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Chapter 1

(Measurements)

To describe natural phenomena, we must make measurements of
various aspects of nature. Each measurement is associated with a physical
quantity, such as the length of an object. The laws of physics are
expressed as mathematical relationships among physical quantities.

In 1960, an international committee established a set of standards for the
fundamental quantities of science. It is called the SI (System
International), and its fundamental units of length, mass, and time are the
meter, kilogram, and second, respectively. Other standards for SI
fundamental units established by the committee are those for temperature
(kelvin), electric current (ampere), luminous intensity (candela), and the
amount of substance (mole).

In mechanics, the fundamental quantities are length, mass, and time.

All other quantities in mechanics can be expressed in terms of these three.

Most other variables are derived quantities, those that can be expressed
as a mathematical combination of fundamental quantities. Common
examples are area (a product of two lengths) and speed (a ratio of a
length to a time interval). Another example of a derived quantity is
density.

The density p (Greek letter rho) of any substance is defined as its

mass per unit volume:

-
Il
<|3



Chapter 2

(Motion in One Dimension)

2.1 Position, Velocity, and Speed

e A particle’s position (x) is ( The location of the particle with
respect to a chosen reference point that we can consider to be the
origin of a coordinate system).

e The displacement (A x) of a particle is defined as (its change in

position in some time interval). As the particle moves from an
initial position ( x; ) to a final position ( x;), its displacement is
given by:

AX=Xxp-X; Displacement (2.1)
We use the capital Greek letter delta (A) to denote the change in a
quantity.

e From this definition, we see that (A x) 1s positive if (x;) is greater
than ( x; ) and negative if (x,)is less than ( x;).

It is very important to recognize the difference between displacement

and distance traveled.

e Distance (is the length of a path followed by a particle).

e Distance is always represented as a positive number, whereas
displacement can be either positive or negative.

e Displacement is an example of a vector quantity. Many other
physical quantities, including position, velocity, and acceleration,
also are vectors.

e In general, a vector quantity requires the specification of both
direction and magnitude. Scalar quantity has a numerical value

and no direction.



e The average velocity (v..,) of a particle is defined as (the
particle’s displacement (Ax) divided by the time interval (Ar)

during which that displacement occurs):

A
Vo =2 (2.2)

Where, the subscript (x) indicates motion along the (x-axis).
From this definition we see that average velocity has dimensions of
length divided by time, or meters per second (m/s) in SI units.
e The average velocity of a particle moving in one dimension can be
positive or negative, depending on the sign of the displacement.
e The time interval (Af) is always positive.
If the velocity of a particle 1s constant, its instantaneous velocity at any
instant during a time interval is the same as the average velocity over the

interval. That is, ¥y = Vyayg.

! _Ax
ol | |1V

Remembering that A x = x,- x; , we see that v, = (xy- x;) /At , or
Xr = X; + v, At
In practice, we usually choose the time at the beginning of the interval to

be #= 0 and the time at the end of the interval to be #= ¢, so our equation

becomes: Xy =X; + vt |( for constant v, ) (2.3)

e The average speed (v,,,) of a particle, a scalar quantity, 1s defined
as (the total distance (d) traveled divided by the total time interval

required to travel that distance):

Vavg = % (Average speed) (2.4)

The SI unit of average speed is the same as the unit of average velocity:
(meters per second)(m/s).
e Average speed has no direction and is always expressed as a

positive number.



2.2 Instantaneous Velocity and Speed

e The instantaneous velocity (v,) equals the limiting value of the

ratio (Ax/At) as (At) approaches zero:

n=limyo 3 (2.5)

In calculus notation, this limit is called the derivative of (x) with respect

to (¢), written (dx/dt):

d : :
Yy = d—: (instantaneous velocity) (2.6)

The instantaneous velocity can be positive, negative, or zero.

e The instantaneous speed of a particle is defined as (the magnitude
of its instantaneous velocity). As with average speed, instantaneous
speed has no direction associated with it.

Example (2.1):
A particle moves along the (x — axis). Its position varies with time
according to the expression: (x = - 4¢ + 27*), where (x) is in meters and
(?) in seconds.
(A) Determine the displacement of the particle in the time intervals
(t=0)to(t=1s)and (=1 s) to (=3 s).
(B) Calculate the average velocity during these two time intervals.
(C) Find the instantaneous velocity of the particle at (¢ = 2.5 s).
Solution:
(A): In the first time interval, (z =0) to (¢ =1 s):
Ax=xs-x;
Ax=[-4(1)+2 (1) ]-[-4(0)+2(0)]=-2m.
For the second time interval (=1 s) to ( =3 s):

Ax=[-4(3)+2B)]-[-4 ()+2(1)*]=+8m.

(B): In the first time interval, use equation (2.2) with A t=t-1,= 1 s:



Ax  -2m
Voavg = — = ——=—2m/s
VWE At 1s /

In the second time interval, At =t- ¢, =2 s:

Ax _8m
vxaavg=E=§=+4m/S
: d
( C): Instantaneous velocity vy =d—: ,x=-4t+2¢
_dx _ _ .
vx—a—-4+4t,att—2.5s.

w=-4+4@2S5)=+6m/s

2.3 Acceleration

e When the velocity of a particle changes with time, the particle is
said to be accelerating.

e The average acceleration ( a, ., ) of the particle is defined as
(The change in velocity (Avy) divided by the time interval (Af)

during which that change occurs):

_Avy  Uxf Vi

Axavg = o Average acceleration (2.7)

tr—t;

The unit of acceleration is meters per second squared (m/s°).

e The instantaneous acceleration equals the derivative of the velocity

with respect to time:

dv .
a,= d—tx Instantaneous acceleration (2.8)

e For the case of motion in a straight line, the direction of the
velocity of an object and the direction of its acceleration are related
as follows: When the object’s velocity and acceleration are in the
same direction, the object is speeding up. On the other hand, when
the object’s velocity and acceleration are in opposite directions, the

object is slowing down.

dx . .
e Because v, = = the acceleration can also be written as:
dv, d dx, d*x
—_ e,—= e —— —_— — 2.
4= 4 dt(dt) di? (2.9)



That is, in one-dimensional motion, the acceleration equals the second
derivative of (x) with respect to time.
Example (2.2):

The velocity of a particle moving along the (x- axis) varies according to
the expression (v, = 40 - 5¢°), where v, is in meters per second and (£) in
seconds.

(A) Find the average acceleration in the time interval (t=0to 1 =2 s).

(B) Determine the acceleration at ¢ =2 s.
Solution:

(A) ve; =40 - 57 =40 — 5 (0)* = 40 m/s

V=40 - 57 =40 -5 (2)>=20 m/s

The negative sign indicates that the particle is slowing down.

d
%,vx=40-512

a,=-10¢=-10 (2) =- 20 m/s’

(B) ol =

2.4 Particles under Constant Acceleration

If the acceleration of a particle varies in time, its motion can be
complex and difficult to analyze. A very common and simple type of one-
dimensional motion, however, is that in which the acceleration is
constant. In such case, the average acceleration (a,..,) over any time
interval is numerically equal to the instantaneous acceleration (a,) at any
instant within the interval, and the velocity changes at the same rate
throughout the motion. This situation is considered to be the
particle under constant acceleration.

If we replace (ayavs ) by (a,) 1n equation (2.7) and take #; = 0 and ( #) to
be any later time ( ), we find that:
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(Vectors <igxiall)
Vectors and Scalar Quantities dodally dxiadl WeSJl 3.1

05590 Vg dwlin Bu>g ao 835200 dasdy Jo&JL Scalar Quantity dduall 4uSIl su3 @
R ES VY

-yl «3MaVNg (AlSUlg cpamanlly Blyadl dys (p Dadall OLSI e AsaYlg
olaeil J] d8LoYL dwwlin Bu>g o 035 JoBIL Vector Quantity doia)l 4l suss o
e udly d-BY1 (o doiall 4uSUl e Al (409
Some Properties of Vectors Olg=xiall jailbas jax 3.2
Adding Vectors &lgaxial! ae>

Olgziall 08e )3 o6 Mitws gazd] Eoazn S0 (B daiall 9 A dxiall) cngiall goz dis
(202l ddoa) Commutative Joldl §g3B) el duolsl 0dd C3yad . aazedl 8)LaY dewddl

A+B=B+A4

:Associative ael ddea) 39zl daslyi 093 Lo lgaeiall pazd (53T duols Hling

A+(B+C)=(A+B)+(

Add B and C: Add A and B:
then add the then addCio
result o A the resuli.

(Olgmiall maz oilgd) ayases Ll LS coloiVlg jludall pe M daiall dueSUl lliad @
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dmiell ALl Byl
e a0 (Soluy Egarme am A dmiall po draz dis Sl doniall b A dziall (Il Gy
‘o

A+ (-A)=(-A)+4=0
peSlaie il § ot oS pliall s L) (—A) 9 A wlgzaall of
Olgamiall Z b
(A — B) ddasndl Gy o domiall &L 5LaY) Cinyad putiind Slgamiell b dddas o
e S (A) aomall o o (=) )l 08

A-B=A4+(-B)

:ddyylall 0dg ngmie pola) (gudighl sLadyl Y1 Sl s s

We would draw ‘* VeciorC= A — Bis

B here if we were ’ the vector we must

adding it 1o A. "’ B add to B o obain A.
p S

. Adding ~B oA
is equivalent to
subtraciing B
from A.

Components of a Vector and Unit Vectors 84>gJl lgxing dxiall ilSye 3.3

Components of a Vector dxia)l &Sy
43850 Ablugy JoBUL amio (S oy S

rgall X pgmmall o (6) gl g (1Y) Symall § 0580 A dmtall il jlaed) sy dsb
obal sl S oo 9o LS

16



S Juadl

3850l 9 (Ay) (29 X - ssmold Bl goll dziall &S)e Poazea 4l o dmiall 1d e peail) Sy
y - as=all Sl & (4y)

A= +A,

Ob 6 cplad-Cauzg ol Cyyaly el Sl oy

cosf =2 o A, = A cos6
A

: Ay .

sinf =— - A, =Asinf
A

A5V Yolaadl IS oyo d5LS )00 (A) doeiall olasily Hldie oye S Jasiy

A dxiadl lide
A= /A,ZC + A2

A dzall ol
0 =tan™?! (j—i)

Unit Vectors 84>g¢Jl Oilgxie

(e ol dpded pUSun 9 cdanalb g 0)lude bl 99 dxie) Unit Vector gl dxie
duzrgall SlaLEY! ) 4ad @) Bagll Clgmin el (K 97 9 8) Jlodl e Sgoy)) plsianins
(z9y 9x) 9=l

A9 S9lud L) ddllaall deagd)l O (a1 £(1) A9 S9lud doxie BU>g S ldin O

il =1jl=|k| =1
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AV A doeidl LS el

JSadl 3 WS (x ¢ y) LSl Gl § xy Sgiuwall § a5 dats Hlaedl Hlan ds e

obal

L WS Bl doxie AV SO S () b 9ol doxie dlalgy dladidl dpuos Sy
o= X 1+ 3
9 A= (A T+ 4, ]) 0wt oz o8 @WK = R, + R, aniall dama 0l o
axs B = (B, i+B,J)
R=(Ayi+A4,))+ (B, i+B,j))
R = (4 +B)i+ (4, +B))j
dxill SUSye 0 O oMlel pilolaall go el Bjliey d2s R = Ry 4 Ry ] ol 0580
:L?asR
Ry=A,+B. , R,=A,+B,

1451 Ml plaseinl d5LSye oy lagale Juase R daxiell dasd i)
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R= /R,% +R% = \/(Ax +B)? + (A, +B)’

x - goeall o Lgmiaas 31 D313 J1 andls dalondl s 5
R, Ay +B,
R, A,+B,

o 6 ] tan_1 (M)
A, + B,

el §Sad ¢ (2 97 3.%) ygloeall ol LS B e Olgiz B 9 A Olgziall 0 36 0813
1Y J5ad § Lagie

tan @ =

A=1A, +]A, + kA,

ool

=B, + /B, + kB,
(b WS aiLSye WY Jam o) B = A+ B @8all Jams B 9 A prgmiall pozr 0 @
R = (1A, + jA, + kA,) + (iB, + jB, + kB,)
R = (A, +Boi+ (4, +B))j+ (4, + Bk
G oldlgll B = (20— 4)m 5 4 = (20 + 2/)m d>hY! Raxie fseme o> 1(3.1) Jlia
L XY S gino)!
P! gl e Ul dsiedl Ao Jaas 1=l
R=A+B
R=Qi+2)+@Qi—4)
R=0Q2+2)i+@2-4)j

R=4i-2j

R =—2m3Rx=4mg¢@wlﬁW\ug5)ﬁ¢UJJ

y

s b R dsiadl jldie g

R= |RZ2+R2=,(4)2+(-2)2=v20=45m

ERprY R 4ol olxilg
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anf = _"2_ 45
an R3¢

.0 =tan"1(-0.5) = —27°
X sl oo deludl ylae ol (3 27° gl e @opud 13] dovpmnip 0555 LYl 04
Scalar Product $auadl @ a0l 3.4

v o loagyyie ps @b Salud dsie 4a5) AL B 5 4 cnemio Y auadl sl By
(Logis & 6 Dsly)l plas

A-B=AB cos6

3oy bo W ¢ daii) 30y judg o 9) A - B K&l B 9 A gremmiall gounll upill S
A 4zl Jo B dxiall baiws 3 bgpae A datell 63 A+ B soaall pall Soluy @
olial JSadl (3 g0 98 LS ( B cos 6 ) o

- B/ = ABcos#

b

Beos 0 L N

Properties of the scalar product $s4all G aall (aSbas

:Commutative Wi Sodall Gpall 055 .1
A-B=EB-4
'@l Distributive g=)gd! 09l (Sodall )l xuasw .2
A-(B+C)=4-B+A4-C

S5l G pall 0l (900 $lus Lagiws L3131 O 8T) B aiadl e bisgas A doxall 0513 .3
A+ B =0 sl g

Gl O ((0° Sslud bogin Dl O ST) ol i B asiall blga 4 asadl 05'13] .4
A)-§=AB-_>UE.@3ML”5;M|

180° (9L Lagis Dol 01 (1) ol  uSlaio LagiSJg B domiall Llge A domiall 06 13) .5
A-B = —AB 5 Jasm Lgw 6338l wopall 0l (
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o Lasd Lagin Llil) 055 Lasie HLaY s B 3 A ol ol pall 055 .6
(90° < 6 < 180°)
Ol ST d>9 S9lun 0l iy Bugll Wlgaein (Gl w2l ol L7
ii=f-j=k-k=1
e (S9lug Blelaie WL 8u>gll Wilgarin (i ($oddl LN Ol .8
t-j=j-k=j-k=0
: 3V gl e Bu>gll domie St B 9 A cnemin o5 il oS0 b sl Lidye .9

A=1A,+jA, + kA,

NP CRTIAY
A-B=A.B,+A,B, +A,B,
Olg
A-A=247

B=—1+42] 94 = 20 4 3] Wl 05131 1(3.2) Jbwe
Loginy (8) D911 dz gl (B) -Logity 3l pall dx (A)
(A) :J=dl
A-B=Qi+3) - (-i+2)=-2+6=4
A cemial) o S dagd sl lde Ul . A+ B = A B cos 6 @Ml gadas digl3)1 sl (B)

(A) &2l § Copwu= 23 A - B dad 0 Eu> B g

A= [AZ+ A2 =22+ (3)2=V13

B= [BZ+Bz=,(-1D2+(2)2=+5

Lo 3550 gl e Jgua=ll A+ B = A B cos 6 &Ml cuifis
AB 4 4
AB ~ (V13)(V5) V65

cos O =
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4
.0 =cos™? (\/%) = 60.3°

Vector Product (2= 2l 3.5

A B sin 6 desd 4 s € I azall 6l B 9 4 cnamio $Y A X B (2l upall Coyn
C = AB sinf plasy )l dasdy € = A X B ol Co «

Cross Product > Lal (pl=idl Gaall ey @
Properties of the vector product (2=l Gl yaibas

15 U (A X B = —B x 4 0l 1) Commutative Whas e 2l Qpall ol .1
S 5 lgle o ¢ 2Ll ol § olgaiall atiys ity Liad
Gl 06 (180° 51 0° $slus Loginy dglill 01 &) B dioll Ljlgs A asiell 0513 .2
A-A=009AXB=ABsin0 =02 o lagn p5Y
Gl 0B (1900 Solud Lagim sl Of 1) B dmidl e bges 4 dmall 05 13] .3
|A x B|] = AB ax Lgi pl))
Distributive ao)gdl 0 2l Cpall sy 4
A-(B+C)=A-B+4-C
0555 (t) Jto Olpiiadl pans I &l S O pall daiiie O 5
dA ., dB

—( xB)——th+A><E

145y J..cb.ﬁ.U s (E j i) o.,\:>-3J| Olgxio G uml:u}]\ ol ol .6

" ~

ixi=ixj=kxk=0 o

jxi=-kosixj=Fk o
kxj=—it9jxk=1 o
ixk=—fskxi=] e
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9 A=Ay + Ay + kA, o mio &Y —aledl Gyl e il o S
14,591 determinant 8saell [S& B = iB, + jB, + kB,

ij k A2
L 4, A -4 A
AxB=|Ax Ay Al=1|" |+ilg" B +k|g By|
y z z x X y
B, B, B,

= i{(A,B, — A,B,) + j(A,By — A;B,) + k(A,B, — A,B,)

[\.)
~>

Lat ¢ A X B az .xy Syl 3B = 1+ 2 9 4 + 37 Olgziall 05 13] 3(3.3) Jbie
/T B = —B x A @8l oo 3>

ddslud) Badall Jouiwd !

R A | 12 3
AxB=|2 3 0 |+ 1 ;
-1 0
=90~ 0) +7(0 - 0) + k[(2)(2) = B)(-D] = 7k
1 WS Ay all o Jawins A X B = —B X A &)l o 3l
I A A
R e R e S Pl

=1(0—0)+j(0—0)+k[(-1)(3) - ()] = -
Aousue M Gl

4.9.:.10..‘\)\.,\.&93 W}Aj‘ X -Jj.?:.d\ o=l Lg &5:3_9 Old>g (6) @3@ /T d.‘a:lAJ|)|.A.&A :(3.4) Jle
A X B az x - y9mall g0 300 Wyliie Liglh iilio « Xy Sy gy Ol (4) Ssluy B

b WS Olgziall LS Sy 1l
A =6040f+0k
= (4 cos30°)i + (4 sin30°)j + 0k
—>_ \/§ n 1\ . ~
B=(4x2)i+ (4 x1)j+0k

B = 231+ 2j + Ok
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J
0
2
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I Juad)

=i|(2) |+ 0 23§|+E|2\6/§ g|

S O &Y

7(0—0) + k[(6)(2) — (0)(2V3)] = 12k
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(Motion in Two Dimensions ¢pias § 4Sy=Jl)
Jematlly & mudly apgoll Oilganio 4.1

O3yl pllas ol dads o pgunsall () aubgedl domio dblug o] g oy o
Sl § quoge 98 LS (xy) Syimall § prund! @dga )

The displacement of the
¥ particle is the vector Ar.

o |
s, Path of
particle

X

(7}) p2ga)) dxin dblu gy dpg0ll ¢ (A) Al die euaaedl 0550 ¢t; (o)l ind
(7)) gl dxio dlawlgy Ao gall ¢ (B) dlaidl die qud! 0950 ot 3> ¢0) 3

(A) a0 ncrdl 2y Lokic g Laitana U (B) ] (A) (58 slawall 5950 01 839,220 sl
T JIT oo gl doxie iy ¢ (At =t — t;) dua)l Aol § (B) Akl ]

r2gell dxieg Qg mogell dxite o Grall) oyliel el (A7) A>HYI domio By O
Z(L}jp))\

Sl Jsb e deglaiall dluall oo JBT (A7) Y danie dagd O codlel K&l oy 533 WS
sl B (0 Ealatiall ool

d>)] dowd ol (1o (At) due3ll Aoladl UM euwel) (Uy) A pudl lawgin Jasy @
4yl dplall e A7 pueucn]!

AT

1_7)av = E (42)
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caxiall dod (o Jadd iy (AL) Jio durge ddde A4S e dominll &S dosd o oo 01 @
(durge o &S (p Auaill Aolally daie duS (p A-BY) OY lady aalal Guids
(A7) &1 Jglo (e 0555 dato dasS 90 el Jangio OF geikisd

Dlaall e dite 0655 bladl o de udl awgio O @

A_) . . (e K1 >\ % e e . FA
(el oo At AR bedis A—th;,mhwjmafu) b (T) &Y depdl 3ya3 @

. AYdr
v = lim

— = 4.3
A-0 At dt ( )

Apdde dueS (29 ¢ ! MRS GL puad) v = U] AV deudl domin dogd (g5 @
de bguds ATV &1 Aol doio § aadl) A quwal) Gy, Jamad Jawgio ya) @
Haeasd! 13 Lgd Gase ) At Aoyl dlolal)
AV V=1

d.. = = 4.4

(il (o At e Ladie %w@wla@m)a O el Coyn o

R .
W el

(4.5)

26



&_)b)\ Juad]!

Two-Dimensional Motion with Constant <ol Jumat goia § dSyl 4.2

Acceleration

olxil S (3 independent ¢pdiiue (wiSy> @y cpadl 3 &,>J modelled dxdes oS
Syl do 535 Y y ol (3 A0 ST OF (gmsr 1y 9 % a9 Andpall Dogan)l Gl o0
e Sl x ol S

XY Sgiadl 3yt opud o gall dxie HLUS (Sey
r=xi+yj (4.6)
148l (Jaad euwdl dew Olg

q_d?_dxA_i_dyA__ — 17
v_dt_dtl dt]—vxl vyJ (4.7)

1 WS ¢ b o) 8T (@ ALl de ) dpusaly
Ur = (Vi + ayt)l + (vyy + ayt)f
= (vixi + vl-yj) + (axi + ayj)t
AL ase oozl DI de el daxie 3550 U
Vp=v;+at (4.8)

0552 dtylall Gudiy

1
X=X T Vet + iaxt

1
Ve =y + vyt + antz
10552 () 2 Gletl g sal) die andy) (7 = xf + ) Uslaall § Yolaall 0ds pargais

1 1
Te = (xi + Vit + Eaxt2> i+ <yl- + vyt + antz)j
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- " o N Pl 1 [l "
e = (gl +y)) + (vixl + viy])t + E(axl + ay])t2

Dslaall are (ol DS mpgall damie )9S

1
_)f - Fi + ﬁit + E(itz (49)

4513 A (t = 0) o3l s oY) dlads e Tine ¢« XY (S gtanall (§ o 2yt 1(4.1) Jle
2w (=15 m/s) wed y -y9me de 48509 (20 m/s) Wwid X - Hgoxe e 4850 L
(4 m/s?) slade ¢ X -ygoedl oloxil (3 Jueadd ozl

00y Sl e S de ! doxie 0> (A)

G WS Jaudl Iy el 9o 2ol T el 0 G501 e adl LS50 Lpsi (A) 1!
: Y Jsadl

y olail el &850 Lol 456 S (4 m/s ) olddes WifGs (20 M/S) dem x -ASyall Tus
(=15 m/s) &Sl gresd oye e pas Y g3l
By = B; +at
Ur = (i + ayt)l + (vyy + ayt)f
Up = (20 + 4t)i + (=15 + 0t)]
Up = (20 + 4t)i — 15 m/s

&o de i dxine gaiuay Lf"" 2&:3\)'.3‘3 (t =55) oyl die M| GMhaily de w ! (B)
.x-)ﬁz.o.ﬂ



&l hadll
‘=
U = (20 + 4t)i — 15§
U = [20 + 4(5)]i — 15
Ur = (407 — 15§) m/s

WBMall Janid O Al Lol

v —15
0 = tan~?! (Lf> = tan! (—) = —21°
Uxf 40

gl X Hgmall o B gl dzge de ) domio 0T 1 0 Dol ALl Bylad) pis

vr = |U| = Vit vse = \(40)2 + (15)2 = 43 m/s
(a3l 1§ Anpge doxie 9 £ By (ST 3 @l Y 9 x JM=] 33> (C)
1
Xp = Uyt + Eath2 = (20t + 2t*) m
yr = vyt = (=15t) m
it 50 1§ ) g gall dto 0558
7o = (xp0 + y5f) = [(20t + 2¢H)1 — 15¢f] m
Projectile Motion L39ddall 4Sy> 4.3

8,SU1 &yl Cpm B 9diall dS,> o ud ujs,g J gaacrdll dund Lg 8,1 dSy> JasY jased L..Sg‘ ol
Lsls 0550 ctrajectory ylued) duoud 8,801 aSIud A1 3o, OF .21 ] 9239 (20w Hluwe
.parabola 35 akad S e
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G T = T+ Byt + 2 G2 Uslasl Bala g el DS Bgdiall gge daxio Uslas 0]
G55 A = § 98 cdndlanl G lghomad 0555
S o s, 1 o
=1+ Uit Eg (4.10)
2 8lare Bodaell deud AV y 9 x ©LSye S5
Vi = V; COS6; , Uy =v; sing;
L nSy> SUPErposition Sy e &4Sie @ clgiardus (Sa 43 b gdiell &Sy> Juloxs die

bgaudl) Cobb Jummans e 45y> (2) 9 horizontal (2391 ol (§ &0l de g o 45, (1)
.vertical g0l o3Vl 4 (free fall =!I

The y component of
velocity is zero at the

Y peik of the path. The x component of

velocity remains

= 82 7

; constant because

L~ 7, =0 vg g there is no

Vi = B .
v, | _ - ,6—"‘:_ M= acceleration in the x
3 - " v . 2
. o o xi direction.

> f T
v = i N
L y ‘r‘\@
N\
N\
BJ \\@ 1 Vxi
\ - e x

Horizontal Range and Maximum Height (9gJaell 4di Juay plas) o2l ‘?ﬁéill Sl

of a Projectile

& 250 92 WS derge 1y &Sy t; = 0 o3l i JooY) Al (o B3 8,5 Ol (o545 Lies
CLYI 3 dwls V> (o D> oda . 5Y Sgiundl Guds 3 2N Sgaiuw 8,SU1 O coMel Sl
e B33 I (S gnadl iy i) g1 8,Sy 0] 8,5 U sl 8,5 Jangs Lo W G sl

gl e pols S plaxadl) 8k dSyaudl od (§ Olidas s JYI JSadl §
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,// fi \\
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- R |

Sydaall dJ due glaS)l del (2 ¢(R/2, h) LS @LSla>] (S A dedll dlads @
(Sgdiall bgws daii (£ (R, 0) wldlax] g (I B dladil e
4l e glad)) (a8l p (h) Blully cdsdiall £V Suall (R) Ll (5l @
depw (po S 39950 Luply) (R) oo 9 (h) Goddall dd Juay U1 glasyVl 58l (o S5 daes Lies
g @bj}’\ Juzaidlg Qi ) L‘é.Ua\ L5\)\ 2\3_9\})\9 v; B 9daall 3!
(. vy, sl I dglus de adl 0S5 dadll (§ 4T dasdley (h) gladyY (gadl dpass LiSe
dl Bodaall a4 Juay Wl ty (el bl (U = U + d t) Dolael) y 4850 pluseinl liSey
Cu deldsyl dod
ﬁf=1_7>1+(_1>t - 'ljfyzl—?)iy‘l'(—iytA - Ozﬁiy+6_l>ytA
Bl Aslaall 0985 Ay, Jb (—g) psay Vg, = V; sin6; Ol Cumy
0=wv; sinf; — gty
v; sin 6;
tA — l l
g
diddiwly (y = y; + vyt + %aytz) slaadl o y &85a0l 3 t J odlel £y Aolas Grrgany
dadi o 3l gdiall O Hlaedl Hlan dslg ch Bydaall d Juay #lis)l (9adl y, Golud Iy
g Aslas e Juazs g2 @y, JIddiuly c vy, = v; sinf; oly y; = 0 01 $1(0,0) D)
‘b L;Sd;}’\ de ! dxio olxdly Hlide d9dsw h
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1 2
Y =Yt vyt +§ayt

1

v; sin 0; v; sin 6;\2
h =0+ (v; sin6;) (T)——g(;>

2 g

v?sin?0; 1 wv? sin?6;

Dgddall b Juas g syl a8l Jasl dolasll oda
Soluw o) @ dadidl 0da I uar Cu (831 Dol bgud 1o90 98 R Sl 01 @
i (3 3| (e B9 diall Bl o) OF ST e las)) el J) ad Juas U1 (o3l s
tp = 2ty ool @ 055 (0, R) &atd! § dil>) Gyl
(X = Xpx + Vit +3505t7) slaall 0o X ASall G £ I by = 2, Ddlas pivsei
Aass (o Gl Bodiall Ol kel Hlan dsly ¢ gddall 4 ey Sl R $alud (1 xx Jludiuly
LS R dolas e Juams a, = 0 Jldwiwlg e v, = 1; €05 6; Oy xi, = 001 $1(0,0) oYl
e

R =v,;tg = (v;cos 0)(2t,)
2v; sin 6;
R = (v; cos9,) (;)

_ 20} sin@; cosb;
9

4oLyl ddylaiall plaseiwl
sin 260 = 2sin 6 cos 6

R IREIVE LY FERWINISE
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v? sin 20,
R=2— (4.12)

0950 G SN 26; = 1 ded 955 lodis 831 dolaal o R (Sl dad (903l e Juams

v}

Ryax = ?
e lgw Jua= Lﬁ‘j‘ 593\})\ P 01’ = 459 &33\})\ Qﬁ Uy 29i = 9(° 2\335)\ Jie Gidso g
(S (o8
:(4.2) Jbw

S e s Y Syl 399 200 Dol (21 eyl Halall e
' (11.0 m/s) ds w09

el Jomy gli3)| (928l ur (B) Sae I dd 548 (AUl Sutall ax (A)

Aslanll puseind 1(A) td=d!
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Chapter 3

Vectors

3.1 Vector and Scalar Quantities
e A scalar quantity is completely specified by a single value with an
appropriate unit and has no direction.
Examples of scalar quantities are temperature, volume, mass, speed, and
time intervals.
e A vector quantity is completely specified by a number with an
appropriate unit plus a direction.

Examples of vector quantity are displacement and velocity.

3.2 Some Properties of VVectors
Adding Vectors
When two vectors (vector A and vector B ) are added, the sum is
independent of the order of the addition. This property is known as the

(commutative law of addition):

o)
+
woll
Il
woll
+
o)

Another property is called the associative law of addition:

A+(B+CO)=@A+B)+ C

Add B and C; Add £ and B;
then add the then addCw
result o A the result.
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e A vector quantity has both magnitude and direction and also obeys
the laws of vector addition.

Negative of a Vector

The negative of the vector 4 is defined as the vector that when added to A
gives zero for the vector sum. That is, 4 + (—4) = 0. The vectors 4 and

(-4) have the same magnitude but point in opposite directions.

Subtracting Vectors

The operation of vector subtraction makes use of the definition of the
negative of a vector. We define the operation ( A— B ) as vector
(—B) added to vector (4): A—BE =4+ (=F)

The geometric construction for subtracting two vectors in this way is

illustrated in the figure below:

We would draw " VectorC=A —Bis
B here if we were ’ the VeCtor we must
adding it to A F ‘B add to B to obrain A

Adding “Hto A
is equivalent to
subtracting B
from A.

3.3  Components of a Vector and Unit Vectors
Components of a Vector

Any vector can be completely described by its components.

Consider a vector (4 ) lying in the (xy plane) and making an angle (6)
with the positive (x-axis) as shown in the figure below. This vector can be
expressed as the sum of two other component vectors (4,), which is

parallel to the (x-axis), and (Zy), which is parallel to the (y-axis).

13



L—X

o o %
From the figure and the definition of sine and cosine, we see that
(cos 6 = A,/ A) and that (sin@ = A,/ A). Hence, the components of A
A,=Acos6fand A = Asin6

The magnitude and direction of (4) are related to its components through
the expressions:

A= [AZ+ A2 (magnitude of 4)

0 = tan~1( (direction of 4)
Ax

Unit Vectors

A unit vector is (a dimensionless vector having a magnitude of exactly
one, and are used to specify a given direction).

We shall use the symbols (1, ], and K ) to represent unit vectors pointing
in the positive (X, y, and z) directions, respectively.

The magnitude of each unit vector equals 1; thatis, IT1= IjI= IkI=1

A.=14,,A,=J A, . Therefore, the unit-vector notation for the vector 4 is:

14



e Consider a point lying in the xy plane and having Cartesian
coordinates (X, y) as in the figure below. The point can be specified

by the position vector (7) which in unit-vector form is given by:

¥

e The resultant vector (R = A + B ) is:
R=(A.+ JA,)+(@B,+ jB,) or
R=T(Ay+B,)+ J (4, + By)
Because R = 1 R,+] R, , we see that the components of the resultant
vectorare: R,= (A, + By)andR,=(4, + B,)).

The magnitude of R and the angle it makes with the (x- axis) are

obtained from its components using the relationships:

R=R?+R2=/(A,+ B> +(4,+ B))?  Magnitude of §

Ry _Ay+ By
Ry Ax+ By

tan @ = Direction of R

e If Aand B both have three components ( x,y,z ), they can be

expressed in the form:

Thesumof Aand Bis: R=A+ B or
R=T(Ax+B)+ J(A,+ B)) +K (A, + B,)

15



Example (3.1):

Find the sum of two displacement vectors 4 and B lying in the xy plane
and givenby: A= (21+2))m and B =(21—4))m.

Solution:

>

The resultant vector R: R=A+ B =1(4, +B,) + J (A, + By)
=12+2)+7(2-4)
The componentsof R: R, =4m and R, = -2m

The magnitude of R:R=,/RZ+RZ2=./(4)%+ (-2)2=V20=45m

The direction of R : tan § = % = _—42 =-05
8 =-27°

This answer is correct if we interpret it to mean 27° clockwise from
the (x — axis).
3.4 Scalar Product

The scalar product of any two vectors 4 and B is defined as (a scalar
quantity equal to the product of the magnitudes of the two vectors and the
cosine of the angle 8 between them):

AeB = AB cos6

We write scalar product of vectors A and B as A « B (Because of the dot
symbol, the scalar product is often called the dot product).

e The scalar product (AT- §) equals the magnitude of A multiplied

by the projection of B onto 4 :(B cos ) as shown in the figure

below.

£

"""'“m__
Becos 8 ™

16



Properties of the scalar product:
1. Scalar product is commutative:
AeB=EF+A
2. Scalar product obeys the distributive law of multiplication:
Ae(B+ C)=AeB+ AoC
. If Ais perpendicular to B (6 = 90° ), then A« B = 0.

3
4. If Ais parallel to B (8 =0°),then A « B = AB.
5. If §=180°then A« B = —AB.

6

. The scalar product is negative when ( 90°< 6 < 180°).

Two vectors A and B can be expressed in unit vector form as:

=

A =14, + A, + RA,
B = 1B, + B, + kB,
sO AeB=AB,+AB,+AB, andAeA=A4A".
Example (3.2):

The vectors A and B are given by: A = 21+ 3jand B= —i + 2j
(A) Determine the scalar product 4 « B

(B) Find the angle (8 ) between A4 and B

Solution:

(B) The magnitude of A: A= [AZ + AZ =,/(2)2 + (3)? =V13

The magnitude of B : B=.,/BZ + BZ =/(-1)2 + (2)2 =V/5

- =

AB_ 4 _ 4
AB  V13V5 V65

6 = cos‘lﬁ = 60.3°

cosf =

17



3.5 Vector Product

(Given any two vectors A and B, the vector product (AT X B_)) Is defined

as a third vector C, which has a magnitude of (ABsin®) ).
C=AxB Vector product
C = ABsinf magnitude of vector product
e The vector product(ﬁ X §) Is also called (cross product).

Properties of the vector product:

1. It is not commutative (Ax B = —B x A ) Therefore, if you

change the order of the vectors in a vector product, you must

change the sign.
2. If Ais parallel to B (8 = 0 or 180° ), then
AxB=0 and AxA=0
3. If 4 is perpendicular to B (8 = 90°), then
|4 x B|= AB
4. The vector product obeys the distributive law:

Ax(B+ C)= AxB+AxC

5. The derivative of the vector product with respect to some variable

such as (t) is: %(Zx§)=°;—fx §+Z><°;—’:
e The cross products of the unit vectors (i, j, and K ) obey the
followingrules: 1 X 1= j X j= kKXk=0
e iXj=Fk , jxi=-K
o X k=1 , kxj=—1

o kX1 =7 , IX k= —]

The cross product of any two vectors 4 and B

can be expressed in the following determinant form:
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A, Ayl A, A, A, A

g, B|"B, B|TX|B, B

{
y
B, B, B, y y

y|

=1(4,B, — A;B))+ j(A;B, — AB;) + K(AB, — A,B,)
Example (3.3):

Two vectors lying in the (xy plane) are given by the equations:
A =21+ 3jand B= —i+ 2§

Find A x B and verify that (A x B = —B x 4).

Solution:

Ax B = (1+3])x (—i+2§)

21 X (=D +21 X 2743] X (—1)+3]x 2]
0+4k+3k+0=7k

To verify that AxB= —-BxA:

B x A= (—i+2§) x (21+ 3})

(1) X 21+ (1) x3]+2] x21+2] X3j
=0-3k-4k+0=-7k

Therefore AXB= —BE XA

Example (3.4):

Vector A has a magnitude of 6 units and it is in the direction of
positive x- axis. Vector B has a magnitude of 4 units and lies in xy-

plane making an angle 30° with x- axis. Find AxB?

Solution:

-

A=61+07+0Kk
§=4ic0530+4jsin30+0f<=2\/3f+2j

C=AxEB= =12k

N O —
o O R

i
6
2+/3
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Chapter 4

(Motion in Two Dimensions)

4.1 The Position, Velocity, and Acceleration Vectors

We begin by describing the position of the particle by its position
vector (¥), drawn from the origin of some coordinate system to the
location of the particle in the (xy plane) as shown in the figure.

At time t;, the particle is at point (A), described by position vector F; .

At some later time t;, it is at point (B), described by position vector ¥ .
The path from (A) to (B) is not necessarily a straight line. As the particle
moves from (A) to (B) in the time interval (4t = t; - t;), its position vector
changes from F; to I .

We now define the displacement vector (AF) for a particle as being (the
difference between its final position vector and its initial position vector):

AF =T - I Displacement vector (4.1)

The displacement of the

As we see from the figure, the magnitude ¥ particle is the vector AT,
of (AF) is less than the distance traveled

along the curved path followed by

5 .
~, Path of
particle

the particle.

X

e The average velocity ( V,.) of a particle during the time interval

(41) as the displacement of the particle divided by the time interval:

. _AF

Vae = — Average velocity (4.2)

e Multiplying or dividing a vector quantity by a positive scalar

quantity such as (At) changes only the magnitude of the vector, not

20



its direction. Because displacement is a vector quantity and the
time interval is a positive scalar quantity, we conclude that the
average velocity is a vector quantity directed along (AF).

The average velocity between points is independent of the path
taken.

The instantaneous velocity (V) is defined as (the limit of the

. AT
average velocity A—: as At approaches zero):

- . AF _ df .
V = limp,s, A—: = d—: Instantaneous velocity (4.3)

The magnitude of the instantaneous velocity vector (v = |¥]) of a
particle is called the speed of the particle, which is a scalar
quantity.

The average acceleration (@) of a particle is defined as (the
change in its instantaneous velocity vector (AV) divided by the time

interval At during which that change occurs):

dave — 5T =
At tp—t

Average acceleration (4.4)

Average acceleration is a vector quantity.

The instantaneous acceleration (@) is defined as (the limiting

value of the ratio % as At approaches zero):

AV _ d¥

a = limy,g — == Instantaneous acceleration  (4.5)
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4.2 Two-Dimensional Motion with Constant Acceleration

Motion in two dimensions can be modeled as two independent
motions in each of the two perpendicular directions associated with the x
and y axes. That is, any influence in the y direction does not affect the
motion in the x direction and vice versa.

The position vector for a particle moving in the xy plane can be written:
F=1x+]jy (4.6)

The velocity of the particle:
N di .dx ,dy
V=—=1—+]—
dt dt dt
V=1vwHy, (4.7)

To determine the final velocity at any time t, we obtain:

‘7f =(Vix+axt)i+(viy+ayt)iz(Vixi\+viyj\)+ (ax’l\'l'ayj\)t

Ve=V,+ at Velocity vector as a function of time (4.8)

Similarly,
1 2 1 2
Xf=Xi+ViXt+EaXt and yfzyi+Viyt+ant

Substituting these expressions into equation (4.6) (and labeling the final

position vector ( ¥;) gives:
Fr= (X + Vit +2a,0) T+ (yi + vy t42a, ) ]

= (0 yif) + (il + vy J) t4= (a i+ ayJ)

Position vector as a function of time (4.9)

Example (4.1):

A particle moves in the xy plane, starting from the origin at (t =0 ) with
an initial velocity having an x - component of (20 m/s) and y- component
of (-15 m/s). The particle experiences an acceleration in the x - direction,
given by (a, = 4.0 m/s?).

(A) Determine the total velocity vector at any time.
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(B) Calculate the velocity and speed of the particle at (t = 5.0 s) and
the angle the velocity vector makes with the x- axis.

(C) Determine the x and y coordinates of the particle at any time t and
its position vector at this time.

Solution:

¥
|

(A)The components of the initial velocity | ==

tell us that the particle starts by moving \ i
toward the right and downward. R

The x- component of velocity starts at 20 m/s and increases by 4.0 m/s

every second. The y - component of velocity never changes from its

initial value of (-15 m/s).

Ve=V,+at=(vikta )i +(vy+a,t)f

Ve=[20+41]1 +[-15+0t]]

Ve=[(20+41t)1 -15§] m/s

(B) V= [(20 +41)1 - 15§ ]= [ {20 + 4(5)} 1 - 15{]= (401 - 157) m/s

The angle 8: @ = tan~? 2L = tan~! —= = - 21°
Vxf 40

The negative sign for the angle 6 indicates that the velocity vector is
directed at an angle of 21° below the positive x - axis.

The speed of the particle as the magnitude of V, :

Vi =| V| = [v2; + v2, = [(40)2 + (-=15)2 v; =43 m/s

(C) X =vut+-al
X =(20t+2t)m
Y = vyt =(-15t)m
The position vector of the particle at any time t :
= (x1+y))=[(20t+2t)1-15t7]m
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4.3 Projectile Motion

Anyone who has observed a baseball in motion has observed
projectile motion. The ball moves in a curved path and returns to the
ground. The path of a projectile, which we call its trajectory, is always a
parabola. The expression for the position vector of the projectile as a
function of time follows directly from equation 4.9, with its acceleration

being that due to gravity,a = g
Be= B+ Vit +%§t2 (4.10)
Where the initial x and y components of the velocity of the projectile are:

Vyi = V;€0S 0, Vy; = V;SIn G,

The y component of

velocity is zero at the ‘ :
; The x component of
¥ peak of the path. 2% % ;

velocity remains
Y constant because
B there is no

acceleraton in the x
direction.

When analyzing projectile motion, model it to be the superposition
of two motions: (1) motion of a particle under constant velocity in the
horizontal direction and (2) motion of a particle under constant

acceleration (free fall) in the vertical direction.
Horizontal Range and Maximum Height of a Projectile

Let us assume a projectile is launched from the origin at t;= 0 with

a positive vy; component as shown in figure above, and returns to the
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same horizontal level. This situation is common in sports, where
baseballs, footballs, and golf balls often land at the same level from
which they were launched.
Two points in this motion are especially interesting to analyze:

e The peak point A, which has Cartesian coordinates (R/2, h), and

e The point B, which has coordinates (R, 0).

e The distance ( R) is called the horizontal range of the projectile,

and the distance (h) is its maximum height.

Let us find (h) and (R ) mathematically in terms of v;, 8;, and g :
We can determine (h ) by noting that at the peak vy, =0. Therefore, we
can use the y component of equation (4.8) to determine the time tp at

which the projectile reaches the peak: >

i.'15§:— 0

- -
Vyr = Vyi T ayt v, 9 '/
0=v;sinfi—gta # ; £

- . { ‘\
th= v; sin 01 4 -,Ilu, l “®

g 0 - |—X

R |

Substituting this expression for t, into
the y component of equation (4.9) and replacing y = y. with h, we obtain
an expression for h in terms of the magnitude and direction of the initial

velocity vector:

. . v; sin B v;%sin? Qi
h=(singi) (=) -39 (F=—)
h= "2+;29" Maximum height for the projectile (4.11)

e The range R is the horizontal position of the projectile at a time that
Is twice the time at which it reaches its peak, that is,
at time (tz = 2t,).

Using the x component of equation (4.9), noting that:

Vyi = Uyp = V; cos O i, and setting xg = R att = 2t, , we find that:
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R=v, ts = (v;cos B 1) (2ta)

):

8 8

2v; sin 01 2v;% sin©Oi cosBi

R =(v;cos 8 i)(

Using the identity sin 28 = 2sin#é cosé, so

_v;%sin 26i
g
The maximum value of R from equation (4.12) is:

Horizontal range of the projectile (4.12)

viz

Rimax = - because the maximum value of (sin28i = 1), which

occurs when 28i = 90°. Therefore, R is a maximum when i = 45°.

Example (4.2):
A long jumper leaves the ground at an angle of 20° above the horizontal
and at a speed of 11.0 m/s.
(A) How far does he jump in the horizontal direction?
(B) What is the maximum height reached?
Solution:

(A): Use equation (4.12) to find the range of the jumper:

203 ; 2% ]
R _Vv;“sin 201 = (11)“ sin(2X20°) =7.94m

g 9.8

(B): The maximum height reached by using equation 4.11:

2 2 2 sin®20°
. s,zlg 6l _ (11)2 (59”;)20 =0.722m

Example (4.3): e s

A stone is thrown from the top of a building upward at an angle of (30°)
to the horizontal with an initial speed of (20 m/s) as shown in the figure.
The height from which the stone is thrown is (45 m) above the ground.

(A) How long does it take the stone to reach the ground?
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v; = 20.0 m/s

Solution: (A) We have the information f)|_fiL_

Xi=y;i=0,y;=-45m,a,=-9g,and v; =20 m/s
The initial x and y components of the
45.0m |

stone’s velocity:

V,i = V; cosOi =20 cos 30° = 17.3 m/s

Vyi =V sin©i =20 sin 30° =10 m/s v I

The vertical position of the stone from the vertical component:
Ye=VYit vyt "‘%aytz
45=0+10t+=(-9.8)
t=4.22s
(B)What is the speed of the stone just before it strikes the ground?
Vyr=Vy; +ayt
=10+ (- 9.8)(4.22) = - 31.3 m/s

4.4  Relative Velocity

We describe how observations made by different observers in
different frames of reference are related to one another. A frame of
reference can be described by a Cartesian coordinate system for which an
observer is at rest with respect to the origin.

Consider the two observers A and B along the number line in

figure a. B A

P
| | Py

Observer A is located at the origin of = g

a one-dimensional x, axis, while observer B is at

the position x5 = -5. We denote the position A P

| | .
variable as xa because observer A is at the origin = . 2
of this axis. Both observers measure the position A T

of point P, which is located at X, = +5. Suppose
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