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Exercise series N°1

Exercise 1 : Consider the following assertions:

A JzeR VyeR: z4+y>0.

Ay VxeR, dyeR: z+y > 0.

As: VzeR VyeR: z4+y>0.

Ay: Iz eR, Vy eR: 2 > .
1. Are assertions Ay, Ay, Ag and Ay true or false?
2. Give their negation.

Exercise 2 :

e If a and b are two positive or zero real numbers, show that:

Vva+ Vb < 2Va +b.

e Prove by induction the following equalities:

“ n(n+1) nl &
kz—lk_Q and ;2 =2"_1, with neN*

e Show that v/2 is not a rational number.

Exercise 3 Let z and y € R.

1. Show that the following relationships are always true:
(a) If |z| <y then —y<z<y
(b) |o+yl < lo] +[yl.
(©) x| = lyll < |z —yl.

2. Solve the following inequalities:
(a) |z —2| > 5.
(b) |z +2| > |z|.
(c) |2z —-1] < |z —1].

Exercise 4 Determine (if they exist): the all upper and lower bounds, supremum, infimum, maximum, and
minimum, of the following sets:

11 1 1
EFi=1<1,—-,—, ..., ——, ... By = Fy=44— —; *
1 { 73757 7277, ) ) TLEN}, 2 ]075]7 3 { n7n€N}7

1 n 1 n
Bi={-+-—1\ - . neN
1 {2+2n+1’2 mr1 "€ }




Exercise 5 Show that the following relationships are true.
e r — 1< E(x)<ux,
o E(z)+ E(y) < E(x+y),

(
o B(z) - E(y) > E(x —y),

n

« E (EW)) - BE(z),

with z, y € R, n € N* and E(.) is the integral part function.
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Solution

Solution of the Exercise 1 :

Ay : is false, because we can find an y in R such that for any x in R we have x + y less or equal to zero
(r+y<0.)
For example, if we take y = 0, then for all z negative (x < 0) we have x +y =z <0
The negation: Vz € R, dJy e R: z +y < 0.

As : is true, the fact that for any x we can find an y € R for which the inequality x + y > 0 is verified.
For exemple, if we take y = —x 4+ 1 then x +y =1 > 0.
The negation: Jzr € R, VyeR: z+y <0.

As : is false, because if we choose, for example, y < 0 and z < 0 then x + y < 0.
The negation: Jzr ¢ R, dJyeR: z+y <0.

Ay @ is true, and it is the fact that for all y € R, it is enough to take an z in the interval | — oo, y?| for the
inequality y? > z to be verified.
The negation: Vz € R, 3y € R: ¢? < z.

Solution of the Exercise 2 :

e For two positive or zero real numbers a and b, we have:

a<a+b Va<va+b...(x) L . . .
{ b<atb = { VB < AT T Do (%) ( the fact that the root function is an increasing function)

by adding the two sides of the inequalities (*) and (**), we will have:

Va+ Vb <2vVa +b.

e Recall that the proof by induction is based on the following three steps:

Step 1: Verify that the desired result holds for n = ng
Step 2: Assume that the desired result holds for n.
Step 3: Use the assumption from step 2 to show that the result holds for (n + 1).

" 1
Zk‘ = n(n;—)’ with n € N* (1)
k=1
n—1
o = 2"—1, with neN (2)
k=0
for n =1: .
ko= ko= 1
Z Z (3)
n(n+l) o 1(1+1) o g_l
2 - 2 - 2



for n: We assume that the following equality is true for n.
1)
Z k= L (4)

for n + 1: On the one hand, using the assumption (4), we have:

n+1

1 1 2
Zk‘—Zk‘-i— (n+1) ("; )+(n+1):("+)2<”+)
k=1
On the other hand we have:
%k (n+D((n+D+1)  (n+1)(n+2)
N 2 N 2
k=1

Consequently, the equality (1) holds for n + 1. From the above three steps we conclude that (1)
holds for all n € N*.

for n =1:

Il
—_

2k — 2k — 20
e )
2" 1 =21-1 = 21-1=1
So the equality holds for n = 1.

for n: We assume that the following equality is true for n.

n—1
> b =2r -1 (6)
k=0

for n + 1: On the one hand, using the assumption (6), we have:

n+1-—1

Z2’f 22’“ Z2k+2n— "4 =2x2" —1=2"F1_1
On the other hand we have:

Consequently, the equality (2) holdsF for n+ 1. From the above three steps we conclude that (2)
holds for all n € N*,

e Proof By Contradiction that V/2 is irrational
Recall that for n € N, we have:

n is an odd natural number < n? is an odd natural number.

n is an even natural number < n? is an even natural number.

Note: The demonstration of the two equivalences above is an additional exercise to be
left for the student. Assume that /2 is rational.
Then, let v/2 = g, where p € Z and g € Z*, and p and q are relatively prime i.e ged(p, q) = 1.

ﬂ—p:2:p = p? =2¢> = p? is even = p is even, say p = 2m
= 4m? = 2¢* :>2m:q = q is even.

Thus, both p and ¢ are even and have 2 as a common factor. But we assumed that p and ¢ are
relatively prime. This is a contradiction. Thus, v/2 cannot be written as % for p € Z and q € Z* Thus

V/2 is irrational.



Solution of the Exercise 3 Let x and y € R.

1. From the definition of the absolute value we have:

{$<y, if x >0 :{x<y, if x > 0

—x <y, ifz<O0. x> —y, ifx<O. = TY<T<y (7)

2. We have

—rl < x<|x
{ slseslel <oty <lol+ll = — (2l +lo) <e+y<(zl+l) @)

—lyl <y <y

As |z| + |y| > 0, then from (7) and (8) we can conclude that :

|z +y| < |z + |yl (9)

3.z =yl <z —yl?
We have

{ 2| < [(z —y) +

lz] < |(z —y) +yl <|(
lyl < [(y — ) + = +z| <|

z —y)|+ [yl
lyl <|(y — =) (y —

using the inequality (9) = { 2)| + |z

{ |z < [(z = )| + |yl { |z < [(z —y)| + |yl { |z = ly| < |z —y| { |z =y <z -y

lyl < I(y — )| + || lyl < I(y — )| + || lyl = |z < |z =y |z = [yl = —|z =y

Finally,
—lr -yl < x| = |y < |z -yl

Thus, from the result proven at the beginning of the exercise, we conclude that
2] = lyll <[z =yl

Resolution of inequalities:

1. |x — 2| > 5. we have the inequality |z — 2| > 5, then using the absolute value definition, we can be
rewritten the inequality as follows:

(10)

(x—2)>5, ifx—2>0; (x—2)>5, ifx>2; x>7 ifzx>2
—(x—2)>5, ifz—2<0. —(x—2)>5, ifz<2. r< -3, ifrx<2.

Thus, the solutions of the inequality |z — 2| > 5 are:

x €] — 00, —3[U]7, +0o0l.

2. |z 42> |z|.
z —2 0
|z| —x —x x
lz+2|| —z2—2 | x2+2 || z+2
A B C

We notice that three situations are possible:

Case A:
forzel—o00, -2, —x—2>-cr=r+2<zx=2<0

Thus the set of solution in this case is empty i.e. B4 ={} =@



Case B:
forxe[-2,0], +2>—-z=z>—-1

Thus, the set of solution in this case x € [-2,0] and x > —1 i.e. Ep =] — 1,0]
Case C:

for x €]0,4c[, +2 > x = 2 > 0. This latest inequality is always true,z € R
Thus, the set of solution in this case x €]0, 400 and x € R i.e. Eg =0, +00]

From the three cases above, we conclude that the set of solutions to the inequality |z + 2| > |z| is:

E=FEsUEpUEc= @ U] —1,0]U]0,4oo[=] — 1, +o0].

3. |22 — 1| < |z — 1]. Note that:

z 1/2 1
20 —1| | —2z+1 || 20 -1 || 2z — 1
le—1| | —z+1 || —z+1]| z—1
A B C

With the same reasoning as in Example 2, we can show the following:

1 1 2
EA—:|O,2|:, EB—|:273|:, and EC— %)

Solution of the Exercise 4

1. max, min, sup, inf, 1b, ub of E; we have

neNel<n<osl<nt+l<oowel<

1
<1< E;=|0,1]. 11
n 1= < I ]O)] ( )

From (11), we conclude that

Ib: Ib =] — 00;0].
inf: inf = maz(] — o0;0]) = 0.
min: the minimum of F; does not exist, because F; is an open interval on the left side.
ub: ub = [1;+00|
sup: sup = min([1; +oo]) = 1.
min: max=1 (because 1 € Ey).
2. max, min, sup, inf, Ib, ub of Es
Ib: b =] — o0;0].
inf: inf = maz(] — c0;0]) = 0.
min: the minimum of Fy does not exist, because F» is an open interval on the left side.
ub: ub = [5; +o0|
sup: sup = min([5; +oo[) = 5.

min: max=>5 (because 5 € Ej).



3. max, min, sup, inf, 1b, ub of F3
% 1 -1 1
neN"©1<n<owel<-<le-1<—<0&3<4-—-—<4< E =[3,4]. (12)
n n n

From (12), we conclude that

lIb: Ib =] — 003 3].

inf: inf = maxz(] — o0;3]) = 3.

min: min=3;

ub: ub = [4;+00|

sup: sup = min([4; +oo]) = 4.

min: the maximum of E3 does not exist, because Fs3 is an open interval on the right side.
4. max, min, sup, inf, Ib, ub of E3 Let’s define the following subsets:

1 n

= N*
=5t o "E
1 n
== — ; neN*
Ty T
It is easy to show that u,, is an increasing sequence while v,, is a decreasing sequence. Indeed,
1 n n+1 1 n n
U — Uy = - - =
kT 2" 2m+3 2 " 2 +1

(2n% +n+2n+ 1) — (2n? + 3n)
(2n+3)(2n +1)
1
@nt3)ent)z0 "
& u, is an increasing sequence.

_ 1 n+1 1_ n
it =t = 27 2013 2 2+l
—(2n%2 +n+2n+1) + (2n? + 3n)
(2n+3)2n+1)
—1
= <0
(2n+3)(2n+1)

& v, is a decreasing sequence.

S0,
{ulgun< lim uy,, {ggun<1’

n—oo 1
lim v, <v, <wvq, 0<wv, <3,

n—-+o00

At this level, to answer the main question of the exercise we can proceed in two ways:

First way:
Ib: we have lb, =] — 00; 2] and Ib, =] — 00;0] = b, = b, N1b, =] — 00;0].
inf: we have inf, = %] and inf, =0 = infg, = min(infy,,inf,) = 0.

min: we have min, = %] and min, does not exist = lbg, does not exist.;

ub: we have ub, = [1;+oo[ and ub, = [%;+o0[ = by, = ub, Nub, = [1;+00].

sup: we have sup, = 1 and sup, = % = supg, = max(supy, sup,) = 1.



A
r \
1] ] [ [
il L
0 1/6 5/6 1
u n Vﬂ

min: we have max, does not exist and mazx, = % = lbg, does not exist.;

Second way: From (13), we note that

5 1 1 )
Up € |:6,].|: andvn€]0,6] :>E5—:|0,6:|U|:6,1|:,

thus,

Ib: Ib =] — 00;0].
inf: inf = maz(] — 00;0]) = 0.
min: minimum does not exist;
ub: ub = [1;+o0|
sup: sup = min([1; +oo]) = 1.

min: the maximum does not exist.

Solution of the Exercise 5

e r — 1< E(x) <a?
According to the definition of the integer part of a real number, we have

Ez)<z<Ex)+1 & 0<z-—E(x)
& 0<z—-E(x)
& —rz<-Ex)<-z+1
& x> E()>z-—1.

E(r) <1
E(z) <1

o E(x)+E(y) < E(x+y)?
Let x and y two real numbers. We have

x = E(z)+ Ry, with R, € [0,1];
y=E(y)+ Ry, with R, €[0,1];

On the one hand, as R, + R, < 2 then

0, if R, + R, € [0;1];
1

Rx+Ry:{ 1, if R, + R, € [1;2];

On the other hand,

E(x+y) = E(E(x)+R;+E(y)+Ry)
E((E(z) + E(y)) + (By + Ry))
= E(z)+ E(y) + E(R: + Ry)



Consequently,

{ E(x+y) = E(z)+ E(y), if R, + Ry € [0;1];
E(x+y)=E(x)+ E(y)+1, if Ry + Ry, € [1;2[;
N { E(z +vy) = E(z) + E(y), if R, + Ry € [0;1];

E(x+y) > E(z) + E(y), if Ry + Ry € [1;2];
= E(x+y) > E(x)+ Ey)

o E(z) - E(y) 2 E(x—y)?
Let z,y € R.

E(z) = E((x —y) +y) = E(x —y) + E(y) = E(z) — E(y) > E(z —y).
« E (%) — E(z)?
According to the definition of the integer part of a real number, we have

Ex)<z<FEx)+1 & nE(x)<nzx<nE(z)+n
< E(nE(x)) < E(nx) < E(nE(x)+n), (E(.) is an increasing function)
< nE(x) < E(nx) < nE(x) 4+ n (integer part of an integer number)

& E(r) < < E(x) + 1 (definition of E(.))
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Corrigé de I'Exercice n°5

1) En réécrivant autrement le polynéme P, a savoir :

P(2)=27'-222-36+i (92" +122-12) = 2~ 222-36+3i (32 +42-4), on sappercoit que si Z est une racine
réelle de P, alors on doit avoir nécessairement N_w —227,-36=0 et wN_N +4z —4=0. Cherchons donc les racines
réelles du polynome _NA Nv =37 +4Z—4 en calculant son discriminant : A =4’ IK_XwXAINC =16+48=64=8"

—4-+J64 —4+-J64 2

d’ou I’existence de deux racines réelles ———— =—-2 et ————
2%3 2x3 3

polynome mA Nv =7 —227-36. Ainsi la seule racine réelle de P est ﬂ

2) 11 existe donc un polyndme OANV tel que _UANV = ANIAINVVOANV = _UANV = AN+ NVOANV , avec
degQ=degP—1=2, donc de la forme Q(z)=az’ +bz+c.

Pour trouver Q, effectuons la division euclidienne du polynéme P par z2 (puisque I’égalité ci-dessus entraine

oANVuENVu%::os 7%-2) 2 +8iz% +2(6i 1)z - 3(4i +12) z+2

z+2 . :
On obtient : z+2z
(9= —11)z—3(4 +12)

(9i-2) +2(%-2)z

. Sur ces deux racines, seule —2 est racine du

b 2% +(%-2)z —6i 18

Le polynéme Q est donc :

|Q(2) =7 +(9-2)z-6(i +3)]

(=6i=18)z- 3 (4i+12)
(~6i—18)z-12i - 36
0

3) On calcule le discriminant du polynéme Q :

A=(91-2)" —4x1x(~6(i+3)) =-81-36i +4+24i +72=-5-12i.  L'astuce est de remarquer que

Iml_m_uﬁwlm_vﬂ ce qui permet de calculer les deux racines complexes de Q: L’une vaut

—(91-2)-(2-31) Z6i ~(91-2)+(2=31) —12i
%H%HIH et I’autre vaut (9 VN+A 1) = ~NM+# =—6i +2 . L’équation Q(2=0 admet

donc une solution imaginaire pure : [z, = —3i

4) L’autre solution de I’équation Q(2)=0 ayant été calculée ci-dessus, et par application de la régle du produit nul,
P(2)=0=(z+2)Q(2)=0=z+2=0 ou Q(z)=0 etainsi |S={-2;-3i;—6i +2}
5) Notons A le point d’affixe z =—-2, B le point d’affixe z, ==3i et C le point d’affixe z, =—6i +2

Laffixe du vecteur AB vaut z, -2 =-3i+2. Celle du vecteur AC vaut z,— 7 =—6i +4

Puisque z,—Z7 = NANN -2 v , on en déduit que AC=2AB, c’est a dire que les vecteurs AB et AC sont colinéaires,
donc que les points A,B et C sont alignés




Exercice n°6

1) La suite AN: v est une suite géométri

neN 4
2
1+iV3 3) _[4 ,ﬁ 1
Forme exponentielle de q=—: — | =,]—=,[—=—, et si on note & un argument de q, a
P g 4 37 4 16 4 2 & d

1 V3
27 prés,ona OOwA%vH%HW et mEA%vH% H% d’ou on reconnait %HM—N\L et ainsi q HWm_w.

2 2

. 7
(on pouvait aussi directement remarquer que ( HH H+% HH OOmmimEW me_wv
2\2 2 2 3 3 2
(Y 1Y i

Ainsi, pour tout entier ne N z, =z, xq" =8 A e’ | =8 i el’

2) Pour tout entier Ne N, puisque z, 20,

1+iV3 1+iV3 1+iv3 4 i i
4 Sl Ta_eia 4 (B3B3
N:l ~+m)®N

I 4 4

4 y -
143 1+i3 4 13T (1+i3)(1-1V3)

Ilw+m)\w_+)\wmlmwﬁ)\wvxIbz\w_lw+wl
R

Z

n

Z M. M
En calculant module et argument de ce dernier complexe, on obtient W ﬂv‘i_nz\w =

oM

n+l

iy arg A»W_VHM\L =

Z
7\_3_/\_3_H)\MO_<_3_ (le téel k dont parle 1énoncé est )\w.v. De plus, arg|—“—"

MM

n+12

n+l

(oM

a
VHMG\L donc _Ho triangle OM M., estrectangleen M,

_z.zn ~_._

i
3) Nous avons calculé, dans la questionl), que pour tout entier ne N z, =8 3 e 3. Ainsi|l, =8 ) et puisque

n

1 . 1 -
0< Y <1, lim 5 =0, donc | lim r, =0}, donc __m point M a pour position limite le point O lorsque n tend vers plus
N—+eo N—>+eo
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University of Biskra
Mathematics Department First year license
Module: Analysis 1 2023/2024

Exercise series N°4

Exercise 1 Prove that the derivative of an even differentiable function is odd, and the derivative of an odd
differentiable function is even. What about the nth derivative of an even and an odd function?

Exercise 2 Consider the function f defined by:

m

1. Determine the domain of the function f.
2. Discuss the parity (even or odd) of f according to the values of the parameter m.

3. Verify that f is a 2m-periodic function, then discuss the limit of f at all bounds of its domain, according
to the values of the parameter m.

Exercise 3

1. Show that the curves of the following functions are symmetrical with respect to a vertical axis x = xg.

2. For each of the following functions, determine the point of symmetry of their graphs.

2 —1 22 -1
fla) = P g(z) = Py
3. Show that any function having the form
F@) =1 Githa, b, ceR.
z—c

admits a point of symmetry.
4. Show that any function having the form
flz) =

admits a vertical axe of symmetry.

gx)=(x—a)>+b witha, beR.

Exercise 4 In each of the following cases, determine the limit, if it exists:

s a2 —Tad12 : 1 _ 1 : sin(x)
Wmm 22-16 ° WLHJ 812 a-1)° mm:w T
. . . . . In(l—si . i
lim 2sin(L), lim asin(L), lim =sinG@) gy, sinfaz),
2—0 E T—+00 B z—0 E ‘ 20 sin(br)
im M= i PO el ¥/t W PRV | N
lim ¥2=T lim Va2 +6x+1—2, lim Y*—F—— lim lim
z-skoo 3T+ z koo Toasl Vel 7 g Val a1 V=1
2
+x
. 1/z . 224z |7 . —x i n(Pa(a)
lim (1 4+ ax lim AJ‘ lim P,(x)e lim
a\voA v ? godoo \#PHe+2 ? z—+oo :A V T a5t B

Note: a,b € R*, n € N* and P,(z) is a positive polynomial of degree n

Exercise 5

e Find all the possible values of the constants a, b and ¢ € R such that the following functions are continuous
on their domains.

9 . ) z2, ifz <0;
flz) = ﬁ * HLmﬁwM.F M M W Mq g(x) =4 ae*+0b, if0<z<m
N ’ ’ 1—cos(x), ifz>m;
1, if  <0;
h(z) =< ae ™ +be* +cax(e® —e ™), f0<z<1;
€27, ifx > 1;

e Study the continuity of the following function on R, f(z) = F(z). What can we conclude?

Exercise 6 For each of the following functions determine their domains and subsequently check if they
have a removable discontinuity.

h@) =e?, p@)=ev, file)=——=  fa(e) = sinz + Din(z + 1),

, meN*  fs(x) = cos(z)cos(1/x).

Exercise 7

I) Let f and g two increasing continuous functions on an interval I. Show that:
if (f(I) C g(I)) or (9(I) C f(I)) then 3c € I such as f(c) = g(c)

II) Show that the following equation has at least one solution on | — oo; 2[.

)= 2z +1
T oz-27

) = ax. (1)
1. Prove that if a < 0, the equation (1) admits a unique solution and that this solution belongs to

10,1]
2. Show that if a €]0,1/¢[, the equation (1) admits exactly two solutions.

3. Show that if a = 1/e, the equation admits a unique solution whose value will be specified. Prove
that if @ > 1/e, equation (1) has no solution.

Exercise 8
o Let f:R — R. Suppose ¢ € R and that f’(c) exists. Prove that f is continuous at c.

e Prove that:

D (@) = = FeepEra )
4) arctan(z) = Tmi = 3 6)




Exercise 9

e Return to the examples of the Exercise 5, and determine the domain of differentiability of the considered
functions according to the parameters a, b, and c.

e Determine the two real numbers a and b, so that the function f, defined on R by:
N if 0<a<1;
flo) = A ar® +bxr+c¢, a>1,
is differentiable on R,.*.

e Study the differentiability of the following functions:

o) = { FO A gy f @i}, 510
ok if o1
fol@) = 1 else.

e Study the differentiability of the following functions at xg:
filz) =Ve, m9=0, fo(z)=1—-2)V1-2% zo=-1, filz)=01-2)V1-2? z=1
What can we conclude?

Exercise 10 Calculate the derivatives of the following functions.

1) esin(@ 2) In A&m + m\anv 3) In Amﬁv 4)  sin(22% + cos(z))

5) aresin(z? + z) 6) arctan(z? + z) 7 Val+az 8) mﬁﬂvu a € Ry
2241 /x . . —tan®(x

9) e +1 10) loga(arcsin(x)), a € RY 12) %

Exercise 11
1. In the application of mean value theorem’s to the function
fl@)=az?+Bz+v, a, B, yER"
on the interval [a; b] specify the number ¢ €]a; b[. Give a geometric interpretation.
2. Let x and y two reals with 0 < 2 < y, show that
y—x

<y (y) — In(x) <¥

Exercise 12 Let f and g — [a;b] be two continuous functions on [a;b] (a < b) and differentiable on Ja; b|.

We suppose that ¢'(z) # 0 for all z €]

i

1. Show that g(z) # g(a), for all x €]a;b].

m.hmﬁCmmanH i mzaoosmiﬁ.;m?boaos:AauH\A&vlbmﬁ&vmoﬁ&m?wz.wwoéggv
satisfies the hypotheses of Rolle’s theorem and deduce that there exists a real number ¢ €]a; b[ such

that
f) = fla) _ f'(o)
g(b) —g(a)  g'(c)

3. We assume that ::w 7@ = I, where [ is a finite real number. Show that
T—b °

lim E =1
z—b— g(x) — g(b) '

4. Application. Calculate the following limit:

. arccos(z)
lim ———.
z—1- /1 — 22

Exercise 13 Using the derivative notions, determine the following limits:

£t e? 2) lim n2-—z) 3)

z—1 @1

5) lim 20=sm@) 6y gim (In(z 4+ 1) — In(z)).

z—0 H z—+00

Exercise 14 Give the domain of differentiability of the following functions then calculate the nth-order
derivative, by justifying its existence.

f(z)=22F ke N, f(z)=1/z, f(z)=1/a> f[f(z)=sin(2z), f(z)=sin
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Corrigé ¥
Dans toute la suite, on va poser f(z) = In(z) — az, définie pour = > 0. Chercher une solution de
(Ea), C'est chercher un zéro de f. Remarguons d'abord gue la fonction f est continue sur |0, +-oo|
et que lim, .5+ f(x) = —oo. De plus, f est dérivable sur |0, +oo| et pour tout = >0, on a
1
1 T ——
flz) = Pl
Ona f'(z) =0 += z=1/a. Sia <0, lafonction fest strictement croissante sur |0, +-o00|. Si
a =0, la fonction f est strictement croissante sur |0, 1/a et strictement décroissante sur
J1/a, +oo.

1. Sig < 0, alors la fonction f est strictement Croissante sur _F +_H.ﬁ et de plus

m; 4y »AHU. = +00 (ce n'est pas une forme indéterminée). La fonction f réalise donc une
bijection de |0, +oo[ sur B, et I'équation f(z) = 0 admet une unique solution dans |0, +-ool.
On peut méme préciser 'emplacement de ce zéro. En effet, .qA: = —a = 0, et donc

0 €] lim, .5+ f(=), f(1)]. On en déduit que la solution a (E,) est dans I'intervalle J0,1].

2. Sia>=0 0onalime .m_“H”. = —00 par croissance comparée de la fonction logarithme
et des fonctions puissance. On a donc le tableau de variations suivant pour la fonction f:

& i l/a 4o

f(z) - 0 +

In(1/a) -1

f 7 T~

a €]0,1/e|, alors f'(z) = 0sur |0,1/af et f'(z) < 0 sur|1/a,0[. fréalise donc une
bijection de ]0,1/a] sur |—oo, f(1/a) = In{1/a) — 1] et de [1/a, +oo| sur

In(1/a) — 1,lim; ;00 fiz)[= [In{a) — 1, —oc| (la limite en 400 est ici une conséguence de
la croissance comparée de la fonction logarithme et des fonctions puissance). Puisgue

a < 1fe, In(1/a) = 1 et on trouve bien deux solutions a I'éguation f(z) =0 : I'une dans

lintervalle |0,1/a[ et 'autre dans I'intervalle |1/a, +o0a|.

3. Sia=1/e, alors f admet un maximum en e qui vaut 0. La fonction étant strictement
croissante sur |0,1 /e[ et strictement décroissante sur |1/e, +-o0o|, I'"équation (E,) admet
pour unigue solution 1/e.

4. Sia > 1/e, alors f admet un maximum en 1/a et f(1/a) = —In(a) — 1 < 0. Ainsi,
I'équation (E,) n'admet pas de solutions.
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