Ezercise series N° 1 w0 93} &lwlw 4.1 Matrices —\ogxaal)

Ezercise series N° 1 gdy s jbaldl dads 4.1

Exercise N°— 1 — a8y od g

Let J.\/.\S
-7 2 1 2 3 17 @
A=10 -1|,B=12 3 1|, C=]|0|,D==
2\1 1
—4 3 21 -3
and 9
1 2
EFE=1]1-30

-8 6

= \oghaal) 03D o ibgon) Silaal Rrolsal) U s | (4

Calculate all possible sums of two of these matrices.

= \ogiaal) 03D o idete) Sideal) wle) ) I s | (B

Calculate all possible products of two of these matrices.

5B +4EAT § 3A 4 2E —ws\ (C
Calculate 3A + 2F and 5B + 4E AT

bwgaall Gogaoal) A — aF 2os o asq) (D

Find o where A — aF is the null matriz.

Solution -  Jemd!

@ Ol ganaddl 0is (1o (b gainel LiSesd! aslad! (A

The possible sums of two of these matrices are
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Other combinations are not possible.

fo Olb gaactl oid (pe (pGib gaiact WiSeod! jd Slslaxt (B

The non-possible products of two of these matrices are:

AB,AC,CA, DA, AE, EA,CB,BD, DB, EB,CD,DC,CE, EC, DE

B ASaod) Dlslusdt 9
The possible products are:

7 2 123 -4 —12
BA=|0 -1|]2 3 1|=|[-13 -3
1 -4/ \3 21 -20 0
X 123\ -2 1
5231 (1 1) 1 -1
321 -3 -2
-7 2 —7
BC=10 -1 0 [=
1 —4) \-3 3
—-7 2 1 2 —29 20
BE=]10 -1|[-3 0[=]-15 10
-4/ \ -8 —-11 12
1 2 LI
ep=21_s of (" ) =] 0
2| 1 1) | 2
-8 6 -1 3
(C
—-19 10
BA+2E=| -6 -3
—-13 0
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5B+4EAT = 94 15 —7
287 —14 —123
Co> 0 a9 ¥ (D

There is no a where

—-a—7 2-2 00
A—aF = 3« —1 =100
av+1 —6a—4 00

L0#£ -1 0%
because 0 # —1 .

Exercise N°— 2 — a8y jd g

16 YW g0 JF (B by 05k Losi® BA g AB olasd) —ws (1
Calculate the product AB and BA when is defined, in each of the following cases:

A:<1o>’ B:<oo>(a
2 0 0 3

0 3 6 a9
A=| =2 0 0 |, B:( )(b
0 1 0
2 1 2
Lo 1 -1 0 1
A=11 1|, B:( - )(c
0O 1 0 2
0 2

Soy ) = ogned! Jetio —ans- | (2

Calculate the transpose of the previous matrices.

Solution : (emsd!
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TS o) lgliadt Gl (1

Calculation of possible product:

3.&\445.“31431430,53‘..\:53‘Qpc'@ﬂ‘w&wowﬂaﬁijAga’l# °
o

Since A and B are square matrices of the same order, the product AB and BA are

00 00
AB = , BA= :
00 0 0
Asgian B Y g A2 gaadd ¥ e AB = BA =0 (o guasdl 4> 9 e
In particular, AB = BA = 0 while neither the matrix A nor B is zero.

possible and we find:

Ao 1 o pdaw e B g daeel WM e Goioo A OY (B,a0 jé AB clasdl e

The product of AB is undefined because A has three columns and B has two rows. So

we find
-1 2 1
BA = :
-1 -5 -3
Lot (g 5T Al (o S3 B ya0 jé BA clandl @
The product BA is undefined but on the other hand, we have

3 3 01
AB=|1 2 0 1
6 3 00

TAaslud) Ol gawaell J gdie Olws (2

Calculation of transpose of the past matrices:
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12 00
e (02). (2 9) o
0 -2 2 10
AT=13 0 1|, B'=| -1 1| (®
6 0 2 10
10
110 11
AT:<312>’ B=lg o]
12

Exercise N°— 3 — @) (d w2

s 60 %) Sbgianl) A, B € My(R) oIl
Let A, B € My(R) be the matriz defined by:

A:(_z J) ()

A’+AB+BA+B? g (A+B)? gxioemoal) g 06 5 . A°+24AB+ B g (A+B)? yaibgaaal! g y
Compare the two matrices (A + B) with A> + 2AB + B%. Then compare the two matrices
(A + B)? with A>+ AB+ BA + B2

Solution : (e

..\:-J«&Z\.a.\l:n.ol‘ Q\A.Lu:n.ﬂ Lf)a-'

We make various calculations and find out

9 0
(A+B)*=A>+ AB+ BA+ B*= (5 4)

and 9

8 1
A’ +2AB + B? = .
0 5
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B gluwadl (g y31 Ay (o Olb gaia el el Uns (A+ B)? = A2+ 2AB + B? i das M ( SLIL 9
Olb gaaall pemt Ao (7 93 3ol a2y el LILEST S (A + B)? = A’ + AB + BA + B?

B 9 A day yadt
So we can see that (A + B)?> = A? + 2AB + B? is false for matrices. On the other hand, the
equality (A + B)? = A? + AB + BA + B2, which we prove by double distribution, is true for all

square matrices A and B.

Exercise N°— 4 — gy 3 ped
Let \;L/xﬁ
1 1
A= .
Find all matrices o g0} Js ).>.-9°\
d
B= ( ‘ ) € My(R)
e f

AB = BA 32 A go Jsb of Wy )
which can be exchanged with A, i.e. AB = BA.

Solution : Jemsd!

We have Lot

AB:<0—|—6 0H—f>7 BA:<C c+d>‘
e f €€+f

because we assume AB = BA, we get the system: D ilesdl e Juasiy AB = BA Lus ya LoY

c+e = ¢
d+f = c+d
fo=e+f

IM‘QﬁﬁBQBM‘J&Mﬁ.CZf&@ZOA@JM‘M

Solving the system, we find e = 0 and ¢ = f then, all the matrices B are of the form:

B:<gi).
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Exercise N°— 5 — a8y jd g

Soem0nll g GwgiRe pS Gatnbs 31as 1 b g a oIl

Let aandb be non-zero real numbers and the matriz

P b
0 a
AB = BA &1 A 2o Js5 of WTay 1 B € My(R) = togisaall 4 13-4
Find all the matrices B € My(R) that can interchange with A, i.e. AB = BA.

Solution : (e
Let OSd
c d
B:
(6 f)
then, we have Lo da g
AB - ac+be ad+bf . BA= ac bc+ ad |
ae af ac be+af

D dlesd e Juasis AB = BA Lus ,a Lo¥

because we assume AB = BA, we get the system:

ac+be = ac
ad+bf = bc—+ad
af = be+af

ZM!MﬁBQ&M‘J&Mﬁ.CZf}GIOA@JM!M

Solving the system, we find e = 0 and ¢ = f, and then, all the matrices B are at the form:

~(00)
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Exercise N°— 6 — a8y o3

BAZ£09AB=0: 2% My(R) oo B g A 15

Find A and B from My(R) where: AB =0 and BA # 0.

Solution : emsd!

IQ\gﬁb#Oja%Oajmﬂgﬁ,@aamd&‘}eioﬁm

For example, for each non-zero real number a # 0 and b # 0, then:
0 b
a= ("9, B=("?
00 00
AB - a 0 0 b _ 0 ab
00 00 0 0
0 b
BA— a 0 _ 00
00 00 00

Note that

and

Ol dasd

Exercise N°— 7 — gy 3 pad

Let the matriz

S

I
= =)
— o

ogiaall 1)

B 6oq00all 6200 1B (pRo N8I\ 9\ o) $AB = I; 2o B € Mo 3(R) boghon 156 JD (1

Is there a matriz B € Ms3(R) where AB = I3? If yes, give the matriz formula of B.

C Sogionll 6R10 B (s gt ol Ol SCA =1 2o C € My3(R) Gogon 18- Jo (2
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Is there a matriz C € M, 3(R) where CA = 1,7 If yes, give the matriz formula of C.

Solution : (e

LA i e GSS B € My3(R) s
Let B € M;3(R) be written in the following form:

a b c
B = .
(d e f)
So the product of AB is equal to S glany AB elasmtl die g

d e f
AB = a b c
a+d b+e c+f

29 a+d=039a=09d=1,le yjogasll 4>y Ao Jasiuwd AB = I3 Lot yls 1)

In particular, if we have AB = I3, we get d =1, a = 0, and a + d = 0. It is impossible.

‘:,Jm‘ Jsat U‘LC m Ce M273<R) US:J
Let C € My 3(R) be written in the following form:

C:<a b c>.
d e f

So the product of C'A is equal to (S gluo CA slusd) dia g

OA - b+c a-+c '
e+f d+ f
Ol 13) dadd g 13| CA = 1) Lot
We have C'A = I, if and only if:

b+c =
a+c
e+ f
d+f =

- o O =
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the solution of the system is 190 dled) Yo
a = —c
b 1—c
e —f
d = 1—f

tOled e e (O dcwlicn 42 gains dsd Of (Sen Sl
So we can find a suitable matrix C, for example:

010
C= )
(1 0 0)
Let the following matrices as: SV RERTLTI \;1:3

1 -1 11
A= , B= :
SIS 0 2
n> 138 38 e A" ge i) 8.4 A% sl (1
Calculate A%, A®. Then deduce from A™ for every n > 1.

Exercise N°— 8 — a8y g g

B 6ogoal) 481 oo il wes Jo 1 (2

Answer the same question for the matrix B.

Solution : Jemsd!

Lond 4G datall yadnd A3 glovad A” 3 3 9¥1 5 guont Ol Tudiw
We'll start by calculating the first terms of A™ to try to guess the final formula. we've got

o 2 2 o 4 —4
2 2 )’ 4 4 )

tn > 1 dai (e OF gl JIL Sedd @3
Then we prove by induction that for n > 1:
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227 =27 e Wolaeg dalan g (ALl day aa L GLAY O
The induction proof is very simple, it simply depends on 2"~! 4 27—1 = 2»

BJMQM;‘FQ‘M

B 1 3 B 17.
0 4 )’ 0 8

tn > 1 dai e OF gl )b Sudd @b

We do the same for B:

Then we prove by induction that for n > 1 :

Exercise N°— 9 — a8y jd

Sognall ——glie (580 pol) ogaaell Gy D 5 Wt Gy b JlaBwh s

Calculate using the submerged method and then the conjugate matriz method, the inverse of the

matrix

— N
— = N

Solution - Jumed!

) paed) A8 g2l (o 9& Ay ybo Jleaiuwl A 48 9ol L glie Ol (1

Calculating the inverse of the matrix A using the Gauss method. The augmented matrix is:

11 2]1 00 Ly
A= 12 1[0 10|

21 110 0 1 L3

(I oY) gl B yglan 0 s
We make 0 appear in the first column:

1 1 271 0
O ]_ _]_ _1 1 0 LQ(—LQ*[&
O —1 _3 —2 0 1 L3(—L2—2L1
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then o3
11 2 1
01 —-1]-11
00 —4|-3 11 L3+L3—Lo
11 211 0 O
01 -1]-1 1 0
0 O ]. Z% —% —i L3<—%L3
11 -1 11 Li+-L1-2Ls
01 —i % —%l Lo<Lo+Ls
3 11
00 i1 i
and finally FERY 2 9
]. O 0 _i _le % L1<—L1—L2
13 1
01 0]—-3 1 -1
3 11
00 1% -7 —3%

D imed) e Lgde J guamtl @3 U1 A8 gainsdl 9o A 4 gaiasll wiglie Olb (ILTL

Thus, the inverse matrix of A is the matrix obtained on the right:

1
4
1
1 3 -1 -1

duall o [AA8 yod) A gaaell Ady pbo Jeatwd (2

We use the adjoint matrix method: we calculate the determinant

o

Il
D
— N

2
1 | = det(4) =—4
1

We calculate the adjoint matrix 453 yodl 42 gaiaed) Cewd
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2 1 11 1 2
- - -
11 2 1 2 1
12 12 11 L
A= - + - =l 1 -3 1
11 21 2 1
-3 1 1
1 2 1 2 11
- — —-
2 1 11 1 2
Calculate the transpose of the adjoint matrix 433) pod) 4D gansll J gl i)
T
1 1 =3 1 1 =3
A= 1 -3 1 = 1 -3 1
-3 1 1 -3 1 1

Z..\:.-._'ng.\.ﬁ.d‘ gl.m:-d :\fjh.'d‘é.l.h.ﬂ

Applying the theorem to calculate the inverse, we find:

) . 1 1 -3 —% —}1 i -1 -1 3
Al = AT = — _ | -1 3 _1 | =] _ _
dct (4) (A¥) ") 3 1 ;i 3 T 1 3 -1
-3 1 1 % —% —% 3 -1 —1
Exercise N°— 10 — gd ) i pd
Prove that 0,‘ a3

14+a a a
D = b 1+b6 b =1l+a+b+ec
c c 14+¢

Solution : Jemd!

Loy L+ a+b+c o 0980 Hhauw o oy Jo¥ ! L8 lgaiad g Hlau¥l JS aesd
fole Juasd (T auonad! (1o Lo Ml
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We sum all the lines and put them on the first line. We get a line consisting of 1 + a + b + ¢ that

we can extract from the determinant, that is we get:

1 1 1
D=(1+a+b+c)|b 1+b b
c c 1+¢

tte uasd O — O — Cre Oy +— Oy — O e ¥ e LI Jo gLy a 945 @
Then we do the following transformation on the columns: Cy <— Cy — C; , U3 +— C3 — C we

get:

1
D=(1+a+b+c)| b

0
0
c 01

ddomad| de 9 1 L Hhad police (Adbw Adlio 43 gownn e e fasd

We get the determinant of the lower triangular matrix, elements of diagonal 1. Then de determi-

nant is:

D=1+a+b+c.
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