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Final Exam

Exercise 1 (./04pts)

Let f a real function defined by

1. Calculates the antiderivative of f.

2. Calculates the value of the surface delimited by the curve of f, the axe y = 0, and the lines x = 1 and x = 3.

Exercise 2 (./05pts)
Let consider the following integrals
I(z) = /e"” cos?(x)dx and J(z) = /ez sin?(z)dz.

1. Compute F(x)=1I(x)+ J(x).
2. Compute G(z) = I(z) — J(x).

3. Deduce the expressions of I and J.

Note: cos(20) = cos?(#) — sin?(f).

Exercise 3 (./07pts)

Discuss the solutions of the following differential equation according to the real parameter n.

y —y=ay", withne€R, 2 >0andy>0.

Exercise 4 (./04pts)
1. Solve the following second order differential equation.
y" +2y + 5y =4e”".

2. Determines the solution that passed from the origin (0,0) and the point (7/4,0).

Good luck
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Solution of the Exercise 1

1. [ f(z)dz =? (02pts). From the expression of f, one notes that the problem concerns the calculation of an
integral of a rational (fractional) function whose degree of the polynomial of the dominant is less than that of
the nominator. Then f can be simplified as follows:

b
flx) = xros 2 + ——, with a, b and c are a real contants that will be determined.
z(x—5) x x-—5

Let’s determine the value of the above constants

zf(x) = 5((5:52))261—1—;—1”5 and if we put x = 0 then we get a = 2
(x =5)f(x) = 5(%_2) za(fT_m—i—b and if we putz = 5 then we get b = 3

S0,

2 3
/f(x)dx:/f—i— 5da?:2ln(\x|)+31n(|a:—5\)+c with ¢ € R.
x

T —

2. Calculates the surface delimited by the curve of f, the axe y = 0, the axe x = 1 and « = 3 (02pts).Before
calculating the Surface we must study the sign of f on the interval [1;3]. The following table summarizes the

subintervals
values 1 2 3 5
T + + + =+ +
x—2 - - + + +
r—5 - - - - +
fx) + + - - +

/13|f<a:>do: - /12f<x>dz+ /j(—f(rv))dx

*5(x—-2), 35(x—2)$
e R
21n(z) +31n(5—g;)|§] - [21n(x) +3In(5— 2)3
In(3) — 51n(2).

Il
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Solution of the Exercise 2
I F(z) =7
Fa) = I(2)+J()
/ sin?(z/2)e" dz + / cos?(/2)e" da
= [ Gt (a/2) + cost(o/) e = [ endo

= e +c¢1, with ¢q € R. (1)



2. G(z) =?
Gz) = I(z)—J(x)
sin?(z/2)e®dx — /COSQ(x/Q)ea”dx

/
_ / (sin?(2/2) — cos®(x/2)) € dx
/ cos(z)e”dx (2)

To calculate the latter, we use integration by parts. So posing:

{u = cos(a) _ { W = —sin(z)

o= e* v = €

hence,
Gx) = /cos(a:)e””dx
= cos(z)e” +/sin(:z:)e"”dx (3)

To calculate the latter, we use also integration by parts. So posing:

sin(z) { W = cos(z)

e* v = e*

—N
SRS
(I

hence,
G(x) = cos(z)e” + /sin(m)emdx
= cos(z)e” + sin(x)e” — /sin(z)ezdx
= cos(z)e” + sin(x)e” — G(x). (4)
From the formula (4) we deduce that

Glr) = (cos(z) +281n(:5)) e ey, with ¢ € R.

3. I(x)="? and J(x)=? To find the expressions of I and J we must solve the following system

{I+J = F(2), o (Ey)
I—J = G@), oo ()

hence

o From (E)) + (Ez) we get 2I = F(z) + G(z) = [ = Z@FCE ¢
1
I= 1(2 + sin(z) + cos(x))e” + k1, with k1 € R.
e From (Eq) — (F2) we get 2J = F(z) — G(z) = J = w ie.
1
J = Z(2 —sin(z) — cos(z))e® + ko, with ks € R.

Solution of the Exercise 3

Yy —y=uzy". (5)

For the resolution of this equation three situations are possible, namely:



case n = 0 resolution of a linear differential equation with second member
Yy —y=uz.

e homogeneous solution :

y dy
y’—y20:>5:1:>/?z/ldm:>ln(y)=x+c:>y=kez.
e the general solution (using the variation of the constant method): Let k = k(x), then
y = k(z)e” and 3 = k' (v)e” + k(z)e”.
(K ()e” + k(z)e”) — (k(z)e”) =z
K (z) = xe™*

k(z) = /xe‘“’dw (to be computed by integration by parts)

vl

k() =—(z+1)e™".

The integral is calculated using the method of integration by parts and this by considering:

u = x v o= 1
v/ = e 7 v = —e %T+e¢

Finally, we conclude that the general solution of the considered equation is given by:

Y= (—(x + e ™+ c) e’ =ce” — (x +1).

case n = 1 is a linear equation without second member (with separate variables).

! d 1
y’—(x+1)y:0:>y—zm—&—l:>/—y:/m+1dx:>ln(y):§x2+x+c.
Y Y
Hence the general solution of the equation is given by:

y — e%m2+r+c

case n # 0 and n # 1 resolution of a Bernoulli’s differential equation.

n

Y —y=ay'=y "y -y "=z

The first step in solving a Bernoulli differential equation is linearizing the given equation using the substitution
z = y'7"if we put z = y'=" then 2’ = (1 — n)y~ "y, and by replacing these two expressions in the original
equation we will have

Z—(1-n)z=(1-n)z

e The homogeneous solution of the new equation.

Z—1-n)z=0 = =(1-n)

= In(z)=(1-n)z+c
= z=kell=®

e the general solution (using the variation of the constant method): Let k = k(x), then

Y= ke(l=™% 414 y = k/(m)e(lfn)z +(1- n)k(x)e(lfn)x.



Hence,
= (k'(x)e_("_l)“’ +(1- n)k(x)e-m—l)w) - ((1 - n)k(x)e_("_l))x> = (1-n)
= K(z)=(1—-n)ze b

= k(z)= /(1 — n)ze" Y2z (to be computed by integration by parts)

)e(nl)z +e.

n—1

= k(x)=- <x +
The integral is calculated using the method of integration by parts and this by considering:

u = u = 1
v = (1—=n)e -2 =V v = —e(-na

Finally, we conclude that the general solution of the considered equation is given by:

1 1
z=(—(z+—)e V) Dz - e=(n=Dz _ (4 4 .
n—1 n—1

Finally, as z = y* =" we conclude that the general solution of the original equation given in (5) is

1 1 ﬁ
y=2zT-"n = <ce_("_1)x - (x + )) .
n—1

Solution of the Exercise 4 (./04pts)

1. Solve the following second order differential equation.
y" 42y + 5y = 4e” ",
(a) The homogenous solution
Y + 2y, + 5yn = 0.
Let put R2 =4, R =4 and 1 = y then (6) becomes R+ 2R + 5 = 0.

A=22—4%5=-16<0= VA = 4i.
This implied that the solution of the second order equation are complex, where

-2 A -2 —+vA
:7+\/>:—1+2i and Rgzif:—l—Qi-

o 2 2

Consequently the solution yy, is
xr

yn = (c1 cos(2z) + cosin(2z))e™
(b) The particular solution: The particular solution written in the general form of 4¢™* = y, = ae™".

’ 1"
yp =ae ¥ =y, =—ae * and y, = ae” "

S0,
ae”"+2(—ae ) +5(ae ") =de " ma=1=y, ="

(¢) The general solution is given as follow:
Yg = Yn + yp = (€1 cos(2x) + cosin(2z) + 1)e™*.
2. Determines the solution that passed from the origin (0,0) and the point (7/4,0).

(1 cos(0) + c2sin(0) + 1)e? =0 a+1l = 0, g = -1
= =
(c1c08(m/2) + casin(m/2) + 1) e ™% = 0 c2+1 0, o = -1

Finally,

Yo = (1 — cos(2x) — sin(2z))e™".



