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WJ o 35 Gubsdt Glasd) £ = +1 160 &I (2

The second case: if t = +1. The linear system is written in the form:

z+y = 1
z+y = 1
:dsbd\ U Qe pS i 6D gl \hie Uma\ﬂaﬂg

The two equations are identical. There are an infinite number of solutions:

H(S) ={(z,1 —x) | z € R}.

JEN o 3 Gubsdt dlesd! £ = —1 a2 I (3

The third case: if t = —1. The linear system is written in the form:

r+y = 1
may = —1,
Wy oxiddlgie pe vaidslral) of wolgh e

It is clear that the two equations are not compatible thus

H(S) = 2.

Ezxercise series N° 3 fd) i yheld! dsds 3.3

Exercise N°— 1 — a8y g g

10088 G D el Sl Gulisd) Jasd) Js-

Solve the following linear system using the Gauss method:

z +ty 12z = 3 75 G+ = L
z +2y +z = 1, -y 4z = 2.
2 +y +z = 0 a5 =2 = 1
Solution -  Jemsad!
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LGS (oF oY) Aleml) Al (o & Ads pbo aliviwls

Using the Gauss method for the first system, we write:

r+y+22 = 3 Ly
r+2y+z =1 Lo
2v4+y+z2z = 0 Ls

r+y+22 = 3
<~ y—z = —2 L2<—L2—L1
—y—?)Z = —6 L3 — L3 — 2L,

r+y+2z = 3
<~ y—z = —2
—4z = -8 LQ(—L3+L2

—1

8
|

2
(@,9,2) = (=1,0,2) b Aeandl J gl die s

W
|

The solutions to the system are (z,y,2) = (—1,0,2).
Vi el wdis et (AOU) Adesld Aewidly

For the second system, we proceed in the same way:

r+2z = 1 L,
—y+z = 2 L2
r—2y = 1 Lj
r+2z =1
— —y+z = 2
L —2y—22 = 0 L3<—L3—L1
( r+2z =1
<~ —y+z = 2
\ —4z = —4 L39L3—2L2
r = —1
<~ Y —1
= 1
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(2,y,2) = (1, —1,1) o theatl J gl aie g
The solutions of the system are (z,y,2) = (=1, —1,1).

Exercise N°— 2 — a8y jd g

by (00gR Gy el Gy L ¢ voygRlh) Galise o0 2,1 G Glasdl el ssgt (1
(108 620 1183wl g = Yo'lRal) GogR00
Find the solutions to the following system in four different ways (by substitution, by the

pivot-Gauss’s method, by matriz inversion coefficient and by using Cramer’s method):
2 + y = 1
3r + Ty = =2

16 Jasd! Jobs- sl a padd teog () (o ¢ I ST U gu Y Gy Y s (2
Choose the method that seems to be the fastest to solve, according to the values of a, to

find solutions to the following system:

ax + y = 2 (a+ Dz 4+ (a—1)y = 1
(a>+1)x + 2ay = 1 (a—Dz + (a+1l)y = 1

Solution - et

Substitution method yad sald| ddy ydo (1.1

Wilaoll 2 Y Aeud bgad .y = 1 — 20 AL JSE Lo I ¥ Walasd LS adaiud

We can write the first equation as y = 1 — 2x. Substituting the value of y into the second

equation, we get:

9
Jr+Ty=-2 = x+7(1-22)=-2 = llx =9 = r=—.

11
Y G
We get y :
9 7
—1-2r=1-2—=——
Y v - 1
(5, —15) TASLa oo et ol Jol> ding.

).
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Gauss’s method e ¢é 4y pb (2.1
et wmd 2Ly — 3L pawdly Ly yawd! g ge jadg alSe L J ¥ pladdls dadis
A bk R WA B
We keep the first line L; in its place and change the position of the line L, in the line

2Ly — 3L, we find the following trigonometric system:

<~
v+ Ty = -2 1y = -7
and we deduce y = —%, then from the first line we find x = %,

Matrix inverse method 43 sawael! o elde (3.1
Ll e 2 gbaad! ISl (e ddeadl ST

The system is written in matrix form as follows:

. 2 1 1
AX=Y A= x=("] v=
37 Y —2
We find the solution to the system by the matrix inverse:
X =AY

:gr‘:'L‘é"?““"‘:’QX2@)J‘O‘°%M‘?'3'\b
The inverse of a matrix of order 2X2 is calculated as follows:

a b 1 d —b
A= sla ATl =
(C d) o3 ad — be (-c a >

aM‘Q?A&m‘éjjf@‘&nﬁ

It is necessary to ensure that the determinant

a

det A =

Cc

b
‘:ad—bc
d

It differs from 0. 0 e calis

we find NS

R B s X=A" LY _1(9) _ (=
11 \-3 2 -2 11\ —7 =
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Cramer’s method S 4y yb (4.1
fdatly oy Sanall G 13) I 5ol le (pilalas (oo Bdad Ao sl 555 frios O 953
sad—bc#0
Cramer’s formulas for a linear system of two equations are as follows, if the determinant of

course satisfies ad — bc # 0 :

e b a e
ar + by = e [ d c f
cr + dy = f a b a b
c d c d
which gives us: Dldaay Ot
1 1 2 1
-2 7 9 3 =2 7
o 2 1 Sl ? v 2 1 o1
37 37

OLES 13) dadd g 1) Wlond| 8 00gh ciem 9 Jo JLid Ol 15] Lo 43 pae ) alla® e (63 &by (2
L9 dusmadl Ola %,.13;}" Aoy Al Lo gutan ucd disnodd
Firstly, we look to see if there is a unique solution, which is the case if and only if the

determinant is not null. For the first system, the determinant is:

a 1

=a’—1
a+1 2a

a £ £1 Hles 13) dadd g (3] w9 Jo Tla atid

So there is only one solution if and only if a # +1.
o 3l Ayl Jleaial JUiell Jur ad il pudh ) 335 3Lkl J5 adally
s AL el B G gaitlig @ = 2 — az (JSAN e J ¥ et Blis Go b e
(@ + 1)z +2a(2—azx)=1

Of course, all methods lead to the same result, for example by using the substitution method,
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and by writing the first line in the form: y = 2 — ax, and by substituting in the second line
we find (a® + 1)x + 2a(2 — ax) = 1.

OLd a # 1 Hles 13) adf g
We conclude that if a # +1 then

4a — 1 —2a’+a—2
T = = —
a?—1 9 Y a?—1

DUsAl Ml et Olb o = 1 Ol 13 0 eed s dolad) O ae Jelals oY)

Now we deal with the special cases according to the values of a. If a = 1, then the system

takes the form:

r + y = 2
20 + 2y = 1
.J}.\:...\.?ﬁyﬂ\.’m3.x+y=%3x+y=2ulﬂi«5ﬂ‘uﬂﬁgéd-mbib‘myoﬁ

But we cannot have x +y =2 and z +y = % at the same time then, there are no solutions.

DSt Ua B Alesdt Ola o = —1 Ol 13)
If a = —1, then the system takes the form:

- + y = 2
2¢c — 2y = 1
and there are no solutions. Jol> >3 Y

here the determinant Aot L

a+1 a-—1

=(a+1)*—(a—1)* =4a.
a—1 a-+1

92 0l 5 dro Jleaiwls Mie (7, y) v o3l Jond) dde g a # 0 Ol 13)

If @ # is0 then the only solution is (x,y). For example using Cramer’s formula is

1 a—1 a+1 1
1 a+1 1 a—1 1 1
T T2 YT T 4 T
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Jo w8 ¥ a =0 gl 13)

If a = 0 there are no solutions.

Exercise N°— 3 — a8y g g

D Gl Slesd) Yol g8

Find solutions to the following system:

3x +2z =0
3y +z 43t =0
(5) =
x +y +z +t =0
2z —y +z -t =0
Solution -  Jemd!
We start by simplifying the system: Padeand ) oo TLo

0298 ygme oslielg Jo¥ Jaddt M Ly ylawd HlSe sy o

We change the position of the line L3 to the first line and consider it a Gauss’s axis

Jamid Jaatly alarad) ylau¥i (ye Bala%u U 3, 1, 7, 2 1AL Col 0L Of jdlial) Col H5 dial @
Al Lle
We rearrange the variables in the following order: vy, ¢, x, z to take advantage of the already

simple lines, and we get the system.

y + t + x + z =0 Iy
Jy + 3t + =z 0 Lo
-y - t + 2x + =z 0 Ls
3rx + 2z = 0 L4

DAL O gl o9& Aha o T
We start with a Gauss method with the following transformations:

y +t + = + 2z =0

— 3r — 2z =0 Lo+ Ly —314
3r + 2z = 0 L3 <— L3 + L1
3r + 2z = 0
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(GRS Alal die g A gldtin 5 M ASMY) Sl w¥) Ot

We find that the last three lines are equal, and then, the system is equivalent to:

y +t + o + z =0
3r + 2z =

s_,.mi\.\.;;:,..ﬂjﬁ;&mg.t:—x—y—z:%x—yjz:—%xM3L+u3éy3me

We choose x and y as arguments, of which z = —%m andt=—xr—y—2z= %:17 —y. Then, the set

solutions is

1(s) = { (s 5050 -v) Lo e v}

Exercise N°— 4 — @) (4 pd

Solve the following system: DG Gdesd) s

Solution : (e

S
Depending on the Gauss’s method, we perform the following transformations Ly <— 3L + Ly and

L3 < 3L3 — Ly, so we get:

3r — y + 22 = a 3r — y + 22 = a
—x + 2y — 3z = b <+ by — 7z = 3b+a
r + 2y + z = c Ty + z = 3c—a
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Then the transformation L3 <— 5L3 — 7Ly which gives us the trigonometric system:

3r — y + 22 = a
5y — Tz = 3b+a
b4z = 5(3c—a)—T7(3b+a)

Jsdl e Juamin pasgaldlh @ 2 = (—12a — 210 + 15¢) @ amd bW Walacdl (e

From the last equation, we find: z = 5%1(—12@ — 21b 4 15¢) Then, by substituting, we get the

solutions:

+(8a+5b—c),
L(=2a+ b+ Tc),
= 15(—4a —Tb+5c).

1

Exercise N°— 5 — a8y jd g

e Gy D JYleRinl Sl Jasd) s

Solve the following systems using Cramer’s method:

z+y+22 = 3 r+2z =1
NS z4+2y+2z = 1 2)8 —y+z = 2
2r+y+2 = 0 r—2y =1

Solution -  Jumsd!

Alead) s Olwsy pal pS Ales (dlead) Of Gasad (1

Let’s check that the system is Cramer’s system, calculates the determinant of the system

det

NI
N =

2
1 | =—4#0
1

UG e LY gl pel pS dles Aot e g
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then, the system is Cramer’s system, its solutions are of the form:

31 2

1 21

011 4
T = - :_—4:—1

1 3 2

1

11 3

1 21

210 -8
z:_—4:_—4:2

Alodl duomn Uluoa ol x5 Ales (Alead! O Gasaicd (2

Let’s check that the system is Cramer’s system, calculates the determinant of the system

1 0 2
det| 0 =1 1 | =4#0
1 -2 0

IS e Lt gl pel 4 Ales Aot Ade g

then, the system is Cramer’s system, its solutions are of the form:

1 0 2

2 -1 1

1 -2 0 —4
r = 1 —T:_l

1 2

0 2

1 10 —4
y=—g — ~ 1
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1 0 1
0 -1 2
1 -2 1 4
z = 1 —Zzl

Exercise N°— 6 — g2y 3 ped

abass ) asaiil) i pudl)) Loy Swelel) Gogbaall iy b JlaRiub Sl slesd) g5
Solve the following system using the inverse matriz method, and what is the geometric — $\Quls

explanation for the result that you get?

r+my = -3
mx+4y = 6

Solution - et
of the system form Al JS& (ye
r+my = —3
mx +4y = 6
we get N
1 m 9
det =4—-m
m 4
tehn e g

4—m?’=0=m=2Vm=—2

Job> Lgd e Alandl g 0 = 12 el 20U Walasd) ola m = 2 Gl 13)

If m = 2 then the second equation becomes 0 = 12, and the system has no solutions.
ST Jolondl (o diis jud due Judi Alesdl Lag 0 = 0 guad 20U Walaedl m = —2 Sl 13

If m = —2, the second equation becomes 0 = 0, and here the system accepts an infinite number

of solutions, i.e.
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rT+my=-3&r=-3—my.
The set of solutions is: ‘o2 J gldl Ae geme
S={(=3-my,y);y € R}.

AL m #£2Vm#£ =2, ylss 13)
If m#2VvVm# -2 we take:

We calculate the inverse matrix

T
4 —m 4 —m

M1 = — —
det (M) 4 —m? 4 —m? m
m? —4 m?2 —4

IS (re (5S35 Alannd) J gl ais g

then the system solutions are of the form

6 m;n—4 o m21—4 6 o %

ie. gl
6 3
BRI L A —
el dmr+4y =6 9 x4+ my = —3 (uatrdivusd! O 7 Lddw! LiSen « Lawaia
Geometrically, we can conclude that the two lines x + my = —3 and max + 4y = 6 are either:

m#(2,-2) Wl 3 Olablite e
They intersect in the case of m # (2, —2).

m=2 Wl o3 Leleld Ol 3l gie @
They are perfectly parallel if m = 2.

m=—2Wl> & Geaidl e Yy o

Not on appointment in the case of m = —2.
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Exercise N°— 7 — gdy 4d w2

:6Jes) Jols 0 € R bawg)) Suwdd by Gids

Discuss according to the value of the intermediate a € R solutions to the system:

d3xr 4ty —2 =1
z 2y 2z = a

r +y —z =
Solution - Jemsd!
The determinant of the system is 192 Aol dume
1 1 -1
1 -2 2|=0
1 1 -1

O gl Jloatiuly o g Jo v ga ¥ 9l Jolondl (4o de ,8 due 3929 & Jo Lo pguas

T AL g T 9 ¥ (o JAL0 o O¥alaed) ol 5 el Led of g Al
is equals to zero. What indicates the existence of an infinite number of solutions or that there is
no solution, and then, using the following transformations, the first of which is changing the order

of the equations, as we exchange between the first and the third one, we find:

v 4y —z =1 x +y -z =1 Iy
r =2y +2z = a < r =2y +2z = a Lo
r +y —z =1 3r +y —z = Ls
r +y —z =1 Ly
— —3y +3z a—1 Lo+ Loy—14
—2y +2z = -2 Ly <+ Ly — 3L,
oy ==
y —z = 1

Za&ﬁ()ﬂai%‘]jhﬂoﬁdlm#éamww‘gﬁ
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In order for the system to accept an infinite number of solutions, the values of a must be:

1—a_

=1=a=-2.
3 a
That is, in the case of a = —2, we find: Meva =2 Wls B (G
x=0
r +y —z =1 r=1—-y+=z
£ — — Yy =
y —z = 1 z=y—1
z=y—1

then, the set of solutions are: rod J glondl Ao gee die g

S = {(anay_l)aye]R}
If a # —2 then the system has no solution. Jo L eed Aedl Ola a #£ -2 plss 13
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