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:�kK�� Yl� 	tk� TyW��� Tlm��� .t = +1 :Ty�A��� T�A��� (2

The second case: if t = +1. The linear system is written in the form:{
x+ y = 1

x+ y = 1

:�wl��� �� ¢tn� ry�  d� �An¡ . Atq�AWt�  At� A`m��¤

The two equations are identical. There are an infinite number of solutions:

H(S) = {(x, 1− x) | x ∈ R} .

:�kK�� Yl� 	tk� TyW��� Tlm��� .t = −1 :T��A��� T�A��� (3

The third case: if t = −1. The linear system is written in the form:{
x+ y = 1

x+ y = −1,

¨�At�A�¤ �ytq��wt� ry� �yt� A`m��  � �R�w�� ��

It is clear that the two equations are not compatible thus

H(S) = ∅.

Exercise series N° 3 ��C �§CAmt�� TlslF 3.3

Exercise N°− 1 − ��C �§rm�

:Qw� Tq§rV �Am`tFA� Ty�At�� TyW��� �m��� ��

Solve the following linear system using the Gauss method:
x +y +2z = 3

x +2y +z = 1

2x +y +z = 0

,


x +2z = 1

−y +z = 2

x −2y = 1

.

Solution - �þþ���
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:	tk� ,Y�¤±� Tlm�l� Tbsn�A� ,Qw� Tq§rV ��d�tF��

Using the Gauss method for the first system, we write:
x+ y + 2z = 3 L1

x+ 2y + z = 1 L2

2x+ y + z = 0 L3

⇐⇒


x+ y + 2z = 3

y − z = −2 L2 ← L2 − L1

−y − 3z = −6 L3 ← L3 − 2L1

⇐⇒


x+ y + 2z = 3

y − z = −2
−4z = −8 L2 ← L3 + L2

⇐⇒


x = −1
y = 0

z = 2

.(x, y, z) = (−1, 0, 2) ¨¡ Tlm��� �wl� ¢n�¤

The solutions to the system are (x, y, z) = (−1, 0, 2).
:Tq§rW�� Hfn� rys� ,Ty�A��� Tlm�l� Tbsn�A�

For the second system, we proceed in the same way:
x+ 2z = 1 L1

−y + z = 2 L2

x− 2y = 1 L3

⇐⇒


x+ 2z = 1

−y + z = 2

−2y − 2z = 0 L3 ← L3 − L1

⇐⇒


x+ 2z = 1

−y + z = 2

−4z = −4 L3 ← L3 − 2L2

⇐⇒


x = −1
y = −1
z = 1
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.(x, y, z) = (−1,−1, 1) ¨¡ Tlm��� �wl� ¢n�¤

The solutions of the system are (x, y, z) = (−1,−1, 1).

Exercise N°− 2 − ��C �§rm�

	lq� ,Qw�� T§Cw�m�� Tq§rW�A� , {§w`t�A�) Tflt�� �rV ��C�� Ty�At�� Tlm��� �wl� d�¤� (1

:(r��r� T�y} ��d�tFA� ¤ �®�A`m�� T�wfO�

Find the solutions to the following system in four different ways (by substitution, by the

pivot-Gauss’s method, by matrix inversion coefficient and by using Cramer’s method):{
2x + y = 1

3x + 7y = −2

:Ty�At�� �m��� �wl�  A�§³ a �yq� Aq�¤ ,���� ¨� �rF±� Ah�� �� ¤db� ¨t�� Tq§rW�� rt�� (2

Choose the method that seems to be the fastest to solve, according to the values of a, to

find solutions to the following system:{
ax + y = 2

(a2 + 1)x + 2ay = 1

{
(a+ 1)x + (a− 1)y = 1

(a− 1)x + (a+ 1)y = 1

Solution - �þþ���

Substitution method {§w`t�� Tq§rV (1.1

T� A`m�� ¨� y Tmy� |w`� .y = 1 − 2x ¨�At�� �kK�� Yl� Y�¤±� T� A`m�� T�At� �yWts�

d�� Ty�A���

We can write the first equation as y = 1 − 2x. Substituting the value of y into the second

equation, we get:

3x+ 7y = −2 =⇒ 3x+ 7(1− 2x) = −2 =⇒ 11x = 9 =⇒ x =
9

11
.

: y �tnts�

We get y :

y = 1− 2x = 1− 2
9

11
= − 7

11

.( 9
11
,− 7

11
) :Ty¶An��� ¨¡ Tlm��� £@¡ �wl� ¢n�¤ .

The solutions to this system is the pair: ( 9
11
,− 7

11
).
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Gauss’s method Qw� Tq§rV (2.1

Tlm��� d�� 2L2 − 3L1 rWs�A� L2 rWs�� �Rw� ry��¤ ¢�Ak� L1 �¤±� rWs�A� ^ft��

: Ty�At�� Ty�l�m��

We keep the first line L1 in its place and change the position of the line L2 in the line

2L2 − 3L1 we find the following trigonometric system:

{
2x + y = 1

3x + 7y = −2
⇐⇒

{
2x + y = 1

11y = −7

.x = 9
11

d�� �¤±� rWs�� �� ¢n�¤ y = − 7
11

�tnts�¤

and we deduce y = − 7
11
, then from the first line we find x = 9

11
.

Matrix inverse method T�wfOm�� 
wlq� (3.1

:¨l§ Am� ¨�wfOm�� �kK�� Yl� Tlm��� 	tk�

The system is written in matrix form as follows:

AX = Y a A =

(
2 1

3 7

)
X =

(
x

y

)
Y =

(
1

−2

)

:T�wfOm�� 	lq� Tlm��� �� d��

We find the solution to the system by the matrix inverse:

X = A−1Y.

:¨l§ Am� 	s�§ 2✕2 Tb�r�� �� T�wfO� 
wlq�

The inverse of a matrix of order 2✕2 is calculated as follows:

A =

(
a b

c d

)
 �� A−1 =

1

ad− bc

(
d −b
−c a

)
 d�m��  � d��t�� ©C¤rS�� ��¤

It is necessary to ensure that the determinant

detA =

∣∣∣∣∣a b

c d

∣∣∣∣∣ = ad− bc

It differs from 0. .0 �� �lt�§

we find d��

A−1 =
1

11

(
7 −1
−3 2

)
¤ X = A−1

(
1

−2

)
=

1

11

(
9

−7

)
=

(
9
11
−7
11

)
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Cramer’s method r��r� Tq§rV (4.1

�bW�A� �q�§  d�m��  A� �Ð� ¨�At�� w�n�� Yl� �yt� A`� �� TyW� Tlm�� r��r� �y}  wk�

: ad− bc ̸= 0

Cramer’s formulas for a linear system of two equations are as follows, if the determinant of

course satisfies ad− bc ̸= 0 :

{
ax + by = e

cx + dy = f
=⇒ x =

∣∣∣∣∣e b

f d

∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣
¤ y =

∣∣∣∣∣a e

c f

∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣
which gives us: : AnyW`§ ©@��

x =

∣∣∣∣∣ 1 1

−2 7

∣∣∣∣∣∣∣∣∣∣2 1

3 7

∣∣∣∣∣
=

9

11
¤ y =

∣∣∣∣∣2 1

3 −2

∣∣∣∣∣∣∣∣∣∣2 1

3 7

∣∣∣∣∣
= − 7

11

 A� �Ð� Xq�¤ �Ð� T�A��� ¨¡ £@h� ,dy�¤ �� �An¡  A� �Ð� A� T�r`� Y�� �lWt� ,ºd� ©Ð ¹ A� (2

:w¡  d�m��  �� ,Y�¤±� Tlm�l� Tbsn�A� .A�¤d`� Hy�  d�m��

Firstly, we look to see if there is a unique solution, which is the case if and only if the

determinant is not null. For the first system, the determinant is:

∣∣∣∣∣ a 1

a2 + 1 2a

∣∣∣∣∣ = a2 − 1

.a ̸= ±1  A� �Ð� Xq�¤ �Ð� dy�¤ �� �An¡ ��@�

So there is only one solution if and only if a ̸= ±1.
,{§w`t�� Tq§rV �Am`tFA� �A�m�� �ybF Yl`� ,T�ytn�� Hf� Y�� © ¥� �rW�� �� �bW�A�

d�� ¨�A��� rWs�� ¨� {§w`t�A�¤ ,y = 2 − ax :�kK�� Yl� �¤±� rWs�� T�At� �§rV ��¤

.(a2 + 1)x+ 2a(2− ax) = 1

Of course, all methods lead to the same result, for example by using the substitution method,
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and by writing the first line in the form: y = 2− ax, and by substituting in the second line

we find (a2 + 1)x+ 2a(2− ax) = 1.

 �� a ̸= ±1  A� �Ð� ¢�� �tnts�

We conclude that if a ̸= ±1 then

x =
4a− 1

a2 − 1
¤ y =

−2a2 + a− 2

a2 − 1
.

: �kK�� @��� Tlm���  �� a = 1  A� �Ð� .a �y� 	s� T}A��� �¯A��� �� ��A`t�  µ�

Now we deal with the special cases according to the values of a. If a = 1, then the system

takes the form:

{
x + y = 2

2x + 2y = 1

.�wl� d�w� ¯ ¢n�¤ .x + y = 1
2
¤ x + y = 2 Yl� �w�� Hf� ¨� �O�t�  � �yWts� ¯ �k�

But we cannot have x+ y = 2 and x+ y = 1
2
at the same time then, there are no solutions.

: �kK�� @��� Tlm���  �� a = −1  A� �Ð�

If a = −1, then the system takes the form:{
−x + y = 2

2x − 2y = 1

and there are no solutions. .�wl� d�w� ¯ ¤

here the determinant  d�m�� An¡∣∣∣∣∣a+ 1 a− 1

a− 1 a+ 1

∣∣∣∣∣ = (a+ 1)2 − (a− 1)2 = 4a.

w¡ r��r� T�y} �Am`tFA� ®�� .(x, y) dy�w�� ���� ¢n�¤ a ̸= 0  A� �Ð�

If a ̸= is0 then the only solution is (x, y). For example using Cramer’s formula is

x =

∣∣∣∣∣1 a− 1

1 a+ 1

∣∣∣∣∣
4a

=
1

2a
¤ y =

∣∣∣∣∣a+ 1 1

a− 1 1

∣∣∣∣∣
4a

=
1

2a
.
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.�wl� d�w� ¯ a = 0  A� �Ð�

If a = 0 there are no solutions.

Exercise N°− 3 − ��C �§rm�

: Ty�At�� Tlm��� �wl� d�¤�

Find solutions to the following system:

(S) =


3x +2z = 0

3y +z +3t = 0

x +y +z +t = 0

2x −y +z −t = 0

Solution - �þþ���

We start by simplifying the system: :Tlm��� Xysbt� �db�

Qw� Cw�� £CAbt��¤ �¤±� rWs�� Y�� L3 rWs��  Ak� ry�� •

We change the position of the line L3 to the first line and consider it a Gauss’s axis

�O�n� �`f�A� TWysb�� rWF±� ��  AftF®� y, t, x, z :¨�At�� 	y�rt�A� ��ry�tm�� 	y�r� dy`� •
.Tlm��� Yl�

We rearrange the variables in the following order: y, t, x, z to take advantage of the already

simple lines, and we get the system.


y + t + x + z = 0 L1

3y + 3t + z = 0 L2

−y − t + 2x + z = 0 L3

3x + 2z = 0 L4

: Ty�At�� �®§w�t�A� Qw� Tq§rV �db�

We start with a Gauss method with the following transformations:
y + t + x + z = 0

− 3x − 2z = 0 L2 ← L2 − 3L1

3x + 2z = 0 L3 ← L3 + L1

3x + 2z = 0
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:¸�Ak� Tlm��� ¢n�¤ T§¤Ast� ry�±� T�®��� rWF±�  � d��

We find that the last three lines are equal, and then, the system is equivalent to:

{
y + t + x + z = 0

3x + 2z = 0

¨¡ Tlm��� �wl� ¢n�¤ .t = −x−y−z = 1
2
x−y ¤ z = −3

2
x ¢n�¤ XyFw� y ¤ x CAt��

We choose x and y as arguments, of which z = −3
2
x and t = −x− y − z = 1

2
x− y. Then, the set

solutions is

H (S) =

{(
x, y,−3

2
x,

1

2
x− y

)
| x, y ∈ R

}

Exercise N°− 4 − ��C �§rm�

Solve the following system: : Ty�At�� Tlm��� ��
3x − y + 2z = a

−x + 2y − 3z = b

x + 2y + z = c

Solution : �þþ���

�O�tn� L3 ← 3L3 − L1 ¤ L2 ← 3L2 + L1 Ty�At�� �®§w�t�A� �wq� ,Qw� Tq§rV Yl�  Amt�³A�

: Yl�

Depending on the Gauss’s method, we perform the following transformations L2 ← 3L2 + L1 and

L3 ← 3L3 − L1, so we get:


3x − y + 2z = a

−x + 2y − 3z = b

x + 2y + z = c

⇐⇒


3x − y + 2z = a

5y − 7z = 3b+ a

7y + z = 3c− a

: Ty�l�m�� Tlm��� AnyW`§ ©@�� L3 ← 5L3 − 7L2 �§w�t�� ��
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Then the transformation L3 ← 5L3 − 7L2 which gives us the trigonometric system:


3x − y + 2z = a

5y − 7z = 3b+ a

54z = 5(3c− a)− 7(3b+ a)

:�wl��� Yl� �O�t� {§w`t�A� �� z = 1
54
(−12a − 21b + 15c) : d�� ry�±� T� A`m�� ��

From the last equation, we find: z = 1
54
(−12a − 21b + 15c) Then, by substituting, we get the

solutions:


x = 1

18
(8a+ 5b− c),

y = 1
18
(−2a+ b+ 7c),

z = 1
18
(−4a− 7b+ 5c).

Exercise N°− 5 − ��C �§rm�

:r��r� Tq§rV �Am`tFA� Ty�At�� �m��� ��

Solve the following systems using Cramer’s method:

1)


x+ y + 2z = 3

x+ 2y + z = 1

2x+ y + z = 0

2)


x+ 2z = 1

−y + z = 2

x− 2y = 1

Solution - �þþ���

Tlm���  d�� 
As�� r��r� Tlm� ,Tlm���  � �q�tn� (1

Let’s check that the system is Cramer’s system, calculates the determinant of the system

det


1 1 2

1 2 1

2 1 1

 = −4 ̸= 0

:�kK�� �� Ah�wl� r��r� Tlm� Tlm��� ¢n�¤
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then, the system is Cramer’s system, its solutions are of the form:

x =

∣∣∣∣∣∣∣∣
3 1 2

1 2 1

0 1 1

∣∣∣∣∣∣∣∣
−4

=
4

−4
= −1

y =

∣∣∣∣∣∣∣∣
1 3 2

1 1 1

2 0 1

∣∣∣∣∣∣∣∣
−4

=
0

−4
= 0

z =

∣∣∣∣∣∣∣∣
1 1 3

1 2 1

2 1 0

∣∣∣∣∣∣∣∣
−4

=
−8
−4

= 2

Tlm���  d�� 
As�� r��r� Tlm� ,Tlm���  � �q�tn� (2

Let’s check that the system is Cramer’s system, calculates the determinant of the system

det


1 0 2

0 −1 1

1 −2 0

 = 4 ̸= 0

:�kK�� �� Ah�wl� r��r� Tlm� Tlm��� ¢n�¤

then, the system is Cramer’s system, its solutions are of the form:

x =

∣∣∣∣∣∣∣∣
1 0 2

2 −1 1

1 −2 0

∣∣∣∣∣∣∣∣
4

=
−4
4

= −1

y =

∣∣∣∣∣∣∣∣
1 1 2

0 2 1

1 1 0

∣∣∣∣∣∣∣∣
4

=
−4
4

= −1
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z =

∣∣∣∣∣∣∣∣
1 0 1

0 −1 2

1 −2 1

∣∣∣∣∣∣∣∣
4

=
4

4
= 1

Exercise N°− 6 − ��C �§rm�

TlO�� ¨t�� T�ytnl� ¨Fdnh�� rysft�� A�¤ TFwk`m�� T�wfOm�� Tq§rV �Am`tFA� Ty�At�� Tlm��� ��

Solve the following system using the inverse matrix method, and what is the geometric ?Ahyl�

explanation for the result that you get?{
x+my = −3
mx+ 4y = 6

Solution - �þþ���

of the system form Tlm��� �kJ ��{
x+my = −3
mx+ 4y = 6

we get :d��

det

(
1 m

m 4

)
= 4−m2

tehn :¢n�¤

4−m2 = 0 =⇒ m = 2 ∨m = −2

.�wl� Ah� Hy� Tlm���¤ .0 = 12 �bO� Ty�A��� T� A`m��  �� m = 2  A� �Ð�

If m = 2 then the second equation becomes 0 = 12, and the system has no solutions.

©� �wl��� �� ¢tn� ry�  d� �bq� Tlm��� An¡¤ 0 = 0 �bO� Ty�A��� T� A`m�� m = −2  A� �Ð�

If m = −2, the second equation becomes 0 = 0, and here the system accepts an infinite number

of solutions, i.e.
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x+my = −3⇔ x = −3−my.

The set of solutions is: :¨¡ �wl��� T�wm��

S = {(−3−my, y); y ∈ R}.

:@��� m ̸= 2 ∨m ̸= −2,  A� �Ð�

If m ̸= 2 ∨m ̸= −2, we take:

M =

(
1 m

m 4

)
Tysk`�� T�wfOm�� 
As�� �wq�

We calculate the inverse matrix

M−1 =
(M∗)T

det (M)
=

(
4 −m
−m 1

)T

4−m2
=

(
4 −m
−m 1

)
4−m2

=

 − 4

m2 − 4

m

m2 − 4
m

m2 − 4
− 1

m2 − 4


�kK�� ��  wk� Tlm��� �wl� ¢n�¤

then the system solutions are of the form

X = M−1

(
−3
6

)
=

(
− 4

m2−4
m

m2−4
m

m2−4 − 1
m2−4

)(
−3
6

)
=

(
6

m−2

− 3
m−2

)
i.e.: :©�

x =
6

m− 2
, y = − 3

m− 2

:A�� �¡ mx+ 4y = 6 ¤ x+my = −3 �ymyqtsm��  � �AtntF� Annkm§ , AyFdn¡

Geometrically, we can conclude that the two lines x+my = −3 and mx+ 4y = 6 are either:

.m ̸= (2,−2) T�A� ¨�  A`VAqt� •
They intersect in the case of m ̸= (2,−2).

.m = 2 T�A� ¨� A�Am�  A§E�wt� •
They are perfectly parallel if m = 2.

.m = −2 T�A� ¨� �yy`t�� Yl� ¯¤ •
Not on appointment in the case of m = −2.
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Exercise N°− 7 − ��C �§rm�

:Tlm��� �wl� a ∈ R XyFw�� Tmyq� Aq�¤ L�A�

Discuss according to the value of the intermediate a ∈ R solutions to the system:
3x +y −z = 1

x −2y +2z = a

x +y −z = 1

Solution - �þþ���

The determinant of the system is :w¡ Tlm���  d��∣∣∣∣∣∣∣∣
1 1 −1
1 −2 2

1 1 −1

∣∣∣∣∣∣∣∣ = 0

�®§w�t�� �Am`tFA� ¢n�¤ �� d�w§ ¯ ¤� �wl��� �� ¢tn� ry�  d�  w�¤ �� �d§ A� �¤d`�

:d�� T��A���¤ Y�¤±� �y� � Ab� �y� �¯ A`m�� 	y�r� ryy�� Ah�¤� ¤ ,Ty�At��

is equals to zero. What indicates the existence of an infinite number of solutions or that there is

no solution, and then, using the following transformations, the first of which is changing the order

of the equations, as we exchange between the first and the third one, we find:


3x +y −z = 1

x −2y +2z = a

x +y −z = 1

⇔


x +y −z = 1

x −2y +2z = a

3x +y −z = 1

L1

L2

L3

=⇒


x +y −z = 1

−3y +3z = a− 1

−2y +2z = −2

L1

L2 ← L2 − L1

L3 ← L3 − 3L1

=⇒

{
y −z = 1−a

3

y −z = 1

:a �y�  wk�  � 	�§ �wl��� �� ¢tn� ry�  d� �bq� Tlm��� ¨k�
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In order for the system to accept an infinite number of solutions, the values of a must be:

1− a

3
= 1 =⇒ a = −2.

That is, in the case of a = −2, we find: :d�� a = −2 T�A� ¨� ©�

=⇒

{
x +y −z = 1

y −z = 1
=⇒

{
x = 1− y + z

z = y − 1
=⇒


x = 0

y = y

z = y − 1

then, the set of solutions are: :¨¡ �wl��� T�wm�� ¢n�¤

S = {(0, y, y − 1) , y ∈ R}

If a ̸= −2 then the system has no solution. .�� Ah� Hy� Tlm���  �� a ̸= −2  A� �Ð�
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