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Interrogation 02

Exercise:-01 06 points

1. Find the general solution of the given differential equation.:

y +y = 3sin (2t) + tcos(2¢)

2. Use the method of variation of parameters to find the general sclution of the differential
equation:
ty — (L+8)y +y=t"e™; t >0 y(t) =141

Exercise:- 02 04 points
Solve the given initial value problem. Sketch the graph ot the solution and desecribe 1ts behavior
tor increasing t.

yo+Hy +4y=0; y(-1)=2 y(-1)=1

Solutiomn
Becanse this (JDE is linear, the general solution can be expressed as a sum of the complementary
solution y.(t) and the particular solution y,(t).
wl(t) = golt) + wplt)

The complementary solution satisties the associated homogeneouns equation.

ll'.: + =1 “-}
This i=s a homogeneous ODE with constant coefficients, so the solution is of the form g, = .

=" 2 g=rf 3 Y =r"

Subsatitute these expressions into the (MDE.

roet - et=0

Divide both sides by e™.

F4+1l=0

r={—i.i}
Two solutions to equation (1) are then . = e~ and gy = £, By the principle of snperposition,
the general solution is a linear combination of these two,

velt) = Cpe™ + O™
= () [poa(—t) + isin{—1)] + Cafeos(t) + i sindt)]
= Cfeos(t) — isin(t)] + Cafeos(t) + i sinft)]
= (" eost — i sind + Creost + iC2sind
= (") + Ch) eost + (—iCy + iC5)sind
= (heost 4+ (g eint

Un the other hand, the particular solution satishes
y: + yp = I8in 2t 4 feoa 2.

There are two terms on the right side. For the first one, sinee only even derivatives are present,
wie will inclode A sin 2t in the trial solution. For the second one, we will inclode

Btooa2t 4+ Cain 2. The trial solution is thas yp{r] = As&in 2t 4+ B cos 2 + Csin 2. Substitute this
into the ODE to determine A and & and O

{Asin 4+ Bteos 2t + Can 28" + (Asin?t 4+ B coa 2t 4+ ' sin 2] = 3sin 2 + §oos M

(2Acos 2t + Beos X — 28tsin M + 20 o8 ) + (A sin 2t + Bt coa 2t + O &in 2t) = 3 sin 2 + § coa 2



{—4.A4 sin 2 —2 7 gin 28 —2 /7 sin 26— A458f cos 2 —40C sin 20) 4+ (A sin 24+ 5¢ cos 28+ sin 2¢) = 3 sin 2t 4+¢ cos 24
(—4A4 — 25 — 28 — 407 4+ A+ C) sin 28 + [—48 4+ B) oos 2t = 3 sin 2 4 oo 2t
For this equation to be true, 4 and 8 and ¢ mst satisfy the following systemn of equations.

—4A -2 —28 —4C 4+ A4+ =3
—dABF 4+ B8=1

Solving it vields A4 4+ 7' = —0/% amd & = — 1,3 which means

welt) = Asin 2t + Bt oos 2 4+ O sin 2¢
= (A 4 ) min 2t 4 B oos 2

= 5'2! lt 24
= —gsin 5 i ooa 2t

Therefore, = 1
wit) = Cygoost 4+ O sin £ — %ﬂinﬂt - Et oos 2,

Since one solution is known, the method of reduction of order can be applied to determine the
general solution. Substitute y(t) = c(t)(1 + ¢} into the ODE and solve the resulting ODE for o[(t).

el + £]" = (1 + ()L + )] + [e(ed(1 + £)] = t2e™
Evaluate the derwvatives.
()1 + £) + (] = (1 + [N + ) + ()] + [e(t)(1 + £)] = 2>
tfe” ()1 + ) + (1) + ()] = (1 + ) (N + £} + e(2)] + [e(t)(1 + £)] = ™
H1 4+ 1)) + 28 (8) — (1 + £)2E(E) — (L +#100F + ol = 22
t(1 + E3(2) — (1 + #5)(E) = 2™
Dhivide both sides by #(1 + £).

+f t
(e £ty = A
] = Hl+2) i S T
Use an integrating factor I to solve this ODE.
S 2
F =g - " da| = ] ds| = pg—t—Im 21+t o —tp—1y] | 332
F"f_p[’f AL+ a0 = exp ( +1+ = e e {1+ £)
Multiply both sides of the previous equation by J.
(1487 _ (14214 t) _
— L' () — — () = (1 4 ¢)e"
The left side can be written as df/df[T<'(£)] by the product rule.
o [1+t} ey
t = (1 thet
2 [ Lo =a+o

Integrate both sides with respect to f.

(14 t)*

- r“t.‘"{t}:ftl[1+aje’da+lf._-'|

e '
=J’r E’d;9+f ae” de 4

e tod
=g +1’r HE{E‘]dﬂ—Ff.—'.

2 2
= gf 4 [a{c‘}l uf [ljc‘ds] 4
=£‘:+(fﬂ'!—-!:'1_:|+lf._'j_
=te’ 4+ (7
Divide both sides by T
ACE) = 2 SR et
=Tz S FFETE
Integrate both sides with respect to § once more.
t =1 e*
thj-m + & +t—|-lf._'2
Therefore,
w(t) = ()1 +£)
t—1 "
—[2{1—_'_1}Pi +(‘11+E+C2:|E1+f}

= Tleﬂ + Ch et 4+ Cafl 4+ £)

The terms containing Oy and O are the second and first solutions, respectively, to the associated
homogensous equation, and the first term is the particular solution.



In each of Problems 11 through 14, solve the given imitinl wbhee peofilem. Sketch the graph of the
sodution amd describe its behavior for ncereasing £

u" F Ay + Ay =, w—-1)=2, J(—1)=1

Solutiomn
HZimee this is o linear bomogeneous constant=coefficient (¥0E, the sohriion is of the form g = ™.
p=et = pg=re =y =riem
Sunlbstitme theses pxpressions imto the (2IFE.
et 4+ Alret) + Afet) =
Diivide bBath sides by =™
rt + dr+4d =1
(r+23F =1

r={—2}
One soluthon o the G3E s p = ¢ . Becanse the ODE Is homogemeous, any constant multiple of
thix ix ml=o o solotion, that is, g = o Acocording o the method of redoction of order, the
genernl solution is foumd by allewing ¢ to vary as o fonction of §.

plith = eff)e"
Substitrbe this expression Sor gy ioto the original ODE to determine off)_
Ay Ay =0 = [o{t)e—H]" 4+ dfe(the—2) + dfe(the—"] =D
Evalonate the dervatives using the producs role
(e ™™ — 2ot )™ + A {)e™ — 2e(tde™ ] + Afeltle™ ™ =0
[e¥itne = — 2 (the =™ — 2 (e ™™ + Ac(t)e™™] + A (e — Ze(the ™) + A[c()e] =0
e — 2™ — 2 4 T+ A T — B 4 ATl =0

et =1
Dhivide both sides by =~
ey =1
Integrate both sides with respesct to £
) =

ntegrate both sikdes with respect to £ onoe more.
cft) = Lt + O

The grmernl solation is then
wle] = e ™™ 4+ Cae™ ™.

Diafferentiate it with respect to £
P = e — A e — A e
Apply the inftial conditions now e determime £ oamd O55
gl—1] = — e’ F+ T = 2
Mi—1)] = e + W e — W et =1
Solving this system af equntions ywields €7 = 5fe? and ©% = T/e®. Therefore,

(LR [
pleh = E—__‘h: +?r.
Take the limit of gf] as ¢ — oo

v
Hm gfé] = Hm P2 _g—ﬂ}
E—tos E—oc
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