctan

(x
a

)
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ Xys� �kJ
1

(1+x2)2
•

A simple form of which the primitive function is:∫
dx

(1 + x2)2
=

1

2
arctanx+

x

2(1 + x2)
+ k.
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:T�At� �km§ •
We can write:

x3

x2 − 4
= x+

2

x− 2
+

2

x+ 2
.

:¨¡ Tyl}±� T��d�� ¢n�¤

Then, the primitive function is:∫
x3

x2 − 4
dx =

x2

2
+ ln(x2 − 4)2 + k.

:¨¡ Tyl}±� T��d�� .
4x

(x−2)2 = 4
x−2 +

8
(x−2)2 •

the primitive function is: ∫
4x

(x− 2)2
dx = 4 ln |x− 2| − 8

x− 2
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ ryhJ �kJ
1

x2+x+1
•

A popular form, including the primitive function is:∫
dx

x2 + x+ 1
=

2√
3
arctan

(
2x+ 1√

3

)
+ k.

:¨�At�� �yl�t�� An§d� •
We have the following factorization:

1

(x2 + 2x− 1)2
=

1

8(x+ 1 +
√
2)

2 +

√
2

16(x+ 1 +
√
2)

+
1

8(x+ 1−
√
2)

2 +
−
√
2

16(x+ 1−
√
2)

:¨¡ Tyl}±� T��d�� .

the primitive function is:∫
dx

(x2 + 2x− 1)2
= − x+ 1

4(x2 + 2x− 1)
+

√
2

16
ln

∣∣∣∣∣x+ 1 +
√
2

x+ 1−
√
2

∣∣∣∣∣+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ T��d�� Yl� �tK� �kK�� ��
3x+1

(x2−2x+10)2
•

From the form is derived on the function, from which the original function is:∫
3x+ 1

(x2 − 2x+ 10)2
dx = − 3

2(x2 − 2x+ 10)
+

2(x− 1)

9(x2 − 2x+ 10)
+

2

27
arctan

(
x− 1

3

)
+ k.

:¨¡ Tyl}±� T��d�� ¢n�¤ T��d�� Yl� �tK� �kK�� ��
3x+1

x2−2x+10
•

From the form is derived on the function, from which the original function is:∫
3x+ 1

x2 − 2x+ 10
dx =

3

2
ln(x2 − 2x+ 10) +

4

3
arctan

(
x− 1

3

)
+ k.
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:T�At� �km§ •
We can write:

1

x3 + 1
=

1

3(x+ 1)
− x− 2

3(x2 − x+ 1)
.

:¨¡ Tyl}±� T��d��

the primitive function is:∫
dx

x3 + 1
=

1

3
ln |x+ 1| − 1

6
ln(x2 − x+ 1) +

1√
3
arctan

(
2x− 1√

3

)
+ k.

Exercise N°− 6 − ��C �§rm�

.Ty�At�� T§rsk�� ��¤dl� �®�Akt�� 	s��

Calculate the integrals for the following rational functions.

1)

∫ 1

0

dx

x2 + 2
. 2)

∫ 1/2

−1/2

dx

1− x2
. 3)

∫ 3

2

2x+ 1

x2 + x− 3
dx.

4)

∫ 2

0

x dx

x4 + 16
. 5)

∫ 0

−2

dx

x3 − 7x+ 6
. 6)

∫ 3

2

4x2

x4 − 1
dx.

Solution - �þþ���

: ¢n�¤ �S�� xw� T��dl� ryhJ �tK�
1

x2+2
•

1
x2+2

is a well-known derivative of the arctangent function, including:

∫ 1

0

dx

x2 + 2
=

1√
2
arctan

(
1√
2

)
.

:rsk�� �l�n� •
Let’s decompose the fraction:

1

1− x2
=

1/2

x+ 1
− 1/2

x− 1
.

:��Akt�� 	s�� ��

Then we calculate the integral: ∫ 1/2

−1/2

dx

1− x2
= ln 3.
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 �� x2 + x− 3 T��d�� �tK� ¨¡ 2x+ 1  ± •
Because 2x+ 1 is the derivative of the function x2 + x− 3, then∫ 3

2

2x+ 1

x2 + x− 3
dx = ln

∣∣x2 + x− 3
∣∣]3

2
= ln 3.

:Xysb�� �kK�A� rsk�� �yl�� �yWts� •
We can analyze the fraction in the simplest way:

x

x4 + 16
=

√
2/8

x2 − 2x
√
2 + 4

−
√
2/8

x2 + 2x
√
2 + 4

,

:d�� .x2 = u ry�tml� ryy�� �S�  � Xs�±� �k�

But the simplest thing is to change the variable x2 = u. We find:

∫ 2

0

x dx

x4 + 16
=

1

2

∫ 4

0

du

u2 + 16
=

π

32
.

:d�� �yl�t�A� •
By factorization, we find:

1

x3 − 7x+ 6
=

1

20(x+ 3)
− 1

4(x− 1)
+

1

5(x− 2)
.

:��Akt�� ¢n�¤

Then the integral: ∫
dx

x3 − 7x+ 6
=

1

20
ln
∣∣∣(x− 2)4(x+ 3)

(x− 1)5

∣∣∣+ C

�y�

∫ 0

−2

dx

x3 − 7x+ 6
=

1

10
ln(27/4).

:d�� �yl�t�A� •
By factorization, we find:

4x2

x4 − 1
=

2

x2 + 1
− 1

x+ 1
+

1

x− 1
.

:��Akt�� ¢n�¤

Then the integral: ∫
4x2

x4 − 1
dx = ln

∣∣∣x− 1

x+ 1

∣∣∣+ 2arctanx+ C
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where �y�∫ 3

2

4x2

x4 − 1
dx = ln

(
3

2

)
+ 2arctan

(
1

7

)
.

Exercise N°− 7 − ��C �§rm�

¨�At�� ��Akt�� �y� xC �

Study the values of the following integral

In =

∫ 1

0

sin(πx)

x+ n
dx,

.n > 0 �� ��� ��

for every n > 0.

0 ≤ In+1 ≤ In  � 
b�� −1
Prove that 0 ≤ In+1 ≤ In

.limn→+∞ In  � �tntF� �� In ≤ ln n+1
n

 � 
b�� −2
Prove that In ≤ ln n+1

n
and then conclude that limn→+∞ In.

��Akt�� Tmy� 	s�� −3
Calculate the value of the integration.

lim
n→+∞

nIn.

Solution - �þþ���

,sin(πx) ≥ 0 ¤ 0 < x+ n ≤ x+ n+ 1 An§d� ,0 ≤ x ≤ 1 �� ��� �� : 0 ≤ In+1 ≤ In  � �Ab�� −1
d�� , ¢n�¤

Prove that 0 ≤ In+1 ≤ In : For every 0 ≤ x ≤ 1, we have 0 < x + n ≤ x + n + 1 and

sin(πx) ≥ 0, then we find

0 ≤ sin(πx)

x+ n+ 1
≤ sin(πx)

x+ n
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.��Akt�� Ty�A�§� Ty}A� �ybWt�

applying the property of positive integration.

An§d� 0 ≤ sin(πx) ≤ 1 �®� �� −2
Through 0 ≤ sin(πx) ≤ 1 we have

sin(πx)

x+ n
≤ 1

x+ n

we find d��

0 ≤ In ≤
∫ 1

0

1

x+ n
dx = [ln(x+ n)]10 = ln

n+ 1

n
→ 0.

Calculate the value of integration ��Akt�� Tmy� 
As� −3

lim
n→+∞

nIn.

u′(x) = − 1

(x+ n)2
¢n�¤ v′(x) = sin(πx) ¤ u(x) =

1

x+ n
�S� �y� ,T¶z�t�A� ��Ak� ©r�n�

d�� v(x) = − 1

π
cos(πx) ¤

Let’s do an integration by parts, where we put u(x) =
1

x+ n
and v′(x) = sin(πx) and from

there u′(x) = − 1

(x+ n)2
and v(x) = − 1

π
cos(πx). We find

nIn = n

∫ 1

0

1

x+ n
sin(πx) dx

= −n

π

[
1

x+ n
cos(πx)

]1
0

− n

π

∫ 1

0

1

(x+ n)2
cos(πx) dx

=
n

π(n+ 1)
+

1

π
− n

π
Jn

Tmy�  A�§� An� Yqb§

It remains for us to find a value

Jn =

∫ 1

0

cos(πx)

(x+ n)2
dx.
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∣∣∣n
π
Jn

∣∣∣ ≤ n

π

∫ 1

0

| cos(πx)|
(x+ n)2

dx ≤ n

π

∫ 1

0

1

(x+ n)2
dx

=
n

π

[
− 1

x+ n

]1
0

=
n

π

(
− 1

1 + n
+

1

n

)
=

1

π

1

n+ 1
→ 0.

then :¢n�¤

lim
n→+∞

nIn = lim
n→+∞

n

π(n+ 1)
+

1

π
− n

π
Jn =

2

π
.
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