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If we solve this equation to figure out the value of y we get

3

=— 40
y=3
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where C' is an arbitrary constant. In the aéove—obtained solution, we see that y is a '

function of x. On substituting this value of y in the given differential equation, both the sides of

the differential equation becomes equal)

\.

Ezercise series N° 5 ady o jbald| dds 3.5

Exercise N°— 1 — a8y gd g

abolaill &s\Rell s 558

Determine the solution to the differential equation
3y +4y =0
y(0) =2 \;\)&_)?‘ b i) gaso &3

which satisfies the initial condition y (0) = 2.

Jed |
S ISt e ST Wslaed sia

This equation is written in the following form

Y :—gy
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So the solution that satisfies the initial condition is

then :Lfi
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Exercise N°— 2 — gdy 4d w2

Sl Gubibaid! &ds1Relt oI
Let the differential equation be:
Y +2zy = . (E)
S8l Gulio\ai) &I\l Jels- s8-9Y (1
Find the solutions to the homogeneous differential equation.

y(0) =1 8883 1 (F) ads\Rall ol asql (2
Find the solutions to the equation (E) which satisfies y(0) = 1.

Jed |

Aoy parss Cals 9o k € R cos A(z) = 22/2+ F J1 91 oo az) = 22 Wald Ldo¥I J) 9!
TUSA (e R e 48 yaell JI gl JS5 o B dwilniall Walaetl J ol

The primitive functions of a(x) = 2z are the functions A(x) = 2?/2+ k where k € R is a arbitrary

constant. Hence, the solutions to the homogeneous equation E are all functions defined on R of

the form:

y(a) = ce
where ¢ € R is an arbitrary constant.
IS e B Y polsdl dadl e 0¥ o

Now we look for the particular solution of E of the form:

DLt Col gl yods das b Jleatuls
using the variable constants method. We've got :

2

Y, (r) 4 2xy,(2) = ¢ (x)e

T ER Y& Jai e d(z) = 26 1 Hles 13Uasa g 13| B 3 S 98 1, dia g

Of which v, is a solution to F if and only if: ¢/(z) = ze*” for each z € R.
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DIl i e 267 ANl Ao ¥ I gadl G (e (1) AHIAN S
Let the function ¢(x) be among the primitive functions of the function ze® | for example:
co(z) = 1/2¢%.
then the function y, where o Yp Alad) A g

yp(z) = 1/2e% e =1/2

SCEA R (PRUN i i T NPT JYPSSPINPNPRN o S PApY

is a solution to F. Therefore, the solutions to the equation E are all functions of the form:

2 1
y(x) =ce ™ —|—§ ceR.

c=1/2: 5310 y(0) = 1 o pidt L ) Walacll Yo y S

where y is a solution to equation Ej, here the condition y(0) = 1 is equivalent to: ¢ = 1/2.

Exercise N°— 3 — gy 3 pd

alo &) &s1Ral 0, 00f b olas JWee pff o TR ¢ s
We propose to integrate over the largest possible interval in |0, 00[ of the differential equation:
, 7
y'(z) — % — y(z)? = —9z° (E).
(E) &5\l 4o 00\8- I y(2) = az 9% a €]0,00[ asq) (1

Find a €]0, 00] where y(z) = ax is a particular solution yy of equation (E).

16abo\ail) sl2al) J) () slal) Jgsa y(7) = yo(e) — 255+ &) ja& oF =8 (2
Prove that changing the function: y(x) = yo(z) — ﬁ Converts the equation (E) to the

differential equation:

J(@)+ (69& + é) ) =1 (B

Solve (Ey) by 10, 00].

Unwversity of Mohamed Kheidar, Biskra 163 Brahim Brahimi-Jihane Abdelli



Ezercise series N° 5 w9 3! &lwlw 5.5 Dif ferential equations Gulo\a) = 3\Ral)

10, 00[ J& 68 2l (B) &s\rall Jols- 3F 1591 (4

Find all solutions to the equation (E) defined on ]0, col.

Jad

AOU Ao last) Aalaedl Jod

Let’s solve the following differential equation

y(@)— " ey = —ga?,

T
OY 9 (Wslaall ols s (950 Yo(7) = axr cu a €]0,00] e Emdy

We are looking for a € [0, 00| where yo(z) = ax is a special solution to the equation, and
because

i)~ 2 gy = e,

a =3 H8d 9.a= 13 Ol 13) dadd o 13] J> 42 Yp
Yo is a solution if and only if a = £3, we take a = 3.

el paald W g O alall (e Al 2 Colss 13)

If 2 is a function of class C! and does not null, we set

y(x) =3z —1/2(x).

PO 13 dadd g 13) S Y e g
of which y is a solution if and only if:
2 (x) 1 1 6

z(x)? * zz(z)  2(x)? * 2(z) 0.

B 2 Ol 13) dadd g 13) Adslwt) Walasll Jo § e Juamd 2(7)? B o patly
Multiplying by z(x)? we get y is a solution to the previous equation if and only if z satisfies

(@) + (693 + é) Ar)=1. (B

Wz = 6 + 1/ el adoi s 23D 0,00 Jleedt e (E)) Walaett g
x> 32? + In(x)
fAA) (o dwdlmied! Walacd! J ol de g

(1
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Let’s solve the equation (E;) over the interval ]0,o00[. We take a primitive function of
x + 6x + 1/z the function z + 3z* + In(z). Then, the solutions of the homogeneous

equation are the function:

T A6_3$2_1n(x).

IS e (B Walaell (old (s e o
Let’s find a special solution to the equation (E;) of the form

() = alr)e b

Ol 13) U 9 2, die g
Hence, z, is a solution if

Oé/(x)ef&rzfln(x) —1

a(r) = €7 /6 ples 13) JLad) Juww Lo o (7) = 263 ples 13]G
t 2 (Br) Walaett J gl

i.e. for example if o/ (z) = ze**” and a(z) = €3*" /6. The solutions to the equation (E;) are:

1+ Ae—3°
N 6 ’

10, 00[ Jlonad! (e 42 jaodl (E) J od> O¥ pidbadiw (4
We will now derive the solutions of (£) defined on the interval |0, co.

z(x) where A eR.

e y() > 37 Of Lduwe oo a1y J0,00[ Jlowed) le B yae C1 auall (e Jo Y OGS
Ao g .HSan yud p by (] CJ0, 00] T saod! J el
Let y be a solution of class C' defined on the interval ]0, oo[. Let’s assume that y(z) > 3z is

on the open interval I C [0, 00[], as large as possible. Then

y(a) =3z —1/z()

ZQ?B}}MQ%M&@M‘J‘M‘W.["&CIM‘QJZ[<0J‘3M‘U'AAA.JA.iQJ
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For some functions z; < 0 of class C! on I. According to the previous question, we necessarily
have that:

- 1+ A[@i?’xz

21(z) 6x

31> Are™ 0% T #)0,4+00] oI A7 <0 old 27 < 0 0¥ A; € R colidl Jai e
.J&cy(l‘)<3x()35e&.ﬂun_jchlé.ndb.n.n..\::ﬁzgjm\.‘tj gﬁfmﬁéxu\é

for the constant A; € R, and because z; < 0 then A; < 0 but I #]0, +oo[ because 1 > Are=3’
if = is big enough. Thus, there is an open interval J such that y(z) < 3z over J.

Jlodt paad y(z) = 32 — 1/25(7) ] B OF 9 ORI Hjudy juss J O G315 50 o yaad
(@bt 15wt o 6 43T 8 40 . Ch caiuall o 25 >0
We assume again that J is as large as possible and that in .J , y(z) = 3z — 1/2,(x) for some

functions z; > 0 of class C' . Again from the previous question,

calh Aj Cu

where A is a constant.

Y ) oD s g (B W1 a0 98y O (b yiaed! (e Glss J =a, bl 7 giaed! Jlned) O
13) s ddl pudd g y(a) = 3a Ol a > 0 plss 13) [0, +00] Jlowad) e ddny yai @lo OF (b iy
Jlmadl e y(7) < 3z Lodd O 950 y ANl & )l jedwly (S0 @ o) % (b)) = 3b b < 00 Ol
Leie 27(z) — 400 Ol 13) A4 e dadd (1Sae 148 . pro € > 0 Jai (o Ja — 6,0+ €]

POf LU uaY (S8 — b beade 25(2) = +00 gl —a
Because the open interval J =|a, b| was supposed to be the maximum, and since y is assumed
to be defined on the interval |0,4+o00[ if @ > 0 then y(a) = 3a and the same if b < oo,
y(b) = 3b, because if it weren'’t for the continuity of the function y we would have y(z) < 3x
over Ja — €,b + €[ for small e > 0. This is only possible respectively if z;(z) — +oo when

r — a or zy(x) — +oo when z — b. But we have said that:
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1+ Aje3e’
T 6
(D=0 90a=0 M e Gl 3] sliliuls) GMLYI e (San i s <t
So this is not possible at all (except if respectively a = 0 and b = 0).

zJ

sin 58]0, +oo| Jlmall e y(z) < 3z (S J0, +00[ Jlawedl e y(z) = 3v (S die g
S0 9]0, oo Jlawedl e B pa0 2(2) = 1/(37 — y(x)) 8 s ¥1 ALt

So, let y(z) = 3z over the interval |0, +oo[ and let y(x) < 3z over ]0,4+o00| in this last case,
z(x) =1/(3x — y(z)) defined on the interval |0, +oo[ and write

2(z) = [1 + Ae "] /6.
OB Uy OlEs 13 e g A > —1 59 puatl iz > 0 O

Because z > 0, is necessarily that A > —1. Hence, if y is a solution, then:

y(x) = 3z 9l y(x) =3z — G A > —1.

0, 00] Jlowadt e C! caall yo 9 B pa0 Yy OLE (B yae U OlES 13) ¢ EI3 (o uSall Lo
Jo A e Gamd LiSan g
Conversely, if y is defined, then y is defined and of class C! on the interval |0, oo, and we

can verify that it is a solution.

Exercise N°— 4 — gy 3 ped

Sl Salioail) &slell oIl
Let the following differential equation

y// + 29 —0
Solve this equation. B\ 0 a® U (1

g f(0) =1 :651 bg il §as3 Mg Gbrlad) dubolaid) &lslral) s §os Y £ &) a9 (2
J1(0) = -2
Find the function f that solves the previous differential equation and that satisfies the
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following conditions: f(0) =1 and f'(0) = —2.

Jad

DS (e Aalaedt CasS (1

Write the equation in the form:
2
y// _|_ <\/§> y — 0

USEN 3G G R e A8 paolt J1 gt oo Lgd gl die g

and its solutions are the functions defined on R that take the form:

acosV2z + Bsinv2z, o, 8 € R

9 [(0)=1:20U3 do g yall Gax3 g 2aslead! Alioladl Aalacld M 3asT S f Al (2
o @, B € R ua g i f/(0) = =2

The function f that achieves a solution to the previous differential equation and that fulfills

the following conditions: f (0) =1 and f’(0) = —2, i.e. there is alpha, 8 € R where:

f(z) =acos V2 + fBsinv2r = f(0)=a =1

f’(f) Z\/§ﬁCOS\/§x—\/§asin\/§x:>\/§ﬁ: 2= 3= _\/5

Lot (e pdd) Ghmd A AN (S

Which function satisfies both conditions is:

f(z) = cos V2x — v/2sin V2.

Exercise N°— 5 — @) (4 w2

;S Galotaid! oY\l Jels as-qf
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Find the solutions to the following differential equations:

1) o' =3y +2y=c¢"
2) ¢y —y=—6cosz+ 2xsinx.
3)  4y" + 4y + 5y = sinze /2.

Jomtd |
PUNPR (IR

Let the equation:
y" — 3y + 2y = €.

D maad | 3 guisdl ydisn
the characteristic polynomial is
fr)=(@—=1(r-2)

APEY o> (2 Aol Walasdt J ol (Lo S,JEULtj

So the solutions to the homogeneous equation are all functions:

y(x) = cr1” + c2e** a1, €R.

Dse P ole (%) dopatt (u) Bedl L3 e yy(7) = Pr)e” JSad) e pels (> e Gono
YL P($):—$3P“—P/:1

We are looking for a special solution of the form y,(x) = P(z)e*. We are in the condition (22) (x)
over Pis: P”"— P' =1 and P(x) = —x verifies:

LIS (e I gl oo Alalasdl J gls la i

Therefore, the solutions to the equation are functions of the form:
y(x) = (C1 - :L’)ex + 6262I where c¢1,c0 € R.

Lo .y —y = —6cosz + 2rsinx
FUSE) e J pd Lgd Aol Walaolt 0= (r — 1)(r + 1)
Here 0 = (r — 1)(r + 1) the homogeneous equation has solutions of

the form:

y(x) = c1e” 4+ cee™® where ¢p,co € R.
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Walaoell ¥ Jo sl Lude I ) —y = —6cosa @ Walaed) Ga=3 3cosz A Of JasM
OF das D digl Aw g yiell Walaolt S O 95w Yp(x) = 3cosz + yi(z) O¥ ¥ —y = 2zsinz
Y=y = 22e™ D Walasd 2 > slou¥ oMol dowd sodl day yall adsviwd 9 22 sing = Im(2ze™)
Lot f(i) = =2 # 0 0¥ 1 aa judl (o 3 guismdl 3 1li&a o P o P(x)e’™ JSadl Gle 2) (o S
P(2) = —2 — i can pald) da o s 2iP'(x) —2P(x) =2x : dia g P e (%) do i /(i) = 21

4 9
We note that the function 3 cos x satisfies the equation: y” —y = —6 cos x, so we need to solve y;
for the equation y” — y = 2z sinx because y,(z) = 3 cosx + y;(x) will be a solution to the studied
equation. For this, we note that 2z sinz = Im(2z¢™) and we use the above method to solve z;
for the equation: y” —y = 2xe™. We are looking for z; of the form P(z)e® where P. It is a
polynomial of degree 1 because f(i) = —2 # 0. we've got f’(i) = 2i condition (*) on P, from
which: 2iP'(z) — 2P(z) = 2z which gives the definition dimension P(z) = —z — i. Then

y1(z) = Im((—2 +i)e™) = —xsinz — cos .

J) et 2 Jeld Ol ‘:,J\:d\.vj

So the solutions are functions:
y(x) = c1e” + coe™ ¥ + 2cosx — xrsinx where ¢, € R.

y1(x) = A(z) sinz+B(x) cos & S (o Jomd ! (o G 1Y —y = 20 sin 0 3 Jo sl (6 37 4da jbo
@#ﬁjyi/ayi%isw"uaw|3%w%}ig;¥1%JM|Q&A}M‘Q‘&‘&@A,BC&:}

(A" — A—2B")sinz + (B" — B—2A") = 2zsinx

POl 1) Gasin gl
Another way to solve for ¢y —y = 2xsinz : We look for the solution from the form y;(x) =
A(x)sinx + B(x)cosx where A, B are polynomials of degree 1 because i is not the root of the
characteristic equation. We calculate ], y{ and apply the studied equation to y; ...we get the
condition:

(A" — A—-2B")sinz + (B" — B—2A") =2zsinx

which is achieved if:
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A" — A—2B' =2
B'"-B_-2A"=0

Yrowsy gMlb=c=0w=d=—1! Juasd i vay B(r) =cr+d & A(r) = ar +b 10685 9

And we write: A(z) = ax + b et B(z) = cx + d, after defining we get: a =d = -1, b=c=0
which defines ;.

Ay" 4+ 4y + by = sinxe™ 2
lop Audlaiedl Walaodt Jolsg 1o = T7 9 71 = —5 0 Ol e Ol)as Led 5 rceed! Walasdl

The characteristic equation has two complex roots r; = —% + ¢ and r9 = 71. The solutions to the

homogeneous equation are:

y(x) = e *?(cicosz 4 cysinz) where ¢y, ¢ € R

NI

sinze™ 7 = Im(e~279%),

Aalaadt Has g —5 410 ¥ V2T ) L (B dall ae Alalaedl (1o 2, J (5o Gomdls Tu
Y N R RPN §

we've got

[NIE]

sinze F = Im(e~27),

We start by finding the solution to the z, of the equation with the new second side e(~1/2+i)e,

Because —% + 4 is the root of the characteristic equation, we look for:

zp(z) = P(x)e(_%”)x

PP e (#) do pidl L g 1 A judl (pe P o
Where P is of degree 1. Hence the condition (%) on P :

4P" + f'(=1/2+ )P + f(-1/2+i)P =1

Writes Dease

8P =1(P"=0 f(—%—i—i):() 9 f’(—%ﬂ'):&')
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: =Sk (PSR (I TV N 2(x) = —ipel-atde P(z) = —i/8z b O LiSen I
v . OR9 % § 9 :
So we can take P(x) = —i/8z and z,(x) = —%xe(_%”)m Hence the imaginary part is:
i (=3+i)z L. -z
Yp(z) = Im(—gxe 2TIT) = grsinze ®

IM‘@J‘jM‘WUAJPJ‘QP&JM.mM&Ad}y
is the solution to our equation. So the solutions are all functions of the form:

x

1
y(x) =e 2(cicosx + (cg + gx) sinz) where c¢1,c € R.
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