Chapter 2

IMPROPER INTEGRAL

In first year, we studied the integral of defined and continuous functions on a compact
interval (closed bounded) [a,b] with —oco < a < b < +oo, there existed a so-called
primitive function F' of f such that:

’

b
Fz) = f(2)Va € [a,b] and / F(t)dt = F(b) — F(a).

Which represents the area delimited by the graph of the function f on [a,b]. In this chapter, we
will learn how to calculate the integrals of unbounded domains, either because the integration
interval is infinite (going up to 400 or —o0), or because the function to be integrated tends
towards infinite at the limits of the interval. These integrals are called improper integrals or

generalized integrals.

We end our introduction by explaining the plan of this chapter. When we do not know how to
calculate an antiderivative, we resort to two types of method: either the function has a constant
sign in the vicinity of the uncertain point, or it changes sign an infinite number of times in this
vicinity (we then say that it “oscillates”). We will also distinguish the case where the uncertain
point is oo or a finite value. There are therefore four distinct cases, depending on the type of
the uncertain point, and the sign, constant or not, of the function to be integrated. These four

types are schematized in the following figures:
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Figure 2.1: Different types of integrals.

2.1 Definitions and properties

2.1.1 Uncertain points

We first start by identifying the uncertain points, either +00 or —oo on the one hand, and

on the other hand the point(s) in the vicinity of which the function is not bounded.

We then divide each integration interval into as many intervals as are necessary so that

each of them contains only one uncertain point, placed at one of the two limits.

the integral over the complete interval is the sum of the integrals over the intervals of the

division.

The only goal is to isolate the difficulties: the choices of cutting points are arbitrary.

2.1.2 Convergence/divergence

+o0o
Definition 2.1.1 Let f be a continuous function on [a,+oo[. We say that the integral [ f(t)dt
a

x
converges if the imitates, when © — +o0, of the primitive [ f(t)dt exists and is finished, i.e.
a

T——+00

7oof(t)dt: lim i Ft)dt.

Otherwise, we say that the integral diverges.

b
Let f be a continuous function on ]a,b]. We say that the integral [ f(t)dt converges if the right
a
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b
limit, when © — a, of the primitive [ f(t)dt exists and is finished, i.e.
xr

b

b
/ ft)dt = lim [ f(t)dt.

Otherwise, we say that the integral diverges.

+oo T
. —t _ . —t _ . _ —t x — -
Example 2.1.1 The integral ({ e 'dt = xiniooofe dt = xinioo [ e ]0 1. So the integral
converges.
+oo T
The integral [ sin(t)dt = lim [sin(t)dt = lim [—cos(t)]; = P because lim cos(z) = 3.
0 r—>+00 0 r— 400 r—>+00

So the integral diverges.
1 1

The integral [In(t)dt = lim [In(t)dt = lim [tIn(t) —t]. = —1. So the integral converges.
0 z—+0, z—+40
1 1 .

The integral of Zdt = xmog Edt = mmo [n(t)], = 4+o00. So the integral diverges.

Remark 2.1.1 - The generalized integral is considered as the limit of a definite integral.

Remark 2.1.2 - Convergence is therefore equivalent to finite limit. Divergence means either

there is mo limit or the limit is infinite.

2.1.3 Relationship of Chasles

Proposition 2.1.1 (Relation de Chasles) Let f : [a,+oo[— R be a continuous function.

+o0o +oo
For all ¢ € [a,+o0| the improper integrals [ f(t)dt and [ f(t)dt are of the same nature, and

a
in the case of convergence we have:

+oo ¢ +00
[ swar= [ swar+ [ s

Preuve. Using the Chasles relation for the usual Riemann integrals, with a <c¢ <z :

]f(t)dtZ/cf(t)dt+jf(t)dt.

Then passing to the limit x+ — 4o00. Now, if we are in the case of a continuous function
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f :]a,b] — R, ¢ €]a, b], then we have a similar result, and in the case of convergence:

/bf(t)dtz/cf(t)dt—i—/bf(t)dt.

Then passing to the limit z — o+ m

Remark 2.1.3 - “Being of the same nature” means that the two integrals are convergent at the

same time or divergent at the same time.

- The Chasles relation therefore implies that convergence does not depend on the behavior of the

function on bounded intervals, but only on its behavior in the neighborhood of +oo.

2.1.4 Linearity

Proposition 2.1.2 (Linearity of the improper integral) Let f and g be two continuous func-
+o0 +o0
tions on [a,+oo|, and A, p two real numbers. If the integrals [ f(t)dt and [ g(t)dt. converge,
oo a a
then [ [Af(t)+ pg(t)] dt converges and we have:

a

+00 +

—+oco oo
[ o+ ugendae=x [ s n [ gwa

a a

The linearity relation is valid for the functions of an interval |a,b], not bounded in a.

Remark 2.1.4 The converse in the linearity relation is false, we can find two functions f,g

such that

+00 +oo +o0o
[ (f() + g(¢t)) dt converges, without [ f(t)dt nor [ g(t)dt converges.

a

2.1.5 Positivity

Proposition 2.1.3 (Positivity of the improper integral) Let f,g : [a,+oo[— R be con-
tinuous functions, having a convergent integral.

—+00

+oo
if f <g then / ft)ydt < / g(t)dt.

a

Dr: Fatima OUAAR
University of Mohamed Kheidar, Biskra 5



In particular, we also have:

+o0o
if f >0 then / f(t)dt > 0.
a
The positivity relation is valid for the functions of an interval ]a,b], not bounded in a.

Remark 2.1.5 If we do not wish to distinguish the two types of improper integrals on an interval
[a, +00[ (or ] —00,b]) on the one hand and |a,b] (or [a,b]) on the other hand, then it is practical

to add the two ends to the number line:
R=RU {—00, +0c0}.

Thus the interval [a, b] with a € R and b € R designates the infinite interval [a, +oo] (if b = +00)

or the finite interval [a,b] (if b < 4+00). Likewise for the interval ]a,b] with a = 400 or a € R.

2.1.6 Cauchy criterion

Theorem 2.1.1 (Cauchy criterion) Let f : [a,+00]— R be a continuous function. The

+oo
improper integral [ f(t)dt converges iff
a

+oo
Ve >0,3M > a u,v>M = /f(t)dt <€

Preuve. It is enough to apply the Cauchy criterion for the limits to the function F(x) =
+oo z

[ f(t)dt. Let F :[a,+oo[— R. Then lim F(z)= lm [ f(¢)dt exists and is finite iff:

a

r—+00 r—>+00 a

Ve>0,3M>a  wuv>M — |Fu)— F(v) = /f(t)dt <e

2.1.7 Case of two uncertain points

When both ends of the definition interval are uncertain points. It is just a matter of reducing

ourselves to two integrals each having a single uncertain point.

Definition 2.1.2 Let a,b € R =R U {—00,+oo} with a <b. Let f :]a,b[— R be a continuous
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function. We say that the integral

C
f(t)dt converges if there exists ¢ €]a,b] such that the two improper integrals [ f(¢)dt and

a

f(t)dt converge. The value of this doubly improper integral is then

if@ﬁzjf@ﬁ+jf®ﬁ

Remark 2.1.6 - Chasles’ relations imply that the nature and value of this doubly improper

O s R =

integral do not depend on the choice of ¢, with a < ¢ < b.

c b b
- If one of the two integrals [ f(t)dt diverges, or [ f(t)dt diverge, alors [ f(t)dt diverge.

Example 2.1.2
+o00 2 +o00

t t t
[y S
(1+12) (1+12) (1+12)
B “0 2

We choose ¢ = 2 at random. We start with the first integral

2 ¢ 2t

J—t at = tm [

“oo (141¢%) vy (1447)

__ 1
10
2 t +oo t 1
Then [ —————dt converges. Likewise for J ————dt which converges to —. Thus the
“oo (1+12) 5 (1412 10
—3‘00
integral —— dt converges and is worth 0.
Soo (14 £2)°

2.2 Improper integrals on an unbounded interval

2.2.1 Positive functions

We will assume that the function is positive or zero on the integration interval [a, +oo[. The

convergence criteria for positive functions are also valid for negative functions, you just need to
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replace f by (—f). Recall that, by definition,

+/Oof(t)dt: lim / F(t)dt.

Tr—>+00

x
As f is positive, then the primitive is increasing, or else lini | f(t)dt is bounded, and therefore
T—>T 00 a

+oo z

the integral [ f(¢)dt converges, or lir{lIr J f(t)dt tends towards +oo therefore diverges. If
a T Oo(l

we cannot (or do not want to) calculate an primitive of f, we study the convergence using

comparaison criteria which allow us to deduce its nature without explicitly calculating them.

2.2.2 Comparison criterion

Theorem 2.2.1 Let f and g be two positive and continuous functions on |a,+00[. As:

JdJA>a,Vt > A ft) <g(t).

+00 +oo
1. If [ g(t)dt converges = [ f(t)dt converges.
a a

+00 +00
2. If [ f(t)dt diverges = [ g(t)dt diverge.

Preuve. The convergence of the integrals does not depend on the left bound of the interval,

x xr
and we can simply study [ f(t)dt and [ g(t)dt. Now using the positivity of the integral, we
A A

A/ F(t)dt < A/ g(t)dt.

x x
If [g(t)dt converges, then [ f(t)dt is an increasing and bounded function and therefore con-
A A

obtain that, for all z > A,

x x
verges. Conversely, if [ f(t)dt tends towards +oo, then [ g(¢)dt tends towards +oco too. ®
A A

+00
Example 2.2.1 The integral [ et dt is convergent because: Vt € [1,4oo[, —t> < t, as €' is an

1
+o0

increasing function then et < et. And since f e tdt = lini [—e‘t]f, therefore the integral
1 T—T00
+oo
[ e tdt converges.
1
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2.2.3 Equivalence criterion

Theorem 2.2.2 (Equivalence criterion) Let f and g be two strictly positive and continuous

functions on [a,+o0o[. Suppose they are equivalent in the neighborhood of +oo, that is:

lim @ =1.
t—+o0 g t)

+00
Then the integral [ f(t)dt converges if is only if f g(t)dt converges.
a

Preuve. To say that two functions are equivalent in the neighborhood of +o0, is to say that

their ratio tends towards 1, or again:

Ve >0 dA>a Vi> A ‘f(t)—l‘<6,

g(t)

or again:

Ve >0 dJA>a Vt>A (I—e€)g(t) < f(t) < (1+¢€)g(t).

Let us set € < 1, and apply the comparison theorem on the interval [A,+oo[. If the inte-

+o0 +oo
gral [ f(t)dt converges, then the integral [ (1 — €)g(t)dt converges, therefore the integral
A A
+0o0 +0o0 “+o0o
| g(t)dt also converges by linearity. Conversely, if [ f(t)dt diverges, then [ (1+€)g(t)dt
A A A
+o0o
diverges, therefore [ g(t)dt also diverges. m
A
. too ] T 1 1
Example 2.2.2 The integral f mdt converges because: tiI—Ii-loo t% =1 = T e ~
oo 1 11° T
and as [ —2 = lim f dt lim |—=| =1, then the integral [ —5dt converges by
1 a:—>+ool r—+00 t 1 1 t

+oo

the equivalence criterion the integral [ dt converges.
1

1+1¢2

Proposition 2.2.1 Let f and g be two strictly positive and continuous functions on [a,+00[

such that:
f(t)

lim —= =1.
t—+o0 g(t)

+o00o
If I #0 and | # +o0, f() o lg(t). Then the two integrals [ f(t)dt and f g(t)dt are of the

same nature.

400
If1l=0, f(t) < g(t). Then if the integral f g(t)dt converges = [ f(t)dt converges.
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In(t)
1+t7 =0. So In(?) < %,
1+t2 — 2

+o00 oo
Ifl = 400, f(t) > g(t). Then if the integral [ g(t)dt diverges = [ f(t)dt diverges.

In(t
®) dt converges because: lim i
t—+4o00
t?

3

+00
Example 2.2.3 The integral
xamp e integra 1f1—|—t2
oo -2\" oo In(t
and as [ Sdt= lim | —= | =2 converges = [ a( )2 dt converges.
b z—to0 \ \/t 1 1 1+t

1t

2.2.4 Riemann integrals

Definition 2.2.1 A Riemann integral is an integral which is written in the form:

+o0

1
/ t—adt, ou o € RY.

1

In this case, the primitive is explicit:

[_ ! 11r ifa#1

lim |———
+oo . z—+oo | —ax + 1t~
~dt =
ta
1
xll&@ [n(t)]{ ifa=1

So we deduce the nature of Riemann integrals

—+o00
1
if a > 1 then / t—adt converges.
1

+00 1
if a <1 then / t—adt diverges.
1

Proposition 2.2.2 Let f be a positive and continuous function on [a,+00].
converges if a > 1

400
where (1 #0 and | # +o0) then [ f(t)dt
a diverges if a <1

1

SIf f(t) ~ —

IO~

+oo
- Ift hIfrl t*f(t)dt =0 then [ f(t)dt converges if a > 1.
+00

- Ift lim t*f(t)dt = +oo then [ f(t)dt diverges if o < 1.
|sint| . , »

is continuous and positive on [1,+00[

T2 |sin ¢ _
Example 2.2.4 Let [ 2 dt. The function 2
1

+00 |4j
sint
| ‘dt converges because o = —.

int
lim t3/2|81;‘—0,s S
1

t—+4o00
10
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2.2.5 Bertrand integral

Definition 2.2.2 A Bertrand Integral is an integral of the form:

“+oo

1
—————dt, where a € R* ,3 € R.
/ to (Int)? *

e

- If a > 1, the integral converges.

- If a < 1, the integral diverges.

B > 1, the integral converges

-Ifa=1 and
B > 1, the integral diverges.

Theorem 2.2.3

“+o00

1
————dt converges< (> 1) or (=1 and > 1).
/ta(lnt)ﬁ ges < (o> 1) or ( )

e

—+00

1
/ ————dt diverges < (a<1)or(a=1and B >1).
t |Int|
&

1 1 o1 1 ) .
Example 2.2.5 Let [ n sm(Z)dt, The function n sm(;) is continuous and positive on [1, +00[

1
L gin(L ! d +fOOldt'R' 2 > 1 theref b jval th

-) ~ =, and as [ —dt is Riemann o = erefore converges by equivalence the

o S 2 ges oy

1
~+o0 1
integral [ ;sin(z)dt converges.
1

Int

oo 1 1 1 1
Example 2.2.6 Let [ v/{?+ 3tln [cos(t)] sin? ( ) dt. The function Vt2+3t1n |:COS<t)] sin? <1t)
1 n

is continuous and positive on [2,+0o0].

\/152+3t:t,/1+§ ~ t
t oo
1

In [cos( 1 )]

too 22

Lo 1 1)\?2
sin® | — ~ | —
Int +oo \ Int¢

So
1 1 1
t2 4+ 3t1n [cos - ] sin? <> ~——
() Int) +00 2t (Int)?
+oo
and as [ _Wdt 18 a Bertrand integral o = 1,8 = 2 therefore converges by equivalence
2 n
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oo 1 1
the integral [ V't + 3tIn [cos(t)} sin? <) dt converges.

1 Int
2.2.6 Absolute convergence of an improper integral

Definition 2.2.3 Let a real function f, locally integrable on an interval [a,+oo[. We say that

+o0o +oo
the integral [ f(t)dt s absolutely convergent if the integral [ |f(t)|dt is convergent.
a a

Theorem 2.2.4 An absolutely convergent integral is convergent.

E le 2.2.7 Study of the int z+j°o SIWE - The functi sinz s |

Xample <£.4. u 0 e mtegra —Qat. e function — 18 (0-
P v g o l+cost+et 1+ cosx + e*

sinx

1+ cosx +e*

cally integrable on the interval [a,+oo[. When x tends towards +o0, on a: ‘

1 1 +oo int
and ~ e T, We have: f _smt
1+ cosx +e* 1+ cosx +e* o l+cost+et

convergent, therefore convergent.

dt s therefore absolutely

Example 2.2.8 Study of [ ﬁdt. When z tends towards +oo, we have: 0 < f(z) <
1
V7 sin (mg) and /x sin <$2) ~ —375- The integral [ in (72)

J mdt 1s absolutely convergent.

2.3 Integration by parts

Theorem 2.3.1 (Integration by parts) Letu andv two functions of class C' on the interval

+o0
[a, +o0]. Suppose that . lirfrl u(t)v(t) exists and is finite. Then the integrals [ w(t)0(t)dt and
+00
[ 4(t)v(t)dt are of the same nature. In case of convergence we have:
+00 +o0
/u(t)ﬁ(t)dt: [t hrfrl u(t)v(t) —u(a)v(a)} - /ﬂ(t)v(t)dt.
Preuve. This is the usual formula for integration by parts
+oo T
/ w(t)o(E)dt = [utyo(t)] — / G(t)(t)dt
noting that by hypothesis that lini uv has a finite limit. =
+oo
Example 2.3.1 Let the integral be [ Me Mdt ou X > 0. We carry out the integration by parts
0
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1
with u = Mt, 0 = e . We therefore have & = \,v = —Xe_’\t. Also

x x

/ Ae Mdt = [ *M}O + / e Mdt
0 0
1

— _xe—/\x . X (e—)\x 1)
+oo T 1
/ Me Mdt = lim Me Mdt = = (then the integral converges).

r— 400 )\

0 0

2.4 Change of variable

Theorem 2.4.1 (Change of variable) Let f be a function defined on an interval I = [a, +0o0].

Let J = [a, B[ be an interval with a, 3 € R or f = +oo. Let ¢ : J — I be a dz’ﬁeomorphiswﬂof
+00 B

class C1. The integrals [ f(x)dzx and [ f(p(t))¢ (t)dt sare of the same nature. In case of

convergence, we have:

+00 B8
/ f(z)dz = / F( (£) (1) d

Example 2.4.1 The following evample is very interesting: the function f(t) = sint® has a

convergent integral, but does not tend to 0 (when t — +00). This is to be contrasted with the

case of series: for a convergent series the general term always tends towards 0. Let the integml

be tfoosin (tz) dt. We carry out the change of variable u = t?, which gives t = \/u, dt = —du
1

2Vu

with @ s a diffeomorphism.
p: [1,902] — [1,2]
u — ¢

2

+o0o T
/ sin (#%) dt = /sin( )2\—qu
1 1

+oo z?

1
Now by Abel’s theorem sin (u) —=du converges, therefore [ sin(u) —=du admits a finite
{ P NG
+o0
limit, which proves that fsin (t2) dt also admits a finite limit. Then [ sin (t2) dt converges.
1 1

Example 2.4.2 Let the integral be We carry out the change of variable uw =/t — 1,

I dt

1 VE=1
!"'We recall that ¢ : J — I a diffeomorphism of class ¢ : J — I if ¢ is a bijective C* map, whose reciprocal

bijection is also C.
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which gives t = u? + 1, dt = 2udu with ¢ is a diffeomorphism:

p: [Vz-1,1] — [2,2]

U — 1
2 p 2
) t . 1 ;
Ilinl \/ﬁ_xlinl 2udu—2[u]m—xh_n)112[l—vx—l =2
1 1
fl2du converges, which proves that f dt also admits a finite limit. Then f2 dt con
: g P S =1 ' S =1

verges.

Example 2.4.3 We will calculate the value of the following two improper integrals:

w/2 w/2
I= 0/1n(sin(t))dt, J = 0/1n [cos(t)] dt.

1
- Show that the integral I converges: AsIn(sin(t)) ~ In(t) < —, let us carry out an integration

o+ Vit
w/2 w/2
by parts of [ In(t)dt the integral converges. By equivalence [ In(sin(t))dt converges.
0 0

- Check that I = J: We carry out the change of variable t = % —u. We have dt = —du and a

diffeomorphism between t € [m, g} and u € [g -, 0} . So

/2 0 3%
/ In(sin(t))dt = / ln(sin(g —x)) (—du) = / In [cos(u)] du
x g—x 0
/2 /2 T—x
I= / In [sin(¢)] dt = 1111(1)+ / In [sin(¢)] dt = lin(1)+ In [cos(u)] du
0 xr— s xr— 9
Cela prouve I = J. Donc J converge.
- Calculer I + J: This proves I = J. So J converges.
/2 /2 /2
I+J = /ln [sin(t)] dt + /ln [cos(t)] dt = /ln [sin(t)] + In [cos(t)] dt
0 0 0
/2 /2
= /ln [sin(t). cos(t)] dt = —gln2+ /ln [sin(2t)] dt
0 0
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w/2
And since I = J, we have 2I = =5 1n2+ 1. We still have to evaluate L = [ In[sin(2t)] d¢:
0

Let us change the variable u = 2t, the integral L becomes:

™

1 .
L= 3 O/ln [sin(u)] du

1 1 .
= §I+ 5 / In [sin(u)] du
w/2

we carry out the change of variable v =1 — u, we will have

0

1 1 .
L= 5[ + 3 / In [sin(7 — )] (—dv)
/2

w/2
1 1 )
= 5[4— 5 /ln [sin(v)] dv

0
1 1
=-I+=1
2 +2
=1.
So, asQI:gln2+L and L = I, we find:
/2
. ™
I=J= /ln [sin(t)] dt = —§1n2.

0

2.5 Application of improper integrals

2.5.1 Gamma function

Theorem 2.5.1 (Gamma function I') We call Euler’s Gamma function denoted I" Euler the

application:
r: J0,+00f] — R
“+oo
r — D)= [t let
0
+00
The integral [ t*~le=t converges for all strictly positive .
0
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Preuve. Indeed:

“+00 1 —+o00
/t””_le_tdt = /tm_le_tdt—l— / t*le7tdt = I + L.
0 0 0

- If x > 1, the 0 is not an improper, therefore I; converges and lim t*t*~le~! = 0 which

t—+o00
ensures the convergence of I.
1

11—z

1
-If0 < z < 1, we have t*“le7t ~ t*71 = [
ot ti=7y

o~

dt is a Riemann integral converges if

1 +o0
1—2x < 1, for all z > 0 by equivalence I = ftx_le_tdt converges, in addition [ trle=tdt
0

1

converges because lim 2t le t =0. m
t—+o00

“+oo

Propretie 2.5.1 1) (z+1)+z[(z), for allz > 0. In particular T'(2) = 10'(1) = [ e 'dt = 1.

0
2) Forallz>0,T(x+n+1)=z(z+1)(x+2)...(x+n—1)(z+n)(x).

3) For alln >0, I'(x + 1) = nl.
1

HT()=y7.

2.5.2 Beta Function

Theorem 2.5.2 (Beta function ) For all strictly positive real numbers p and q, we define

Euler’s Beta function denoted B by:
1
8(pa) = [ (1= 0 du
0

B (p,q) converges if p >0 and q > 0.

Preuve. Indeed:

1 1/2 1
B (p,q) = /up_1 (1—w)? " du= /up_l (1—w) " du+ / WP (1 —w) du
0 0 1/2

1 1/2

Near 0, u?~! (1 —u)? ' ~ so [ uP~1 (1 —u)? " du converges for p > 0.
0

upP~1’

1 1
1+ 80 [ uwt(1— w)? ! du converges for ¢ > 0. m
(1—u) 1/2

Propretie 2.5.2 1) Vp,q> 0,3 (p,q) = B (¢, p)-

Near 1, uP~1 (1 —u)? ~
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r
2)V¥p,q > 0,8 (p,q) =

+oo 4 p-1

4) Sip ¢ 7,6 (p,1 —p) =T(p)I'(1-p) =

™

sinwz’
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