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Ezercise series N° 4 ady i jbald| ds 5.4

Exercise N°— 1 — gdy 4d m

38153 T {2 0 S e Mo TRN s
Compute the following integrals by integration by parts.

1)/932 Inzdx. 2)/:Uarctana:da:.
3)/1nxdm then /(lnx)2 dx. 4)/Cosxexp:vdx.

Solution - Jemsd!

fx21nxdx °

V=12 gu=Inr dus 45 jatl Jelss
Let’s integrate by parts where we put « = Inz and v' = 22

_ a8 1 .
/1 a8
then u —Eandv—g.

3 1 3
/lnx'xde:/uv’:[uv}—/u’v: {lnx~%] —/5-%d:c
3 x?
= |lnz-— —/— _
{ 3} 3

[zarctanzdx e

z2 / 1

_ _ . ! _ & o s . - .
V=5 9U = iz &gV =T gu=arctans oo 43 jonidls Jelsd

Let’s integrate by parts where u = arctanz and v' = x. These include v’ = # and v =

z2

5

/arctana:-xdx = /uv' = [uv} — /u'v

; x? / 1 x2d
= |arctanz - —| — - —dx
2 1+22 2
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1 1
[arctanx —} —5/ (1— 1—|—x2) dx

= et L2+ Larctanz +
= —arctanx — —x + - arctanx + ¢
2 2 2

1 ) 1
25(1+x)arctanaz—§x+c

[(Inz)*dx then [Inzdx e
gu’:%4.’;»3.1/:13u:1nx:g"o.2\3}:..:dled.nls;mdmgflnxdxtdﬁls;‘didq.ic,.n
Vv=u

In order to integrate: [ Inxz dx using integration by parts, where u = Inz and v/ = 1. Then

u’:%andv:a:.

/mdx_/ — [uo] - /uv
= [lnx - x] /
fres

HI*—‘

ld

zlnxx

=zlnz —x+c¢

ot =2Inz Ly V' =1 gu=(In2)? o> [(In2)?dr Cluwmt 45 30l JolS Joatwd
V=2
We use integration by parts to calculate [(Inz)?dz where u = (Inz)? and o' = 1. Of which

u = 2%lnx and v = x.

/(lnx)2 dr = /uv' = [w] — /u’v
= [z(Inz)?] — 2/lnxd:c

=z(lnz)® —2(xlnz —2) +c

Laslu O guusmatt ST Loandnial ¢ p ¥ o wdl Sl J guasl
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To get the last line, we used the previously computed integral.

I= [coszexprdr puad o

203w ==sinr 9 U = expr diwg U =COST 9 U = EXPT S A3 jmiIly JolSIU) Jomlicsd

We use the integral by parts where u = exp x and v" = cosz. Then, v’ = expx and v = sin z.
So:

I:/cosxexpa:d:v: [sinacexpx} —/sinxexpxdx

tode Juasa Lold J = [sinzexpzdr 1Oi Lus 48 13)

If we assume that: J = f sin z exp z dz, then we get:

I = [sinxexpx} —J

laa V' =sinz g u=expr pe G 31 5 0 A5 juil JelS Jloatal wad J olus i e
Ldas

- -

In order to calculate J we use integration by parts again with « = exp x and v' = sinz. This

gives us:

J = /sinxexpmdx: [—cosxexpx] —/—cosxexpxdx: [—cosxexpx} + 1

AL Walae Load O3)

So we have a second equation:

J = [—cosxexpa:] +1

HEE -2 U9 | '&JAB-QJ“;SMJU'AP

Substituting J for its value in the previous equation, we find:

1= [sinxexpx} —J = [sinxexpx] — [—cosxexpa:} -1
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where G

21 = [sinxexpx} + [Cosxexpx}

Pl Gl LD i Lo 102 9
This allows us to calculate the integral:

1
I= E(sin:z: + cosx)expz + c.

Exercise N°— 2 — gdy 4d w2

e ) 15) JalR) oy ;2 o 10183 2o S o Mo TR s

Calculate the following integrals, specifying the integral domain definition if is necessary:

1) / sin® z cos® zdz.  2) / cos* xdx. 3) / c0s?°% g sin zdx.
1 1 1
4)/ —d. 5)/ dx. 6)/ ——dx.
sin x cos T 7+ tanzx

Solution -  Jemsd!
The integral is defined at R. R e @ a0 JolsI) o0
.8 3 L .o L .n
sin® z cos” zdr = —sin"z — —sin- z + ¢
9 11
The integral is defined at R. R e @ a0 Sl @
1 1 3
/cos4xdx = 3—281n4x + Zsian + 37 +c
The integral is defined at R. R (A @ a0 JolSI) o
f 1
2003 . _ 2004
/ cos™  wsinzdr = 5001 &5 © +c
The integral is defined at |k, (k4 1) 7[. Jkm, (k+ 1) 7] e @ pan JolSII @
1 1 1—rcosz T
—dr = -In| —— —i—c:ln‘tan—‘ +c
sin 2 |l+cosx 2
(Change the variable © = cosx or u = tan §). (u =tan3 gl u=cosT yuaied J.&.as)
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|2+ km, 5+ k| e @ pae JolSIIl @
The integral is defined at | =% + km, 2 + kr |

IR

bo=tnan (24 7))+
c=Inltan | = + — c
COS T 1 —sinzx 2 4

(u =tang gl u=-snT ;i J.:«.ﬂ)
(Change the variable u = sinz or u = tan ).

R\ {arctan (—7) + km, 2+ kr, k € Z} Jlowadl le B yas JolSII o
The integral is defined at R\ {arctan (—7) + k7,  + kr, k€ Z}

/ ! d 7+1l|t +7]+11| | +
—aAr = —=T — In |tan x — In |COSX C
7+ tanz 50 50 50

(u =tanzr el J.h«_ﬁ)
(Change the variable u = tanx ).

Exercise N°— 3 — gdy 4d w2

PR B 89 o8 G e Mo s
Calculate the following integrals by changing the variable.

1
/cosx )% sin x da. 2)/ dx.
rlnx

/3+eXp /\/41‘—1‘2

Solution - Jumsd!

[(cosz)*tsinzdr o

e Jrasd du = —sinzdr g = arccosu Load 4 = CoST puaied! judd puad

We put the variable change u = cosx we have x = arccosu and du = —sinx dr we get:
/(COS r) P sing dr = /u1234(—du) = —Lu1235 +c=— ! (cos ) + ¢
1235 1235
This primitive function is defined at R. R e 45 y20 2™ A0 sla
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f:cllla:dm ¢
:gﬁdu:dfjx:expuguu:lnxﬁﬂd!ﬁgﬁo&g
Let the change of variable © = In z, then we have x = expu and du = d?“ we write:
1 1 d 1
/ dr = ——x:/—du:ln\ul—l—c:ln\lnxl—i—c
rlnzx Inx z U

ewidly aliee (950 A8 colidl) |1, 400 e i ]0,1] e 43, Ado¥) ALY sl
(RSN,
This primitive function is defined as ]0, 1[ or |1, +00[ (the constant may be different for the

two intervals).

1
fS—i—exp(—x)d:E °

.d:c:%“u@i_.c&egg;m du =exprdr g v =nu 4oy U = eXPT pidliad! jcad HSJ

Let the variable be changed to u = exp x. Including x = Inu and du = exp x dr which also

writes dx = %“.

/ e —/ L (d —/ W 31 o= tm@epr 1)+
3+exp(—z) 3+ L\ u ) 3u+1 3 €T g e ¢

R e 48 ;20 2do¥ A0 sl

This primitive function is defined at R.

1
=L
@B e i s Lis Lgld by yas e b 3] AR 90 udlell oS re oo Al
JolS Causn oo 4B yad Lo 2 Ao yill (po 3 gb HCiEo jiamd] Comd g aldall
The purposed of changing a variable is to reduce it to something known. Here we have a

fraction with a square root in the denominator and under the root a polynomial of degree 2.

What we know is how to integrate

/ du _
——— = arcsinu + ¢,
1 2

—Uu
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98 g arcsin(t) Aot Adtide B yai LoY

Because we know the derivative of the function arcsin(¢) which is

1
V1—12
JSad) e 4 — 27 jhsdl G Le liss J glod 48] 53 gall J gloviw <308
We will try to get back to it. Let’s try to write under the radical 4z — 22 in the form

arcsin’(t) =

1
1—t2:4x—x2:4—(x—2)2:4<1—(51:—1)2).

94r — 2 = 4(1 —u?) 1098y Al (e U = 37 — 1 jdliadl ol B i pacdall (e SIS

dr = 2du
So it is natural to experiment with changing the variable u = %x — 1 for it is: 4o — 2% =
4(1 —v?) and dx = 2du.

/d—x_/ 2du —/ du = arcsin u + ¢ = arcsin 1x—l +c
Viar —22 ) Jad—w?) J Vi—u? N 2

2 €]0,4] Ao 43 yae Alo¥ WY siau €] — 1, 1] e Blaiad 2018 g 4d yasarcsinu 31t

The function arcsinu is defined and is differentiable on v €] — 1, 1[. This primitive function
is defined on z € )0, 4].

Exercise N°— 4 — a8y jd g

= 512l by 45 a8al! Gabial E5-tue — s

Calculate the area of the region bounded by the curves of the equations

x? q 1
=" and y= .
Yy 9 ) 1122

Solution - Jumd!

s 31 @ 3 g pd| s Y = g WA s g ¢ GBS adad 9o Y = 27/2 WA imie
Lgobuso a gdiw I dabaied) Oliomiad) (10D susy Las . (pealedd
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The graph of the function y = x?/2 is a parabola, and the graph of the function y = ﬁ is a

bell curve. Draw the two graphs. Together, these two curves define the area that we are going to

calculate.

&JEMM3:E:—13I:+1@‘»y‘&mmgw‘d‘ﬂbbmg¢;de&g$@a\e
2

L= o dladdt Ja Ga b (o de 3asI ed Abed) g ) Sle

Firstly, these two curves intersect at the coordinate points + = +1 and x = —1 : this can be
guessed on the graph and then verified by solving the equation %2 = m++1
flx) =2?/2
- 1 9(x) = 11
We will calculate two areas: IO b i

Wslaod) jelaw g ASIYI jeme B339 ¢ LA aladll Comd Adkatoll A Asluedl o
tawg . (r=41) 9 (z=-1)
The A; area of the region under the parabola, above the ordinate axis and between the lines

of the equation (z = —1) and (z = +1). Including:

+1 .2 31+t
A
1 2 6], 3
Walaod) o glas o g OLAI Y| jame §92 9 ¢ (w ypondl Comd Aad) o)) ddlaiall Ay dxlusdl o
g (r=41) 9 (z=-1)
The area A, for the area under the bell, above the ordinate axis and between the equation

lines (r = —1) and (z = +1). Including:
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oy X
Ay = /_1 o dr = [arctan z] 7| =

‘6 9l LAISI! aladl) § 98 9 (S A Asbluedl @
The area A under the bell and above the parabola is:

A=A — A =

wm
oa|>—u

Exercise N°— 5 — @ (d w2

Salo W) Ploah 1590 5 Gudlill jquld Jis-

Factorize the following fractions and then find the primitive functions.

1 1 z3
1 —_—. 2 —. 3 .
) a? + x2 ) (1 + 22)? ) 2 — 4
4x 1 1
4) 5. 5 —5——— 6 . 5.
(z—2) 2 +z+1 (22 + 2z — 1)
7) 3r+1 8) 3r+1 9) 1
(22 — 2z +10)* 2?2 — 22+ 10 3+ 1

Solution - Jemsd!
ey palll A gama (ro Sl U5 2 Andlo L

The results are valid in every interval of the definition set.

‘_,At\.d.m}ﬂ At A g dacwny IS

x2+a2
A simple form of which the primitive function is:

dx 1
ﬁ:—arctan( >+k
T+ a a a

e s\.uL«aY! W) die 9 dacwny IS 1+ )2
A simple form of which the primitive function is:

/ d Larctanz 4~ 1k
——— — — arctanx — 7 .
(1422 2 2(1 + 2)
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Al (Sen @

We can write:

ot oW AN die g
Then, the primitive function is:
2

ZL’3 T 2 2

. - N 4z _ 4 8
on o) Wl A = e

the primitive function is:

4
/—$2dx:41n|x—2|—l+k.
(x —2) T —2

lod Ao ¥ WA Le g gl JSE o @
A popular form, including the primitive function is:

/ du 2 arcta 2zt 1 + k
—_— n )
?+r+1 /3 V3

We have the following factorization:

1 B 1 V2 1 —V2

(22 + 2z — 1) _8(x+1+\/§)2+16(9[7+1+\/§)+8(m+1—\/§)2+16(95+1—\/§)

a2 o™ ANy,

LA i Lot e

the primitive function is:

/ dx z+1 \/§1

L L V2 r+14++2
(22422 —1)  4@*+22-1) 16

n—
r+1—+2

. - Nl . - P s . 3z+1
it Al ANAT die g WM Lo Fide JSAT (pe m
From the form is derived on the function, from which the original function is:

/ x4+ 1 J 3 N 2(x — 1) +2 ; x—1 k
r=— — arctan | —— .
(2% — 22+ 10)° 2(2? — 20+ 10) ' 9(2? — 22 +10) | 27 3

+ k.

Lod Ao ¥ AN die g WA o Bl JSAN (pe 2TEL
From the form is derived on the function, from which the original function is:

/md:c: §ln(9€ — 2z + 10) +§arctan (T) + k.
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Al (Sen @
We can write:
r 1 x—2
»+1 3x+1) 3@2—z+1)

ld oY) Al

the primitive function is:

/ d 1 lz+ 1] —=In(2® —z +1) + L arcta (2x_1)+k
n|xr ——HZL' — X —= ar 11 .
S 6 V3 V3

Exercise N°— 6 — @) (4 w2

S Gy pulll P al) o T s

Calculate the integrals for the following rational functions.

Lod 1z q S 2r+1
1)/ = 2)/ = 3)/ g
0o T2+2 _ipl—x o T°+x—3

2 0 3 2

z dx dx 4x
4 ) ——— 06 —dx.
)/0 r* + 16 >/2x3—7x+6 )/2 A1

Solution - Jumsd!

:Mjw‘wﬁu‘mﬁaﬁ@l&nzth

2 —5 is a well-known derivative of the arctangent function, including:

/1 = e ( )
= — arctan
0 B2+2 /2 V2

Let’s decompose the fraction:

L2 12

1—22 24+1 x-—-1

LSS e @3

Then we calculate the integral:

1/2 d
/ x2 =1In3.
—1/2 11—z
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a9x2+$—32\1\.\31‘_§:ﬁm&,‘>2x+1‘33’ °

Because 2z + 1 is the derivative of the function 22 4+ 2 — 3, then

5o2x 41 ) 3

Tdad | JSEL STl Julond adatioad @

We can analyze the fraction in the simplest way:

r V2/8 V2/8
rt 416 2222244 22+ 222+ 4

But the simplest thing is to change the variable 22 = u. We find:

/2 r dx _1/4 du o
0o 2416 2 ), uz+16 32

T Judsedl e
By factorization, we find:
1 1 1 1
P _Tr+6 20@+3) da—1) Ba-2)
ol Ao g
Then the integral:
dx 1 x—2)4x
[ Frs=wl <x)_<1>5+3) e
e~
0
/2 #ﬂi% - 110111(27/4).
Ad Il e
By factorization, we find:
42* 2 1 1
-1 22+l _x—|—1+x—1'
ol Ao g

Then the integral:

42 -1
/ 433 1dx:1n‘x+1‘+2arctanx—l—0
xt — x
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where

3 2
4 3 1
/2 x4x_ 1 dr = 1n <§> + 2 arctan (?> .

Exercise N°— 7 — a8y od g

S ST b g s
Study the values of the following integral

I — /1 sin(mx) iz,
0o T+MN

n>0\1;\1>-9\0.5

for every n > 0.

0< Iy < I, o) st —1
Prove that 0 < I, < I,

&

limmy, oo I 0 it @3 7, < In ™ of g) —2
Prove that I,, < In ”TH and then conclude that lim, ., I,,.

Jo T8 usb s | —3
Calculate the value of the integration.

lim nl,.
n—-+oo

Solution - Jumd!

sin(rz) >0 g0<z+n<z4+n+llot 0<z<1yss Jai e 0< 1,1 <1, o oLa) —1
A Al g

Prove that 0 < I,,.; < I,

sin(mz) > 0, then we find

 Forevery 0 <z <1, wehave 0 < x+n < x+n+1 and

sin(mx) < sin(mx)
Trx+n+17 x+n
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(Jol Aplom) eols Godan
applying the property of positive integration.

Lot 0 <sin(mz) <1 IM> (e —2
Through 0 < sin(rz) < 1 we have

sin(mx) < 1

r+n —x+n
we find N
| . n+1
oglng/ dz = [In(z +n)], =1n — 0.
0o TN n
Calculate the value of integration ol e Ol —3
lim nl,.
n—-+00
u'(x) = - &e g V() = sin(mz) g u(x) = ! pad o (A5 jaiIly JelSS (g
(x 4+ n)? x+n - S =<
1
s 0(z) = —— cos(m) 5
7r

Let’s do an integration by parts, where we put u(z) = n
r+n
1

1
there u/(z) = “wrn? and v(z) = —— cos(mx). We find
r+n T

and v'(x) = sin(mx) and from

dod alow) LI 20
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1 1
EJn < n |cos(7rxz| e < 2/ 1 e
m T Jo (x+n) 7 Jo (z+mn)
n O 1 1 1 1
== |- =— |- +—-) == — 0.
T r+nl, T 1+n n mn+1
then dica 4
1 2
lim nl, = lim n +__2Jn:_
n—+00 n—toom(n+1) w T
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