
Exercise series N° 1 ��C �§CAmt�� TlslF .4.1 Matrices �A�wfOm��

Exercise series N° 1 ��C �§CAmt�� TlslF 4.1

Exercise N°− 1 − ��C �§rm�

Let �kt� .

A =


−7 2

0 −1
1 −4

 , B =


1 2 3

2 3 1

3 2 1

 , C =


2

0

−3

 , D =
1

2

(
1 0

1 1

)

and ¤

E =


1 2

−3 0

−8 6

 .

.�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� �y�A�m�� �� 	s�� (A

Calculate all possible sums of two of these matrices.

.�A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� ��º�d��� �� 	s�� (B

Calculate all possible products of two of these matrices.

.5B + 4EAT ¤ 3A+ 2E 	s�� (C

Calculate 3A+ 2E and 5B + 4EAT .

.T�¤d`m�� T�wfOm�� A− αE �y� α d�¤� (D

Find α where A− αE is the null matrix.

Solution - �þþ���

¨¡ �A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� �y�A�m�� (A

The possible sums of two of these matrices are

A+ E =


−6 4

−3 −1
−7 2


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.Tnkm� ry� �y�A�m�� ¨�A�

Other combinations are not possible.

:¨¡ �A�wfOm�� £@¡ �� �yt�wfOm� Tnkmm�� ry� ��º�d��� (B

The non-possible products of two of these matrices are:

AB,AC,CA,DA,AE,EA,CB,BD,DB,EB,CD,DC,CE,EC,DE

:¨¡ Tnkmm�� ��º�d��� ¤

The possible products are:

BA =


−7 2

0 −1
1 −4



1 2 3

2 3 1

3 2 1

 =


−4 −12
−13 −3
−20 0



AD =
1

2


1 2 3

2 3 1

3 2 1


(
1 0

1 1

)
=


−5

2
1

−1
2
−1

2

−3
2
−2



BC =


−7 2

0 −1
1 −4




2

0

−3

 =


−7
1

3



BE =


−7 2

0 −1
1 −4




1 2

−3 0

−8 6

 =


−29 20

−15 10

−11 12



ED =
1

2


1 2

−3 0

−8 6


(
1 0

1 1

)
=


3
2

1

−3
2

0

−1 3


(C

3A+ 2E =


−19 10

−6 −3
−13 0

 .
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5B + 4EAT =


−7 2 −13
94 15 −7
287 −14 −123

 .

�y� α d�w§ ¯ (D

There is no α where

A− αE =


−α− 7 2− 2α

3α −1
8α + 1 −6α− 4

 =


0 0

0 0

0 0


. 0 ̸= −1  ±

because 0 ̸= −1 .

Exercise N°− 2 − ��C �§rm�

.

:Ty�At�� �¯A��� �� �� ¨� ,�r`�  wk§ A�dn� BA ¤ AB �y¶�d��� 	s�� (1

Calculate the product AB and BA when is defined, in each of the following cases:

A =

(
1 0

2 0

)
, B =

(
0 0

0 3

)
(a

A =


0 3 6

−2 0 0

2 1 2

 , B =

(
1 −1 1

0 1 0

)
(b

A =


1 3

1 1

0 2

 , B =

(
1 −1 0 1

0 1 0 2

)
(c

.Tq�As�� �A�wfOm�� �wqn� 	s�� (2

Calculate the transpose of the previous matrices.

Solution : �þþ���
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:Tnkmm�� ��º�d��� 
As� (1

Calculation of possible product:

¤ . Ankm� BA ¤ AB �y¶�d���  �� ,Tb�r�� Hf� ��  At`�r�  At�wfO� B ¤ A  ± �r\� •
:d��

Since A and B are square matrices of the same order, the product AB and BA are

possible and we find:

AB =

(
0 0

0 0

)
, BA =

(
0 0

0 0

)
.

.T�¤d`� B ¯¤ A T�wfOm�� ¯ Amny� AB = BA = 0 ,QwO��� ¢�¤ Yl�

In particular, AB = BA = 0 while neither the matrix A nor B is zero.

d�� �@� .�§rWF Yl� B ¤ ­dm�� T�®� Yl� ©wt�§ A  ± �r`� ry� AB º�d��� •

The product of AB is undefined because A has three columns and B has two rows. So

we find

BA =

(
−1 2 1

−1 −5 −3

)
.

An§d� ,«r�� Ty�A� �� �k� �r`� ry� BA º�d��� •

The product BA is undefined but on the other hand, we have

AB =


3 3 0 1

1 2 0 1

6 3 0 0

 .

:Tq�As�� �A�wfOm�� �wqn� 
As� (2

Calculation of transpose of the past matrices:
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AT =

(
1 2

0 0

)
, BT =

(
0 0

0 3

)
= B (a

AT =


0 −2 2

3 0 1

6 0 2

 , BT =


1 0

−1 1

1 0

 (b

.AT =

(
1 1 0

3 1 2

)
, BT =


1 0

−1 1

0 0

1 2

 (c

Exercise N°− 3 − ��C �§rm�

:þ� T�r`m�� T�wfOm�� A, B ∈M2(R) �kt�

Let A, B ∈M2(R) be the matrix defined by:

A =

(
3 −1
−2 0

)
¤ B =

(
0 1

3 2

)
.

.A2+AB+BA+B2 ¤ (A+B)2 �yt�wfOm�� �y�  CA� �� .A2+2AB+B2 ¤ (A+B)2 �yt�wfOm�� �y�  CA�

Compare the two matrices (A+B)2 with A2 + 2AB +B2. Then compare the two matrices

(A+B)2 with A2 + AB +BA+B2.

Solution : �þþ���

d�n� Tflt�m�� �A�As��� ©r��

We make various calculations and find out

(A+B)2 = A2 + AB +BA+B2 =

(
9 0

5 4

)
and ¤

A2 + 2AB +B2 =

(
8 1

0 5

)
.
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­�¤Asm�� ,«r�� Ty�A� �� .�A�wfOml� Tbsn�A� �W� (A+B)2 = A2+2AB+B2
 � ^�®� ,¨�At�A�¤

�A�wfOm�� �ym�� T�y�} ,�¤ zm�� �§Ewt�A� A¡Antb�� ¨t�� (A + B)2 = A2 + AB + BA + B2

.B ¤ A T`�rm��

So we can see that (A + B)2 = A2 + 2AB + B2 is false for matrices. On the other hand, the

equality (A + B)2 = A2 + AB + BA + B2, which we prove by double distribution, is true for all

square matrices A and B.

Exercise N°− 4 − ��C �§rm�

Let �kt�

A =

(
1 1

0 1

)
.

Find all matrices �A�wfOm�� �� d�¤�

B =

(
c d

e f

)
∈M2(R)

.AB = BA ¨n`§ ,A �� � Abt�  � Ahnkm§ ¨t��

which can be exchanged with A, i.e. AB = BA.

Solution : �þþ���

We have An§d�

AB =

(
c+ e d+ f

e f

)
, BA =

(
c c+ d

e e+ f

)
.

because we assume AB = BA, we get the system: : Tlm��� Yl� �O�t� AB = BA AnRr� An�±
c+ e = c

d+ f = c+ d

f = e+ f

: �kK�� �� ¨h� B �A�wfOm�� �� ¢n�¤ .c = f ¤ e = 0 d�� Tlm��� ���

Solving the system, we find e = 0 and c = f then, all the matrices B are of the form:

B =

(
c d

0 c

)
.
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Exercise N°− 5 − ��C �§rm�

T�wfOm�� ¤ T�¤d`� ry� Tyqyq�  �d�� b ¤ a �kt�

Let aandb be non-zero real numbers and the matrix

A =

(
a b

0 a

)

.AB = BA ©� ,A �� � Abt�  � Ahnkm§ ¨t�� B ∈M2(R) �A�wfOm�� �� d�¤�

Find all the matrices B ∈M2(R) that can interchange with A, i.e. AB = BA.

Solution : �þþ���

Let �kt�

B =

(
c d

e f

)

then, we have An§d� ¢n�¤

AB =

(
ac+ be ad+ bf

ae af

)
, BA =

(
ac bc+ ad

ae be+ af

)
.

: Tlm��� Yl� �O�t� AB = BA AnRr� An�±

because we assume AB = BA, we get the system:


ac+ be = ac

ad+ bf = bc+ ad

af = be+ af

: �kK�� �� ¨h� B �A�wfOm�� �� ¢n�¤ .c = f ¤ e = 0 d�� Tlm��� ���

Solving the system, we find e = 0 and c = f , and then, all the matrices B are at the form:

B =

(
c d

0 c

)
.
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Exercise N°− 6 − ��C �§rm�

.BA ̸= 0 ¤ AB = 0 : �y�M2(R) �� B ¤ A d��

Find A and B fromM2(R) where: AB = 0 and BA ̸= 0.

Solution : �þþ���

: �� b ̸= 0 ¤ a ̸= 0 �¤d`� ry� ¨qyq�  d� �� ��� �� ®��

For example, for each non-zero real number a ̸= 0 and b ̸= 0, then:

A =

(
0 a

0 0

)
, B =

(
b 0

0 0

)
Note that  � ^�®�

AB =

(
a 0

0 0

)(
0 b

0 0

)
=

(
0 ab

0 0

)

and ¤

BA =

(
0 b

0 0

)(
a 0

0 0

)
=

(
0 0

0 0

)

Exercise N°− 7 − ��C �§rm�

Let the matrix T�wfOm�� �kt�

A =


0 1

1 0

1 1


.

.B T�wfOm�� T�y} �A¡ ,�`n� 
�w���  A�  � ?AB = I3 �y� B ∈M2,3(R) T�wfO� d�w� �¡ (1

Is there a matrix B ∈M2,3(R) where AB = I3? If yes, give the matrix formula of B.

.C T�wfOm�� T�y} �A¡ ,�`n� 
�w���  A�  � ?CA = I2 �y� C ∈M2,3(R) T�wfO� d�w� �¡ (2
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Is there a matrix C ∈M2,3(R) where CA = I2? If yes, give the matrix formula of C.

Solution : �þþ���

:¨�At�� �kK�� Yl� 	tk� B ∈M2,3(R) �kt�

Let B ∈M2,3(R) be written in the following form:

B =

(
a b c

d e f

)
.

So the product of AB is equal to ©¤As§ AB º�d��� ¢n�¤

AB =


d e f

a b c

a+ d b+ e c+ f

 .

¨¡¤ .a + d = 0 ¤ a = 0 ¤ d = 1 Yl� QwO��� ¢�¤ Yl� �O�ns� ,AB = I3 An§d�  A� �Ð�

.Tly�ts�

In particular, if we have AB = I3, we get d = 1, a = 0, and a+ d = 0. It is impossible.

:¨�At�� �kK�� Yl� 	tk� C ∈M2,3(R) �kt�

Let C ∈M2,3(R) be written in the following form:

C =

(
a b c

d e f

)
.

So the product of CA is equal to :©¤As§ CA º�d��� ¢n�¤

CA =

(
b+ c a+ c

e+ f d+ f

)
.

: A� �Ð� Xq�¤ �Ð� CA = I2 An§d�

We have CA = I2 if and only if: 
b+ c = 1

a+ c = 0

e+ f = 0

d+ f = 1
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the solution of the system is :w¡ Tlm��� ��
a = −c
b = 1− c

e = −f
d = 1− f

:�A�m�� �ybF Yl� ,C TbFAn� T�wfO� d��  � �km§ ��@�

So we can find a suitable matrix C, for example:

C =

(
0 1 0

1 0 0

)
.

Exercise N°− 8 − ��C �§rm�

Let the following matrices as: : Ty�At�� �A�wfOm�� �kt�

A =

(
1 −1
−1 1

)
, B =

(
1 1

0 2

)
.

.n ≥ 1 �� ��� �� An �� �tntF� �� .A3 ,A2 	s�� (1

Calculate A2, A3. Then deduce from An for every n ≥ 1.

.B T�wfOm�� ��� �� ��¥s�� Hf� Yl� 	�� (2

Answer the same question for the matrix B.

Solution : �þþ���

An§d� .Ty¶Ahn�� T�yO�� �ym�� T�¤A�m� An
þ� Y�¤±�  ¤d��� 
As�� �dbnF

We’ll start by calculating the first terms of An to try to guess the final formula. we’ve got

A2 =

(
2 −2
−2 2

)
, A3 =

(
4 −4
−4 4

)
.

: n ≥ 1 ��� ��  � ���rt�A� 
b�� ��

Then we prove by induction that for n ≥ 1:

An =

(
2n−1 −2n−1

−2n−1 2n−1

)
.
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2n−1 + 2n−1 = 2n Yl� TVAsb� dmt`§¤ ,T§A�l� Xys� ���rt�A� �Ab�³�  �

The induction proof is very simple, it simply depends on 2n−1 + 2n−1 = 2n

:B þ� Tbsn�A� ¢sf� º¨K�� �`f�

We do the same for B:

B2 =

(
1 3

0 4

)
, B3 =

(
1 7

0 8

)
.

: n ≥ 1 ��� ��  � ���rt�A� 
b�� ��

Then we prove by induction that for n ≥ 1 :

Bn =

(
1 2n − 1

0 2n

)
.

Exercise N°− 9 − ��C �§rm�

T�wfOm�� 
wlq� ,Tq��rm�� T�wfOm�� Tq§rV �� Qw� Tq§rV �Am`tF�� 	s��

Calculate using the submerged method and then the conjugate matrix method, the inverse of the

matrix

A =


1 1 2

1 2 1

2 1 1

 .

Solution - �þþ���

:­Ez`m�� T�wfOm�� ,Qw� Tq§rV �Am`tFA� A T�wfOm�� 
wlq� 
As� (1

Calculating the inverse of the matrix A using the Gauss method. The augmented matrix is:

(A | I) =


1 1 2 1 0 0

1 2 1 0 1 0

2 1 1 0 0 1


L1

L2

L3

:�¤±�  wm`�� ¨� rh\§ 0 �`��

We make 0 appear in the first column:
1 1 2 1 0 0

0 1 −1 −1 1 0

0 −1 −3 −2 0 1

 L2←L2−L1

L3←L2−2L1
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then ��
1 1 2 1 0 0

0 1 −1 −1 1 0

0 0 −4 −3 1 1


L3←L3−L2


1 1 2 1 0 0

0 1 −1 −1 1 0

0 0 1 3
4
−1

4
−1

4


L3←−1

4
L3


1 1 0 −1

2
1
2

1
2

0 1 0 −1
4

3
4
−1

4

0 0 1 3
4
−1

4
−1

4


L1←L1−2L3

L2←L2+L3

and finally ry�±� ¨� ¤
1 0 0 −1

4
−1

4
3
4

0 1 0 −1
4

3
4
−1

4

0 0 1 3
4
−1

4
−1

4


L1←L1−L2

: �ymy�� Yl� Ahyl� �wO��� �� ¨t�� T�wfOm�� w¡ A T�wfOm�� 
wlq�  �� ,¨�At�A�¤

Thus, the inverse matrix of A is the matrix obtained on the right:

A−1 =


−1

4
−1

4
3
4

−1
4

3
4
−1

4
3
4
−1

4
−1

4

 =
1

4


−1 −1 3

−1 3 −1
3 −1 −1


 d�m�� 	s�� :Tq��rm�� T�wfOm�� Tq§rV �m`ts� (2

We use the adjoint matrix method: we calculate the determinant

A =


1 1 2

1 2 1

2 1 1

 =⇒ det (A) = −4

We calculate the adjoint matrix Tq��rm�� T�wfOm�� 	s��
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A∗ =



+

∣∣∣∣∣ 2 1

1 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣
−

∣∣∣∣∣ 1 2

1 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 1

2 1

∣∣∣∣∣
+

∣∣∣∣∣ 1 2

2 1

∣∣∣∣∣ −
∣∣∣∣∣ 1 2

1 1

∣∣∣∣∣ +

∣∣∣∣∣ 1 1

1 2

∣∣∣∣∣


=


1 1 −3
1 −3 1

−3 1 1



Calculate the transpose of the adjoint matrix Tq��rm�� T�wfOm�� �wqn� 	s��

(A∗)T =


1 1 −3
1 −3 1

−3 1 1


T

=


1 1 −3
1 −3 1

−3 1 1


:d�� ,
wlqm�� 
As�� T§r\n�� �bW�

Applying the theorem to calculate the inverse, we find:

A−1 =
1

det (A)
(A∗)T =

1

−4


1 1 −3
1 −3 1

−3 1 1

 =


−1

4
−1

4
3
4

−1
4

3
4
−1

4
3
4
−1

4
−1

4

 =
1

4


−1 −1 3

−1 3 −1
3 −1 −1



Exercise N°− 10 − ��C �§rm�

Prove that  � 
b��

D =

∣∣∣∣∣∣∣∣
1 + a a a

b 1 + b b

c c 1 + c

∣∣∣∣∣∣∣∣ = 1 + a+ b+ c.

Solution : �þþ���

Annkm§ 1 + a + b + c ��  wkt§ rWF Yl� �O�� .�¤±� rWs�� ¨� Ah`S�¤ rWF±� �� �m��

:¨l� �O�� ©� , d�m�� �� Ah}®�tF�

Brahim Brahimi-Jihane Abdelli 50 University of Mohamed Kheidar, Biskra



Matrices �A�wfOm��Exercise series N° 1 ��C �§CAmt�� TlslF .4.1

We sum all the lines and put them on the first line. We get a line consisting of 1 + a+ b+ c that

we can extract from the determinant, that is we get:

D = (1 + a+ b+ c)

∣∣∣∣∣∣∣∣
1 1 1

b 1 + b b

c c 1 + c

∣∣∣∣∣∣∣∣ .
:Yl� �O�� C3 ←− C3 −C1, C2 ←− C2 −C1 :­dm�±� Yl� ¨�At�� �§w�t�A� �wq� ��

Then we do the following transformation on the columns: C2 ←− C2 − C1 , C3 ←− C3 − C1 we

get:

D = (1 + a+ b+ c)

∣∣∣∣∣∣∣∣
1 0 0

b 1 0

c 0 1

∣∣∣∣∣∣∣∣ .
 d�m�� ¢n�¤ .1 A¡rW� r}An� ,TylfF Ty�l�� T�wfO�  d�� Yl� �O��

We get the determinant of the lower triangular matrix, elements of diagonal 1. Then de determi-

nant is:

D = 1 + a+ b+ c.
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