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Chapter 1

Integral

1.0.1 Primitive of a function

Definition 1 Let f a function defined on an interval I. We call primitive function of f on

I any differentiable function F satisfying:

F'(z) = f(z), = € 1.

Proposition 2 If F is a primitive of f on an interval I, then every primitive of f on I is
of the form F + ¢

F(o)= [ fl)da+
where c is a real constant
Proposition 3 Any continuous function on an interval admits primitives on this interval.

Remark 4 -Find a primitive of a function is the inverse operation of calculating a deriv-
ative.

-A function does not a single primitive.



Example 5 Evaluate the following integral: [(x? + 2x)dx

1
/(332 + 2x)dz = §$3 +x+ec

Linearity: Let f and g be two continuous functions on I and a,b be two real numbers of

1.
1. For A € R, [ Af(z)dz =\ [ f(z)dz.

2. [(f(2) +g(x))de = [ f(z)dz + [ g(x)da.

1.0.2 Integral of a continuous function

Definition 6 Let f be a continuous and positive real function taking its values in I = [a, ],

then the integral of f over I, denoted

/a " fa)de.

is the area of a surface delimited by the graphic representation of f and by the

three straight lines of equation x = a,x =b, 0 <y < f(x).

Definition 7 Let f be a continuous function on un interval I = [a,b] . We call integral of

f on I =la,b] the numbre F(b) — F(a) where F is any primitive of f on I. We also write:

b
/ f(z)dx = F(b) — F(a)

Theorem 8 Let [ is a continuous and positive function on an interval I = [a,b]. The
function F defined on [a,b] by F(x) = [T f(t)dt is a primitive of f or F(z) is deferentiable

on I and its derevative is the function f; F'(xz) = f(z).



Remark 9 The variable x can be replaced by any letter:

/abf(m)dx, /abf(t)dt or/abf(u)du

1.0.3 Properties of integrals

Relationship of Chasles: Let f be a continuous function on I and a,b and c three real

numbers of I:

L [* f(z)dz = 0.
2. [V f(x)de = F(b) — F(a) = — [ f(x)dz
3. ff f(@)dz + [ f(x)dx = [ f(z)dx

Example 10 FEvaluate the following integral: f13(332 + 2z + 1)dz.
Primitive of (x* + 2z 4+ 1) is 323+ 2> + 4+ C then we we substitute the bounded
a=1 and b= 3 or also We can divide this interval like a =1, b =2 and ¢ = 3. We obtain

the same result

3

3
1
/(w2+2x—|—1)dm = §x3+$2+w+0
1 1

1 1
= (527+9+3+C)—(§+1+1+0)
56
3



and

2 3
/ (2® + 2z + 1)dz + / (2% 4 2z + 1)dz
1 2

1 21 2
= [:cs—i—xQ—l—x—f—C’} +[m3+x2+:1:—|—0

3 1 3 1
19 37
- 373
56
)

Linearity: Let f and g be two continuous functions on I and a,b be two real numbers of

I.
1. For A € R, [*Af(z)dz = A [* f(z)da.
2. [P(f(2) + g(x))de = [° f(z)de + [° g(x)dz.

Example 11 We take the same example fl?’(ac2 +2x 4+ 1)dx

3 3 3 3
/ (2% + 22+ 1)dz = / ridx + 2/ xdx + / dx
1 1 1 1

3]+

56

3

Inequality: Let f and g be two continuous functions on I and a, b be two real numbers of

I. If f(z) < g(x) then fabf(ac)d:c < f;g(w)dx.

Example 12 We know that sin(z) < 1 and zsin(z) < z (I = [0,%]). We calculate the

integral [ zsin(z) =1 and [P z = %71‘2. it’s clear that [ xsin(z) < %772

1.0.4 Primitive functions of elementary functions



H Function H Primitive H Function H Primitive H
H " H ="+ ¢ R H mlia H 2\/x —a+ ¢, (Ja,+00]) H
H Tt aecR—{-1} H %H:BO‘H +c, R H In(x) H zln(z) —x, RT H
H (x —a)” H n%_l(x—a)”ﬂ—l-c, R H (x —a)*aeR—-{-1} H (z—a) T +c H
H L aeR H In(|z —al) + ¢, R —{a} H 121“ H arctan(zx), R H
H (x_la)n,a eER,n>2 H (n71)(;17a) — +c¢, R—{a} H vu® o # 1 H a%rlu"‘ +c H
IE [ In(a]) + ¢ R* | < [ Inqup) +c |
H cos(ar), a € R* H Lsin(az) +c, R H % H 2/u+ ¢ H
| sin(ax), a € R* | =2 cos(az) + ¢, R | v exp(u) | exp(u) + ¢ |
| exp(az), a € R* | Lexp(az) +¢, R | usin(u) | —cos(u) + ¢ |
H a®, a € R* H m%a) a®+¢, R H u/ cos(u) H sin(u) + ¢ H
vi—a [0 teotool | [ |

Table 1.1: Primitives of elementary functions.

In some cases it is not easy to determine a primitive of a function and therefore to calculate
the integral. Techniques are used to solve this problem such as integral by parts, integral
by change of variable and integration by decomposition to simple element (Integration by

partial fractions). We cite these techniques in the next section.

1.0.5 Integration by part

Integration by parts is a technique for solving integrals; given a single function to integrate,
the latter consists of separating this single function into a product of two functions u(z)v(x)
such that the residual integral of the integration formula by parts is easier to evaluate that

single function. The following formula illustrate the integration by parts



On the right-hand side, u is differentiated and v is integrated; consequently it is useful to
choose u as a function that simplifies when differentiated, or to choose v as a function that

simplifies when integrated.

Remark 13 For calculating integration by parts on a closed interval [a,b], we get

Examples

Polynomials and trignometric functions or exponontial functions: In order to cal-

culate: [z cos(z)dz

Let:
v = z=>u =1
v’ = cos(z) = v =sin(x)

then

/xcos(m)dx = /uv'
= uv—/u’v

= wsin(z) — / sin(z)d

= xsin(x) 4+ cos(z) + ¢
also [ ze®dz. Let

u = z=>u =1



then

/memdx = /uv'
!
= uv— /uv
= ze* —/exd:c

= ze¥ —e"+¢

= e'(z—1)+ec

Exponentials and trignometric functions: We can also used integration by parts when

the integral is product of Exponential function and trignometric function such as: [ e® cos(z)dz,
[ e*sin(z)dz. In that case integration by parts is performed twice.
we take the following example: [ e” cos(z)dx

First let

u = cos(r)= du= —sin(x)dx

dv = exdxév—/exdx—ex

then
/ex cos(z)dx = e cos(x) + /em sin(z)dx
and by integration by parts second time of [ e” sin(z)dxz

u = sin(z) = du = cos(z)dx

dv = exdxév:/ezda::ex



then

/ex cos(z)dr = €"cos(x) —i—/ex sin(x)dx

= e"cos(z) + € sin(x) — /ef’7 cos(z)dz

The same integral shows up on the both sides of the equation. by adding the two sides we
get

2 / e’ cos(z)dr = e cos(z) + " sin(x) + ¢

SO

1
/ex cos(x)dx = i(ex cos(z) + e”sin(z)) + ¢,

where ¢ = ¢/2.

Functions multiplied by unity: Integration by parts is applied to a function expressed

as a product of 1 and itself. it’s used when the derivative of the function is known, and the
integral of this derivative times z is also known.
An example: [ In(z)dz. We write this as: [ 1.In(z)dx

Let

1
u = In(zr)=du=—dz
x

dv = lde=v=x

then

/l.ln(x)da: = mlnm—/idm
= xln(x)/dm

= zln(z) —z+c.



10
SO
/ln(w)d:c =zln(z) —x+ec.
1.0.6 Integration by change of variable (Integration by Substitution)

Suppose that g(z) is a differentiable function and f is continuous on the range of g. Inte-

gration by substitution is given by the following formulas:

[ Ho@ng @ = [ sy

where u = g(x).

and to integrate f on a closed interval [a, b], integration by substitution is given by

b a(b)
)¢ (x)dx = u)du.
| #atang@ / S

The goal of using integral by change of variable is making the integral easier to compute.

we summarize this technique in the following steps:

1. Choose u to be the function that is “inside” the function;

2. Differentiate u = g(z) to conclude du =g(z)'dx. If we have boundes in the integral,

we must change them. For = a implies u = g(a) and for x = b implies u = g(b).

3. Rewrite the integral by replacing all instances of xwith the new variable and compute

the integral.

4. Write final answer back in terms of the original variables.

Example 14 Fuvaluate [ \/%dm



by putting u = 2z — 1. Then du = 2dz, or dx = %du

Substituting into the integral:

/u—l—lld
—— —du
2/u 2
1 u—+1
= = d
1) a ™

1
= 4/(u+1)uédu

1(2 3 9 ;)

= —(—uz2 2

1 3u +2u2)+c

= Lub+lad

- g T
1 1 3
1 1 3

= 3 (2x—1)(§(2x—1)+§)+c
1

= 3 2z —1)(x+1)+c

Example 15 Calculate: f;’ L_dx

r—1

by putting: w = x — 1 then du = dx and for

r = 2=>u=1

r = 3=>u=2
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we get
/23 mx—ldli = /lz(ujal)du
U 1
- /12%*@”“
= /1(ﬁ+\/16)du
2 2
= /1u2du—|—/1 \}ﬁdu

. (§2%+2\/§)—(§1%+2ﬁ)
1

_ 105 8
3 3

1.0.7 Primitive functions for rational functions (Integration by partial

fractions)

Let P(z) and Q(x) # 0 be polynomials with real coefficients and I C R is an open interval

not containing no roots of Q(x). Any rational fraction R(z)

can be decomposed into simple elements (partial fractions) and polynomial functions in the

following form

R(z) = E(x)+ > pe+ ) se

where F(z) is a polynom function, ) pe is sum of simple element of first form (kind) and

> se is sum of simple element of second form.
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The degree of E(z) depend of the degrees of P(x) and Q(z) according the following relations:
1. If Q° > PY then E(x) = 0.
2. If P° = Q° then E(x) = k (k is constant).
3. If P° > QU then E° = P — Q.
We take examples:

1. Let R(x) = we observe that P® = 0 and Q" = 2 then E(x) =0

1
z2—x—2’

2. Let R(z) = Igfii_w we observe that PV = Q¥ = 2 then E(z) =k .

3. Let R(z) = we observe that PO = 3 and Q° = 2 then E° = 3 -2 = 1 so

.
x2—z—2"

E(xz) = ax + b and in that case we must determine a and b.

Simple element of first type (partial fraction): The general form of simple element

of first type is given by:
k

e= ——+,

p (z — a)n

where k and a are real constant. It is very easy to integrate pe because its primitive function

is known,

eforn=1landk=1:

/ ! dx =Inl|z — af
(z —a)
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e form>1land k=1

e and forn >1

/ K dr = L k +c
(x—a)" 1—n(;g_a)”_1

Simple element of second type: The general form of simple element of second type is

given by:

pT +q
(az? + bz + )™’

where p, q,a,b and c are real constants.

Remark 16 -If the valuesof x which cancel Q(x) belong to R (A > 0) then the decomposi-

tion of R(x) will only give simple elements of the first type. So R(z) written as follows:

R(z) = E(x) + ¥ pe

-If the values of x which cancel Q(z) belong to C (A < 0) then there will be simple

elements of the second type in the decomposition of R(x). So R(x) written as follows:

R(z) = E(x)+ > pe+ ) se

So the function R(z) can always be integrated because F(z), pe and se are elementary

functions and there primitives are known.
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Remark 17 -1t is useless to decompose R(x) into simple elements in the following cases:

1-1If P(x) is the derivative of Q(x). For example

(/ 20 mxi/wmhx:m@?+n+a

x?+1 u(z)

2-1f Q(z) = 0 for x = 0. For example

24901 1
/xﬂ:w::/m+/M—/dx
1
= /xdm—i—/?dm—/ —dzx
X

= 293 2422 —Injz| +c

3-If Q(x) = 0 for x = h. we use the change of variable methode by puttingu = z—h.

2 _
/x + 2x 1dx
r—1

by change of variable, we put u = x — 1, we obtain

1
/u(u2+4u+2) du = /udu+/4du+/ —du

= iu +4u+2lnu+c

For example

We take examples about the integration by this method for A > 0.

Example 18 To evaluate the following integral [ ﬁdm, we have P(x) =1 and P° = 0,
Q(r) =22 -2 -2 50 Q" =2. We observe that P° < Q° then E(x) =0
we calculate the determinant of 22 —x —2: A = (=1)2 —4(1)(=2) = 9 > 0. So we

can write as a decomposition of simple element of first type only

I S
2 —x—2

because A =9 > 0 so we have two diffrent solutions:

1-3 1+3
xlzT:—l, .732:%:2



so we can write 12_193_2 by (x+1)1(x_2) = %;1 + % and by identification we find
the values of a and b
A N B Ar—-2A+Bxz+B
r+1 -2 (x4 1)(x—2)
_ (A+B)r—-2A+B
(x+1)(x —2)

we obtain a system of two equations and two unknowns

A+B=0
—2A+B=1
ae bt
3 3

then we calculate the integral [ (3(;7_% + ﬁ)dl‘

1 1 1 1 1
g = [ et d
/362—30—2m 3 x+1$+3/x—2m

-1 1
= ?ln|x+1]+§ln]a:—2]+c

1
= —-In
3

r—2
r+1

‘+c

Example 19 To evaluate the following integral: [ ﬁaﬁﬁdx. we have P

16

(r) =2 and P° =

0, Q(z) = 22 — 523+ 6 so Q° = 2. We observe that P° < Q° then E(z) = 0. We calculate

A= (=5)2 —4(1)(6) = 25— 24 = 1 and z; = 551 = 4 = 2, 2,551 = 3. The function

2

2 : .
T haqe can be written as:

22—-5x+6  (v—2)(z—3)

1‘—2+£B—3
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and by simplifying this two fractions to the same dominant, we obtain:

A N B  Ax—-3A+ Bx - 2B
r—2 -3 (z —2)(x—3)
_ z(A+B)-3A-2B
- (z —2)(z - 3)
by identification with mwe find the values of a and b :
A+B=0
—-3A-2B=2
the Solution is: A= —2 and B =2, so xz_gix_% = ;—_22 + % and

2 —2 2
- = d d
/a:2—5a;—|—6 /x—? w+/m—3 v
= —2ln|z—-2|+2ln|z-3|+c

r—3
r—2

= 2In

‘ +c
Example 20 To evaluate the following integral: [ %dm.We observe that P(x) = 2% and
P'=2and Q(z) =z —1 and Q° =1 50:P° > Q° then E° = 1 and E(x) = ax+b. To solve

this integral we add —1 and 41 to the numerator as follows:

x2 2 —1+1
/m—ldw = /m—l dx
z2—1 1
= /a:ldx+/x1dx
-1 1 1
_ /(m )+ )dx+/dm
r—1 r—1
= /(x—i—l)da:—i—/ !
- r—1

L o
= 3= +z+In|z—1|+¢

dx

so:E(x) = x4+ 1 then a = 1 and b = 1 and when we integrate E(z) = = + 1 we

obtain: %x2 +x
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Example 21 To evaluate the following integral: f —Ladx. We observe that P(x) = = and
P'=1and Q(z) =2 —4 and Q° =1 s0:PY = Q" then E° = 0 and E(x) = k. To solve this

integral we add —4 and +4 to the numerator as follows:

T r—4+4
/$_4dx = /x—4 dzx
T —4 4
= / d +/x_4d:z:

dxr +

= x+4ln|z —4|+c,

so:E(x) = lthen k = 1 and when we integrate E(x) = 1 we obtain: x.

We can resume the method of integration by partial fraction for R(z) = dz as

a12+bz+c
follows:

Step 01: we calculate A and for A > 0 we calculate 1 and o

Step 02: we write

k A B
az?tbatc B (z—z1) + (z—22)

A(z—z1)+B(z—x2)
(z—z1)(z—22)

Step 03: we simplifie these two fractions ﬁ%—ﬁto the same dominant:
and we develop A(z — z1) + B(z — x2)

Step 04: by identification with we obtain a system of two equations and two un-

k
ax?+bxr+c
knowns A and B
A+B=0

—A(L"l — BLL"Q =k
Step 05: we find the values of A and B by solving the system of equations (Step 04)

Step 06: we calculate the integral f da: + f dx.



