Chapitre 3

DIFFERENTIAL EQUATIONS

D ifferential equation is an equation : whose unknown is a function (generally denoted
y(z) or simply y) and in which appear some of the derivatives of the function (first

derivative ¢, or derivatives of higher orders ¥, y(3),...).

3.1 General information on 1st order differential equations

Let’s move on to the complete definition of a differential equation and especially a solution of a
differential equation.
3.1.1 Definition and Examples

Definition 3.1.1 Given a function of three variables F, we call a 15 order differential equation
any relation of the form :

F(z,y,9) =0, (3.1)

between the variable x, the function y(x) and its derivative y(x). The function p, differentiable,

1s called the solution or integral of the differential equation on a set I of R if
Vo e I, F(z,¢(z), 4(x)) = 0.

Example 3.1.1 y+y = x admits on R the solution p(z) = x—1. 2y —1 =0 admits on R* the

solution ¢(x)(x) = In|z|.
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Integrating a differential equation means determining all the solutions, specifying, if necessary,

the definition set of each.

3.1.2 Cauchy’s theorem

If f is continuous and has a continuous derivative with respect to y on an open set © de R?,
whatever the point (xg,yo) of €2, there exists a unique solution () of the equation ¢y = f(x,y)
defined in the neighborhood of zy and such that y(z¢) = yo. For given z( the solution depends
on yo. The set of solutions of a 1% order differential equation depends on an arbitrary constant A,
yx = ©(x, A). This set of solutions will be called General Integral. By giving particular values

for A\ we obtain particular solutions. The condition y(z¢) = yo is called initial condition.

Example 3.1.2 Integrate the differential equation y—1 = 0, such that y(1) = 1. y—y =0 <~

d 1
YW — dz hence y=2Xe", ory(l) =1 <= 1= Xe which gives A\ = —. So the solution to the
Y e

general equation is given y = e* 1.

3.1.3 Geometric interpretation of the solution of a 1st order equation

1. Contact elements : Let y = f(z,y). If f verifies Cauchy’s hypotheses it defines an
application of 2 in R which associates the g derivative with each pair (z,y). M(z,y) €
) — (MT) such that (MT) is the leading coefficient §. (M, MT) is a contact element.
The data of a 1% order equation thus defines a "field" of contact elements in the plane, a

curve (C) being an integral curve if all of its contact elements belong to the previous field.

F1G. 3.1 — Contact elements.

2. Graphical integration : The construction of neighboring contact elements reveals a po-

lygonal contour which allows an approximate drawing of the integral curves, this is the

principle of graphic integration. This plot is also facilitated by the preliminary construction
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of isoclines, the set of points of integral curves at which the tangent has a given direction

coefficient m. The Cartesian equation of the curves is therefore written f(z,y) = m.

Example 3.1.3 Consider the differential equation xy = 2y. The isoclines with the equation

m
y= 5% are lines passing through the origin.

d d
0% y = Az?. The integral curves are parabolas with vertex O and axis (oy).
T

Y

Fic. 3.2 — Graphical integration

3.1.4 Differential equation attached to a family of curves

We have seen that the integral curves of a 1st order differential equation depend on a parameter.

Reciprocally a family of curves C depending on a parameter A and defined by the equation

At any point M (x,y) of a certain open 2 C R passes at least one curve C). The leading coefficient

y of the tangent at M given by

fx(x,y, A+ fy(x,y, ANy=0 (3.3)

The improvement of A between equations (3.2)) and (3.3|) gives a relation which defines the contact
elements of the curves Cy. F(x,y,y) = 0, this relation represents the differential equation of the

family of curves considered.

1. The discussion of the number of solutions §y = 0, of ¥ in F(z,y,9y) = 0 gives the number

of integral curves passing through a point and allows a regioning of the plane.
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2. The equation F'(x,y,0) corresponds to the isocline with zero direction coefficient ¢ = 0,

represents the locus of points at tangent parallel to (ox) of integral curves.

3. The orthogonal trajectories of the curves C'\ are solution of the differential equation
-1 —1
F(z,y,—) = 0 obtained by changing § to — in the equation differential of C), the
Yy Y
tangent in M (z,y) of C) has slope m =y = f(x,y), if there exists a curve I' orthogonal in
-1

-1
M to C), the tangent has slope m = — = ——. The differential equation of the I' curves
m Yy

1 =
is therefore written — = f(z,y) or F(z,y, —) = 0.
Yy Yy
Example 3.1.4 Let the sheaf of circles with base points A and B of equation
22 +y? -2y = 1.

Differentiating with respect to z, we obtain 2z + 2yy — 2y = 0 eliminating X gives (z% + ¢ —

2y — 1)y — 22 = 0 the beam differential equation.

Example 3.1.5 Orthogonal trajectories of the family of hyperbolas Hy of equations xy = A.
The hyperbola equation is written xy +y = 0. The equation of the orthogonal trajectories is

1
therefore C such that : —x— 4+ y =0 ou x — yy = 0. This equation fits directly into the form :
Yy

. . dy
z—yy=0 = z=yy = x:y%
2 2
xdr = ydy = %:%+k¢

— x2—y2:k

The orthogonal trajectories are therefore a family of hyperbolas with center O and azes (ox) and

(0y).

3.2 Integration of 1st order differential equations

3.2.1 Equation with separable variables

A differential equation with separable variables is a 1% order equation that can be written in

the form
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Fic. 3.3 — Orthogonal trajectories of the family of hyperbolas.

yzf(“’”)) o gly)dy = f()d,

g(z

the functions f and g are assumed to be continuous, from where [ g(y)dy = [ f(z)dz + X we
obtain G(y) = F(z) + A

Example 3.2.1

Inly—a|l=xz+ X we obtain y=a+Ce™™

Example 3.2.2

y—2$g:1,
y—1 dy 1

2 yr1 2™
we obtain y — 1 = \\/|x|

3.2.2 Homogeneous equation

We call a homogeneous differential equation of the 15 order an equation of the form F(x,y,9) =

0, in which the change of = into Az and y into Ay leaves ¢ invariant.

Geometric interpretation : Let (M, MT') be a contact element. The equation being homogeneous,
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the tangent in M (Az, Ay) is parallel to (MT), that is to say that the set of integral curves is

globally invariant in all homothety of center o, § therefore depends on Ly We assume that
T

N \/

Fic. 3.4 — Geometric interpretation of homogeneous equation.

d
Integration method : We set ¥y _ t or y = tx, we obtain dy = tdx + xdt, from where Y _
x

dt d dt
t+ T = f(t). By separating the variables, we obtain f = m for f(t) —t # 0. Then
dt
Inz= [ W = ¢(t). We find a parametric representation of the integral curves in the form :
z = \e?®)
Yy = )\t€<p(t)
y2 _ .T2 y y2 _ x2
Example 3.2.3 Let the differential equation be § = , We set = =1t, then §y =
22y T 2zy
dt dt  —t?2+1 —2tdt d —d(t* +1
therefore y = vt — t—i—a:% = %—;1 hence xa = 2t+ and Pl % ort(z_:i) =
dx
—. So
x
A
€Tr =
2 +1
A
YT e
3.2.3 Linear equations
We call a linear differential equation of the 15! order an equation in the form
a(z)y + b(z) = f(z) (3.4)

in which the functions a,b and f are assumed to be continuous on the same subset I C R. a and

b are the coefficients of the equation. We call an equation without an associated second member
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the equation

a(x)y + b(x) =0 (3.5)

Theorem 3.2.1 (Fundamental theorem) The general solution of the linear differential equa-
tion of the 1% order is obtained by adding to a particular solution of the complete equation

the general solution of the equation without an associated second member.

Integration of the equation : The equation a(z)y + b(z)y = 0 has separable variables, we
) dy —b(x) b(x) ) )
can write : —= = dx from where Iny = — [ —=dz, i.e. y(x) = Ayi1(x) with y1(z) =
- IF () = A (a) with 11 (a)

_ [ b(=)
e d aede,

Example 3.2.4 Let the linear differential equation be (1 + x2)y — xy = 1. It is easy to verify
that y = x is a particular solution of the given equation. Solving the equation without a second

member, (1 + 22)y — 2y = 0. We have

dy  wmdx _1(d(1+x2))

de  1+z22 2 1+ 2

hence y = /1 + 2. The general solution is x + A1 + z2.

3.2.4 Method of variation of the constant

In the case where we do not know the particular solution of the linear differential equation we use
the method of variation of the constant. Let y = Ay;(x) be the general solution of the equation
without a second member, we propose to seek if there exist solutions of the equation of the form

y = AMz)y1(z), Mx) now represents a function differentiable from the variable z, and we have

j =A@y (@) + ()41 (x)

a(x)g +b(x)y = a(@)[A)yi(z) + Mz)di ()] + b@)A(@)y1 (2) = f(z)
A@)a(z)g(x) + AMx)la(@)d(x) + b(@)yi (2)] = f(z)

Or a(z)j1(z) + b(z)y1(z) = 0 puis donc A(z) =

J a(f(x)dx. Clest-a-dire y = p(z)y1(z) + Cy1(z).

z)y1()

Example 3.2.5 Integrate the equation : ycosx + ysinx = x. The equation without a second

member : ycosx+ysinz = 0 admits as a general solution y = Acosxz. We put y(z) = \(x) cos z,
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then §j = A(z) cosz — A(z) sinz = & therefore [A(z) cos & — A(z) sin z] cos z + A(z) cos xsinz =

therefore A(z) = from where XN(z) = [

dx after integration by parts we obtain
cos? cos?

AMz) =ztanz — [tanzde = xtanz + In|cosz| + C. Eventually

y=Ccosz+ xsinz + coszlIn|cosz|.

3.2.5 Equation reducing to a linear equation

1. Bernoulli equation : Bernoulli equation is a 1% order differential equation of the form

a(z)y + b(z)y = f(x)y®

- If a = 1 the equation is linear.

- If a # 1, by dividing both sides of the equation by y®, we obtain a(x)yy =+ b(x)y!~* =

a(z)

f(z). We set z = y® then £ = (1—a)y~*y, hence the linear equation T Z4+b(x)z = f(x).
-

Example 3.2.6 FEither

y — xy = 2zy? (3.6)
S 9 1 Y r ] .
By dividing by y= we obtain, — — x=5 = 2z, we set z = — soit £ = —=;, the equation
Yy Yy Y
becomes :
z4xi =2 (3.7)

we notice that z = x s a particular solution of @) the equation without a second member

d d A A
gives & _ ——x, we obtain z = —. Then z = x + — is the general solution of (3 (l) and
z x

consequently the general solution of ‘

:E—&—f

2. Riccati equation : We call Riccati equation a differential equation of the 15¢ order of the

form

§ = a(z)y® + b(x)y + c(x)

We can only integrate this equation when we know a particular solution. Suppose ¥ is a

particular solution, then

i = a(@)yi + b(z)y1 + c(x)

¥ — 191 =a(z) [y* —yi] +b(z)(y — v1).
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By setting y — y1 = 2z we obtain

Z=a(z)z(2y1 + z) + b(x)z

5 = a(2)2 + [2a(z) + 1 + b(a)]=,

we have led to a Bernoulli equation.

Example 3.2.7 Integrate §j = y? — 2xy + 22 + 1. We notice that y = = is a particular

solution, we put y = x + z, then 1 + % = (v + 2)? — 2x(lx +2) + 22 + 1, we obtain £z = 22

We integrate this equation, We write % =1 de. <i> = —1 hence % = —x + A, finally
1

y=z+ o

3.3 Second order differential equations

3.3.1 Definition and Examples

Definition 3.3.1 We call a 2"? order differential equation any relation of the form : F(x,y, 1) =
0 between the wariable x, the function y(z) and its first and second derivatives. The func-

tion @, twice differentiable, is then called solution or integral over I subset of R if Vax €

I F(x, 0(x), 4(x), p(x)) = 0

Example 3.3.1 The equation j+w?y = 0, admits for solution on R, p1(x) = cosx and pz(r) =

sinx

Example 3.3.2 The equation §= 0, admits for solution on R, any polynomial of the 1°" degree

o(r) = ax + b with (a,b) arbitrary.

We will admit without demonstration that, under certain hypotheses, a differential equation
of the 2" order admits an infinity of solutions depending on two arbitrary constants \; and
Ao 1y = @(x, A1, A2), all of these solutions constitutes the general integral and represents the

equation of a family of curves of two parameters C}, ), called integral curves.

3.3.2 Equation reducing to 1st order

1. Equation not containing y : Consider a differential equation of 2" order F (z,vy,,¥) =

0. By setting z = ¢ the equation becomes F'(z, z, 2) = 0.
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Example 3.3.3 Let the equation {+y> = 0, by setting z = 4 we obtain # + 22 = 0,

dz 1 d 1
then —— = dr = — = x — xg (vo constant), therefore z = - , hence
22 z dx T — T
dx .
dy = = y —yo = In|z — x|, the solution depends on two constants g, yo.
Tr — X

. Equation not containing x : Consider a differential equation of 2"¢ order F (z,9,9,¥) =

0. If we consider that ¢ as a function of y, by setting ¥ = z(y) we obtain

., dy  dz dz@_dz

d
y therefore plays the role of variable, and the equation becomes F(y, z, z—z) =0,it is a

dy
d
1¢" order equation for z. Let z = ¢(y, A1) be the integral of this equation, then z = % =
dy dx
Yy, A1) or ——— = dz, then by integrating x = f(y, A1)+ A2 with f(y,\1) = [ ———.
oy 1) e(y, A1) ¥, 1) ¥ %) fw@ﬁﬂ

Example 3.3.4 Consider the equation y*§+y = 0. By setting y = z(y) or §= 2%, the
equation becomes y?z% + z = 0, discarding the banal solution z = 0 (corresponding to

1
y=k), we have y?4+1=0 = %=~ + A1, we have brought to the first order equation
Yy

d 1
fyzf—i-)\l, then
de y
1 1
do= W= W Lo L,
SN 1y + 1 1y +
Y
1

From where t = —y — — In| Ay + 1| + Ao.

IYREDY:

3.3.3 Second order linear differential equation

Definition 3.3.2 We call a linear differential equation of the 2"¢ order an equation of the form

a(z)f+ b(z)g + c(z)y = f(z). (3-8)

a,b,c, f are functions on I C R. (a,b,c are called coefficients of the equation). We associate

with this equation the so-called equation without a second member

a(z)f+ b(z)j + c(z)y = 0 (3.9)

Theorem 3.3.1 (Fundamental theorem) is obtained by adding to a particular integral of

12



the complete equation the integral of the equation without a second member. If y is the general
solution of (@) and yo s a particular solution of (@, and Y is the general solution of (@),

then y =yo + Y.

Integration of the equation without a second member

1. Case where we know two particular solutions : If y1,y are two solutions of 1 ,
then y1 4+ y2 and Ay; with (A € R are solutions of (3.9). y1 and ys are said to be linearly
independent if there do not exist two non-zero constants A1, A2 such that : Vo € I, Ay (x)+

A2y2(x) = 0 this results in A\191(x) + A2g2(z) = 0. this results in

Ay1(x) + Agya(z) =0
Ay1(z) + Ao (x) =0

admits only (A1, A2) = (0,0) as a solution. So the determinant

called Wronskian of y;,y2 is not zero; On the contrary if w(x) = 0 then y; and yo are

linearly dependent.

Theorem 3.3.2 The dimension of the vector space of the solutions of the equation a(x){+b(xz)y+

c(x)y =0 is equal to 2.

Consequence : If y; and yo are two linearly independent solutions of the equation without
a second member, the general solution is written Y (x) = Ajy1(z) + A2y2(z), A1, A2 are two

arbitrary constants.

Example 3.3.5 §+wy = 0,y1 = coswzx and sinwz are two independent solutions because

COS WX sinwzx
w(z) = =w#0

—wsinwr w Ccoswx

Y = M\ coswx + Ao sinwx.

Example 3.3.6 j—wy = 0, y1 = coshwz and sinhwx are two independent solutions

Y = A\i coshwzx + A9 sinh wzx.
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2. Case where we only know a particular solution : Let y; be a solution of 1 , We

set y = y12 therefore ¥ = g1z + y1Z and §=¥§12 + 2912 + y1%. Let a(x)[§12 + 2012 + y1%] +
b(x)[y1z + y14] + c(x)yz = 0 taking into account ay; + by1 + cy1 = 0, then we obtain

a1z + (2ay1 + byr)Z = 0, is an equation that can be integrated easily.

Example 3.3.7 Let the equation x%{Hxj —y =0,y = z.y = 02 = § = 2 + ¢ —

§= 2% + xz, then 2%(2% + x4) + (2 + 2£) — 2z = 0 where 24+3%4 =0 or E = —3x, which

z
M A1

gives Z = soz= + Ao, we obtain y = 5
x

1
5 + Xox or even y = C1— + Com.
T T

a?
3.3.4 Integration of the full equation

1. In the case where we know a particular solution yg : Simply apply the fundamen-

tal theorem, y = yo + Y.

Example 3.3.8 Given the equation x{+x1j—y = 23, the solution of the equation without
1

a second member is Y = C1— + Cax, we are looking for a particular solution in the form
x

of a polynomial of 3°™¢ degree yo = ax® therefore o = 3ax?, and {y = 6ax which gives

3

1
a= 3’ therefore the general solution of the given equation is y = % +C1— + Cox.
x

2. If we do not know a particular solution_: We apply the method of variation of constants.

Let y1,y2 be two independent solutions of ¥ = AMy1 + A2y2 the general solution of
the equation without a second member. We set y = Ai(z)y1 + Aa(z)y2 where A1, A2 are
functions, then § = A1(z)y1 + Ae(@)y2 + A1 (2)91 + Xa(z)i2, by imposing the condition
A1(@)y1 + Aa(z)y2 = 0 on obtient F= Ay (2)g1 + As(z)92 + M (2)§1 + Ao (2)F2, or by repor-
ting in (3.8))

a [)\1(1E)y1 + Ao (@) ys + M ()91 () + >\2(£L‘)ZJ2(:E)] +b (M1 (z)h + Ao (2)P2]+c[M(2)yr + A2 (x)ye] = f(2),
but we have

ay, +byr +cy1 =0

ayy +bya +cy2 =0

we obtain
A(@)y1(z) + Aa(z)y2(2) = 0
) ’ 1
A(@)g1(2) + Ax(2)ga(z) = Tx)‘f (x)
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Y1 Y2
w(z) = # 0 because y1, yo are linearly independent.
U1 Y2
Example 3.3.9 Consider the equation {+y = tanx. We have j+y = 0 = y = Ajcosx +
Aosinx. Then §§ = —Aysinx + Ag cosx if
5\1 cosx + 5\2 sinz = 0. And = —5\1 sinx + 5\2 cosxT — A1 cosx + Agsinxz. By reporting in the

equation we obtain : j+y = —A1sinz + Ay cosz = tan x, we have the system :

A1cosz + Agsinz =0

—Aisinz + Agcosz =tanz =0

. sin x
hence \{ = — = CosST —
CcoS X

, et Ao = sin xz, Then

A1 =sinx —ln]tan(g + %)| +Cy

Aoy = coszx + C.

The general solution is written : y = Cy cosx + Cysinz — cosz In | tan(g + %)]

3.4 Linear equation with constant coefficients

Definition 3.4.1 We call a linear differential equation of the second order with constant coef-

ficients a differential equation of the form

afi+by+cy = f(z) (3.10)
i which a, b, c are constants.
We associate with the equation without a second member

ay+by+cy=0 (3.11)

If yo is a solution of (3.11)) and Y the general solution of (3.11)), then y = yo + Y.
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3.4.1 Integration

We set y = "%, then §j = re™ et = r2e", by reporting in (3.11]) we obtain ar?e™ +bre™ +ce’™® =
0 or € # 0 so we obtain

ar? +br +c=0. (3.12)

Then y = €™ is solution of the differential equation if and only if 7 is root of (3.12)).

Discussion :

1. If admits two different roots r;y # ro, then yl = €% and y2 = €% are two
particular integrals of linearly independent because r1 # ro, the general integral is
written y = A1e™® + Age™?".

2. If A <0, r; and re are complex conjugates, the general solution is written y = A1e"% +
A2e™% we choose A\a = A1 then y = A% + \1e"% = 2Re(A1e™1%).

Example 3.4.1 a) {29 — 3y = 0, we have r> —2r —3 =0 = 11 = —1,79 = 3, then

y=Ae *+ Aoe3T,

b) 27 +5y = 0,072 —2r +5 =0 = r; = 1 —2i,79 = 1 + 2i, hence y =

e” (1 cos 2z + pg sin 2x).

—b
3. If (3.12) admits a double root r1 = ro = Q—,y = €' is a particular solution. We look
a

for the general solution in the form y = e€"*z, where z is an unknown function of z, we

have § = €"*(rz+ %) and §= €™ (r2z+2rz+%), by transferring into the equation we obtain :
ea [(r’z +2rZ + %) + b(rz + £) + cz] = 0, therefore " [ar? + br + cz + (2ar + b)% + a%| =

0, then Z= 0, hence z = A\jz + A2, he general solution is given by y = €"*(A1z + A2).

Example 3.4.2 §+47 +4y = 0, on a r®> +4r+4 =0 = 1 = r9 = —2, then
y=e22(\x + A2).

3.4.2 Integration of the full equation

The solution of the equation without a second member being assumed to be known, we can :
- Either use the constant variation method.

- Either look for a particular solution of degree n of (3.10]).

1. f(z) = P,(x) where P, is a polynomial of degree n. It is natural to look for a parti-

cular solution in the form of a polynomial :
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1) of degree n if ¢ # 0.
2) of degree n+ 1 if ¢ =0 and b # 0.

3) of degree n + 2 if ¢ =0 and b = 0.

Example 3.4.3 §—2y — 3y = 322 + 1, we look for the particular solution in the form
4 —17

y = ax?® + Bx + v, then ¥ = 20z + B and = 2a, we find a = —1,3 = g,’y =3 the
4 —17
general solution is y = \e® + \oe3® — 22 + gx -5

. f(x) =™ P,(x), with (m € C), we look for a particular integral in the form y = ¢"*z(z),

then i = e™*(mz+%), and §= ™ (m?22%24+2mZ+%), or after simplification by €™, az+(2am+
b)2 + (am? + bm + ¢)z = P,(z). We find ourselves brought back to the previous case, we
will therefore take for z(x) a polynomial :

- of degree n if am? + bm + ¢ # 0 that is to say if m is not the root of the characteristic

equation.
- of degree n + 1 if, am? + bm +c = 0 and 2am + b # 0 (m simple root).

- of degree n + 2 if, am?® + bm + ¢ = 0 and 2am + b = 0 (m double root).

Example 3.4.4 §—y = 2ze®, here m = 1, we have m = 1 is a simple root of the characte-
ristic equation *>—1. We are looking for a particular solution in the form y = e®z(x) where
z(x) is a polynomial of degree 2, n here equal to 1 since P,(x) = 2x, it is the case (n+1).

2(x) = ax? + B+, therefore 2 = 20z + B and 4= 2a, by entering into the equation, and

1 1 2
after calculation we find o = 5,6 =3 the particular solution is y = e“(% — g) The

x
general solution is therefore y = A\e® + Aoe™* + %(xQ — ).

17
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