Jo¥l badlf
Matrices _f,\_'og.b.:ad\

Jadd! g o

10 Definitions —a_5,\25 1.1
12 Special matrices dwls Ola gaas 1.1.1
I Equal matrices Ols gans (& glus 2.1.1
16 . Calculation on matrices =—\ogooal) Jo —\ms 2.1
16 ... ... .. Product of a matrix by a scalar elws 48 gaias sl 1.2.1
17 Matrices addition Olb gawaed! 2o 221
19 Product of matrices &ila gawaed! sl 3.2.1
22 e Transposed matrix 42 gawae J gdie 4.2.1
23 Square matrices &R pal) \ogiaal\ 3.1
23 e Matrix trace 42 gawae H3i 1.3.1
20 Square matrix determinant das yo 43 gawas dud>e 2.3.1
20 Similar matrices dgslided! Old gansd! 3.3.1
30 Matrix inverse 42 gowns o glis 4.3.1
S Ezercise series N° 1 w0, 93} &lwlw 4.1

Oyl B Rl oid g Adais olial (el Ll ole 43 gaiaol LLlEs 5,7 add 1855 diw 2
E¥ Lol elane 2 Lgiliodad g Olb ghmell pisiud g OB gaaell Gy dady lasdl pondl Gl
Arcuslolihe 9 5650 5 Apctighl Ol pa g RSOISadl Jio sl judll § 953 (o g 53 o B cholall

9



Definitions —&_3)\S5 .1.1 Matrices —\ogxaal)

Ologu) o2 Loy Lol plusll A5 o Jie A0L juall ol gall duljut g @SI SlSe
G2 Al oS ol ¥l 8L Aala lo L po g sl ¥l AEMD zileidl dntlas g )5 gcasd!

ALIBY ) DB Mal! delad] Cawo ¢F ausiiud SLaTd Y| ‘:,éj islas ¥l g OWLI Y ObL dad
In 1855 Arthur Cayley introduced the matrix as a representation of linear elements, and this period
is considered the beginning of linear algebra and matrix theory. Matrices and their applications
are used in most scientific fields, in every branch of physics, such as mechanics, engineering optics,
electromagnetism, quantum mechanics, and for studying physical phenomena such as the move-
ment of solid bodies, as well as in computer graphics, processing three-dimensional models and
displaying them on a two-dimensional screen, as well as in probability theories and statistics, and

in economics is used to describe systems of economic relations.

Definitions e jlad 1.1

1.1.1 : Definition - «aJ yad

Let n and p be two non-zero natural numbers. VMRQARe pS obiub olsse p 9 n UT:J
Syinds ) )30 Y1 6 gate o3l o olay LN K Jasd) polic go Jabime Jois B A Gbgisasl) (1

C &8 ) gV R
The matriz A is a rectangular table of elements of the field K which can be the set of

real numbers R or the complex C.

3955 P g w1 ge oglie Jous) oV 1) nXp —aol) ga of Gas M oo B A (2

A is of order or of class nXp if the table consists of n rows and p columns.

11 Qi - A
Q21 Q22 -+ QAzp

A= . or A= (i) <icn<jcp -
Ap1 QAp2 - App

A Sogioal) Jolge ewd Joasd) polie (3
The elements of the table are called the coefficients of the matriz A.
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Definitions —&_ )\ .1.1 Matrices —\ogxaal)

g )5)3\30\3).03]59»2“802,3).\\\“ zb\.of) Q*SbOg \Fg }},—\93.»1\ o2l (4

The coefficient at the intersection of the line i and the column j are denoted by a;;.

i 1.1.1 : Example - J 20
5 —2
A= 0 3
1 9

a3 =3 g an =5 JGall e SO g cnsgesg phnl 855 & 3X2 _aioll g Goghas (B

It is a matriz of class 3X2 i.e. three rows and two columns, for example ayy =5 and azy = 3. D

.

( 2.1.1 : Example - J 2

The matriz Sogiaall (1

1 17 0
A pu—
3 V55
bxes S3M59 v o ge pelis 2X3 Soemae cﬁ
is a 2X3 matriz consisting of two lines and three columns.
5 ol o8 2JIB yqullg em\ Al 2bles jie ses-gall JolRal) o8 ags (2
ao3 1S the coefficient at the intersection of the second line and the third column is equal

to b.
\_ )

2.1.1 : Definition - wid yad

,a,!\:\m,acho.,ga\szd\_,\55939p9,hm716\9\49>96m.,\99mad\o9m
Sumes o \ogton amd M, ,(R) \59-\5{&3\ «\baall polis ¢ .M, ,(K)
The matriz set containing n line and p column with coefficients in K denoted by M, ,(K).

The vector space elements of M, ,(R) are called real matrices.

Brahim Brahimi-Jihane Abdelli 11 University of Mohamed Kheidar, Biskra



Definitions —a_ )\ .1.1

Matrices —\ogxaal)
Special matrices dabé Gl gaae 1.1.1
IALeia Y b yciadl Cild gaiacdl £ 1531 pany by Layd
Here are some interesting types of matrices:

Wb gamell e Jead Wl ol b ((foac¥l dual olue au¥i sne) n = p Ol 13) (1
Mop(K) 530 Juo My(K) e Bl Olbgaiaedl e gamed s ladie 2as e L

If n = p (the number of rows is equal to the number of columns), in this case we say that

the matrix is square, then we denote the set of matrices by M, (K) instead of M,, ,(K).

a1y a2 ... QAip
21 (22 A2n
ap1  Qp2 Qpp

.&33.4.«46-” ).’aé M a11, @22, ...,0pp ).sau.a."

The elements aq1, ass, . . ., a,, make up the diagonal of the matrix.

Idges A2 gaan e dyle A2 p =1 Gl 13) (2
If p=1, then A is a column matrix:

a1

a2

Qn

w A game e dyle Aplain =1yl 13) (3
If n =1, then A is a line matrix:

A=<a1 as - ap>.

91 & pdiall Ab ghasdl (o | Hlawl Lgidelas pcen (3955 Al ( NXp aiall (o) 4d gaasdl (4
42 gaaet) Caali (4D gaaed) Clus (2 0 Ablun sl 91 05 w0 Tl Lgd 50 0 9 4e guasd

Adaed) Mae MY AL 0 @ 31 93 Ay yaall
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Definitions —&_ )\ .1.1 Matrices —\ogxaal)

A matrix (of class nXp ) whose coefficients are all zeros is called a zero, or zero-matrix and
is denoted by 0,,, or more simply 0. In matrix arithmetic, the zero matrix plays the role of

the number 0 for real numbers.

8 3.1.1 : Example - J 20 )

The matrix Gogmaa) (1
2
M =
is a column matrix. 3908 S0¢2as B
The matriz Q’?’-’Oﬂ“ (2

is a line matriz. o Gogaon D
The matriz Sogtonl! (3
2 4 -3
P = 0 -1 6
—4 0 s
it is a square matrix of order 3. 36w P ge G o SOGRON D
The matriz Sogtaal) (4
0 0 O
O =
0 0 O
is the zero matrixz or the null matrix. R VY SUNIRTLTILA) 99\ &y o0 Soghoe (D
\_ J

S oll 48 ghim o AU day poll A2 goaod! (o
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Definitions —&_3)\S5 .1.1 Matrices —\ogxaal)

The next square matrix is called the unity matrix

1 0 . 0

01 0
I, =

0 0 1

Ablun 9 Iy e b Let w09 0 Golud G ,5Y1 Lo polic prer g | $olud X sl Lo polic
T e
Its diagonal elements are 1 and all its other elements are 0. We denote it by I, or simply by [/
A God) Slae S Al 1 B 0y gt Lgaldie | 93 Bt 911 48 gaime weali ¢ 4d ganell Llus B
sl Alealdiwidly (Galemtl yuniall ggd
In matrix arithmetic, the unit matrix plays a role similar to that of the number 1 for real

numbers. It is the neutral element for the multiplication.

1.1.1 : Proposition - dmsiad

ole nXp _auall o SogRoe A =\ 15)
If A is a matrix of class nXp then

I,-A=A and A-I,=A.

OIS 13) ST kg shiad A glue COls 13) Ao LG Aay 1ot A 42 ganadl (98T (5

The matrix A squared is symmetric if it is equal to its transpose, that is, if we have:

A= AT,
48 gamaall OMelan O9SS (S 3T dygan 4,7 = 1,...,n S Jai e a5 = aj; L& 13) ol
sl et 5 bl
or if a;; = ay for all 4,5 = 1,...,n. In other words, the coefficients of the matrix are

symmetric with respect to the diagonal.
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Matrices —\ogaroal) Definitions —a_ )\ .1.1

g 4.1.1 : Example - JL’ZD
The following matrices are symmetrical matrices: 0 550 \ogoe SuIl) - \ogainal)
-1 0 5
0 2
( ) B P
2 4
5 —1 0
. J

IOLED 13) Ao HBLG dd dan podl A A2 ghaddl O 4ST 9 (6

A square matrix A is antisymmetric if we have:
AT = A,

z,jzl,,nd&d.g-iwalj:—aﬂgl&hjji

orif a;; = —ay; forall 4,7 =1,...,n.
2 5.1.1 : Example - J 2 )
0 4 9
0 =5
, -4 1 -3
-9 3 2
\_ J

Equal matrices Ol gdas § gbwd  2.1.1

NXp awall juwidd o B g A (il gaasd) (S g (s gutan mid Olaacds Olade p g1 S
Let n and p be non-null natural numbers and let the matrices A and B be of the same class nXp.

3.1.1 : Definition - w24 yad

13y Guglute Lafsd & Hlkal) polidl) =3l 13) uaqluie B g A paibgand) of Jgbs

We say that the two matrices A and B are equal if their corresponding elements are equal

Unwversity of Mohamed Kheidar, Biskra 15 Brahim Brahimi-Jihane Abdelli



Brahim Brahimi-Jihane Abdelli

Calculation on matrices —\ogioa) J& —\ws- 2.1

and we write:

Matrices —\ogxaal)

11 Az -+ Al bii bz - blp
Q21 Qg2 -+ Azp bar bay - pr L
A= . =/ = <:>Vl,jiaij:bij
Qp1  An2 Qpyp bnl bn2 e bnp

7

6.1.1 : Example - J 20

Let the two matrices be A and B where o> B g A umgmo.a!\ \;3:3

2 3
A= a1 a2 a13 B— \/_7T
G21 (22 (23 20 7 %
We say that A is equal to B if

11 Q12 a3 . 2 V3«
(21 Qg2 (23 207 %

{a11=27 a12 = V3, a3 =,
=

(g1 = 21, Qg =T, Q3=

o \S!Bg:{g\»ﬁAJ\ J9§u

1
5o

J

2.1.1 : Proposition - desad

35 U8 g ai; = bij o 15) hiaog 13) olygluie nXp —akal) e B = (b;) 9 A = (a;;) vlioqaen)

i, ]
The two matrices A = (a;j) and B = (b;;) of class nXp are equal if and only if a;; = b;; for
each 1, 7.

Calculation on matrices O3 goadd| o wlw> 2.1

Product of a matrix by a scalar elud 43 sas sldy 1.2.1

16 University of Mohamed Kheidar, Biskra



Matrices —\ogaroal) Calculation on matrices <—\ogoal J& —\ws- 2.1

.

3.2.1 : Proposition - dusad
by Ji J4 \bf‘ VR Cij = AQjj La>

If we have the matriz A = (a;;) and the real or scalar A € R, we define NA by the matriz
C = (¢;j) where ¢;; = Aa;j for each i, 7.

( 7.2.1 : Example - J 30
Let the matrix Sbaioal) J.\/_\S
0 -3
then s
—2)(% —2X1 -1 -2
—2XA = — ‘
—2X0 —2)((—%) 0 %
\- _J

Matrices addition GL2 ghasd| pey 2.2.1

.

4.2.1 : Proposition - dugad
Sogael) §B A + B oxidginnl) ¢ gase — 0% nXp paiveion B = (b;) 9 A = (a;;) o o 13}
Z,j \1; \1.5-9‘ OR Cjj = Q45 +b1] —”—d.)— nXp _m.)O“ UR 0/ = (Ci]’)
If we have A = (a;;) and B = (b;j) two matrices nXp we define the sum of the two matrices
denoted by A+ B is the matriz C' = (c;;) of class nXp where ¢;; = a;; + b for each i, j.

s

8.2.1 : Example - JL’]’.D

The sum of two matrices of class 2X3 : 1 2X3 —enall ge yliogon ¢ gase

10_1+ 0 -1 -2) {140 0-1 -1-2 1 —1 -3
21 4 3 1 5/ \2-3 1-1 4+5 -1 2 9

Unwversity of Mohamed Kheidar, Biskra 17 Brahim Brahimi-Jihane Abdelli




Matrices —\ogaroal) Calculation on matrices = \ogmoa)) J& s 2.1

1\ J

.

5.2.1 : Proposition - duad

.WﬁGKgaEK@chn@(K) QQ—W‘M-—\DM-L—&SCQBcAIﬂ
Let A, B and C' be three matrices of the set M, ,(K), and let o € K and 5 € K be a scalars.

The addition is commutative: b gesd) (1
A+ B=B+A,
The addition is associative: R VL) o) (2

A+(B+C)=(A+B)+C,

o oghbnnll 65 gen b gosl) Gamilly $3ls) pai B buagaal) Gdgmasl) (3

The null matrixz is the neutral element with respect to addition in the set of matrices:

A+0=A,
(a+ B)A=aA+ pA, (4
a(A+B)=aA+aB. (5
[ 9.2.1 : Example - J 30
Let \"Tﬂ
—2
A= ¥ and B = 05 then A+ B= 59 :
1 7 2 —1 3 6
But, if: 20\ 15} U
—2
O p—
LA + C' is undefined. —0)% ps A+C 0}59)

Unwversity of Mohamed Kheidar, Biskra 18 Brahim Brahimi-Jihane Abdelli



Matrices —\ogaroal) Calculation on matrices <—\ogoal J& —\ws- 2.1

Product of matrices QL3 gaaad! sldy 3.2.1

.

6.2.1 : Proposition - degad

o) jop N AXB a8 5,25 pXq —so)) oo B = (bjy) 9 nXp —auoll ge A = (a;7) o)

t b WS 6620\ C' = (ci) Gogoell (AB jo Yy Loy
Let A = (ai;) be of class nXp and B = (b)) be of class pXq we define the product AXB
(which is also denoted by AB) of the matriz C' = (ci) knowledge as follows:

P
cik:Zaijbjk, Vi,k: 1<i:<n and 1<k <q.
j=1

fod 9 Mdond s Aan oy Julaed) lis Lise
We can write the coefficient in a more analytical way:

Cij = Qibj + Qigboy + -+ & Qigbry + - + aipby;.

2 1.2.1 : Remark - 7\.!6?)4.4N

= ogiaal) o)as A0 .8 5 pan YN 50 Coluy A b ores I 5ue ol 1) o 520 e\ il oy
b on Gwle Gy

A product is defined only if the number of columns in A equals the number' of rows in B.

\T his is why the multiplication of matrices is generally not commutative.

J
[ 10.2.1 : Example - J 2
Let \;1:!
1 2 3 b2
2 3 4
1 1

2X2 ¢ WMle Jpasd) g5 i) Gbghaedl o © oo Jiy ) asdt Yol T

First we multiply correctly: the class of the obtained matriz is 2X2.

Jo I dolRall o 1oy ¢ =Yool o I s 3

Unwversity of Mohamed Kheidar, Biskra 19 Brahim Brahimi-Jihane Abdelli



Calculation on matrices —\ogioa) J& —\ws- 2.1 Matrices —\ogxaal)

Then we calculate each of the coefficients, starting with the first one
c11 = IX1 + 2X(—1) + 3X1 =2
then the rest Guml) a3
1 2 1 2 1 2
-1 1 -1 1 -1 1
1 1 1 1 1 1
1 2 3 C11 C12 1 2 3 2 C12 1 2 3 2 7
2 3 4 Co1 C22 2 3 4 Co1 C22 2 3 4 3 11
. J
2 11.2.1 : Example - JL’]’.D
0 1 1
2 0
-1
1 2 -1 : C12
1 0 3 . .
We have: :\5! \3.3).3

c12 = 1X1 4+ 2X2 — 1X3 = 2.

PGS bosis Gogiaall polie b ge Gy W) pudio

in the same way with the rest of the matrix elements, we get:

0
1 2 -1 2
X1 2 25 0
10 3 -3 10 4

1
2
-1 3

\. .

=

Lond 0650 OF (Se ¢ p3 T ey paio 98 (e gias il (0 gdas L pid ol (953 OF (S
AB=0,3B#0 g A#0
The product of two non-null matrices can be zero. In other words, we could have A # 0 and

B #0but AB=0.
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Matrices —\ogaroal)

Calculation on matrices <—\ogoal J& —\ws- 2.1

g 12.2.1 : Example - J 20 )
Let \:ﬁ‘
1 9 _
A= O = k s0 AB = 00
0 5 0 0 0 0
J
TR
2.2.1 : Remark - da>
B+#C g AB=AC Jgas)) oSy .B = C 2 ¥ AB = AC
\AB = AC does not mean B =C. AB = AC and B # C can be obtained. y
g 13.2.1 : Example - J 24 )
Let J!:!
—1 4 -1 2 -5 -4
A= 0 , B= , C= . S0 AB = AC = b .
0 3 5 4 5 4 15 12
. J

The product is associative:

The product s distributive on addition:

A(B +C) = AB + AC

A

0=0

Properties yal &

7.2.1 : Proposition - Auad

::SQ.\.BX!: SIABTS ) (1

A(BC) = (AB)C.

sl S8 (2jss o (2

and (B+C)A=BA+CA

and 0-A=0.

Unwversity of Mohamed Kheidar, Biskra 21
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Calculation on matrices —\ogioa) J& —\ws- 2.1 Matrices —\ogxaal)

Transposed matrix 42 gaae Jgdie 4.2.1

@ 4.2.1 : Definition - uq.).f.a

A b &1 ) Wiely saes ) 1B bl 2% Gogle Gogo0 v Gilhe GbgRon B
D S Gy I w YL baes g saae YN
It is a matriz derived from a known matrixz by making its lines into columns and its columns

as lines, i.e. replacing lines with columns and columns with lines in the following way:

ay; by
a1 Qa2 Q13
— | a1z baa |
bai by bag

a13  bas

kcmd we denote the A matriz transpose by AT AT o b A Sbgtas Jenie HPD

3.2.1 : Remark - 7\.&?)&»\

. pXn —aial) 9o G014 Gbgos =i nXp —aial} go GOg0e Jetie

The transpose of a matriz of class nXp produces a new matrix of class pXn.

J

2 14.2.1 : Example - JI.:CD
We have '3V
T
3 4 4 -7
—6 =12 5 8
-7 8 0 3 -6 0
T
0 3 3 . 3
_5 :< > 3 -2 5'=]-2
3 =5 2
~-1 2 D
. J
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Matrices —\ogaroal) Square matrices &R pa) = \ogiall .3. 1

Properties yal &

1.2.1 : Theorem - 'Z\Q.J.hp

(A+B)T=AT + BT o
(aA)T = aAT o
(AT)T = A o
(AB)T = BTAT o

i g Loy dugle AT 1o Gwgle A w5l 1) e

If A is invertible, then AT is also invertible and we have:

(A7) = (A7,

Square matrices dad ypdl QL3 ghaadl 3.1

M (K) o das yo OLB g0 o g—“ﬁ Lo Lgw yuid B g 1 D12 gl
The matrices we will study in the following are square matrices of ., (K).

Matrix trace 4 saae »ii  1.3.1

Aoyl oliall (CLH,CLQQ,...,CLML) roblall ol XN aiuall (o A jo 4D gawns Ul B

In the case of a square matrix of type nXn, the elements (aj1, ass, ..., a,,) are called diagonal
elements.

@11 Q12 ... Qi1

Q21 A22 Q2n

Ap1 Qp2 ... GOpp

Unwversity of Mohamed Kheidar, Biskra 23 Brahim Brahimi-Jihane Abdelli



Square matrices &R pal) \ognll .3. 1 Matrices —\ogxaal)

5.3.1 : Definition - i yad

E SN ) uR A Soganel) by hall polil ges Jols ¢ A Gbgaaal! S

The trace of the matriz A is the sum of the diagonal elements of the matrix A. in other

words:
tr(A) = a1 + ag + - + apn.
g 15.3.1 : Example - JL';'.D
If we have Gy ol 13
2 7
A= ,
0 5
then olo
tr(A)=2+5="T7.
for \bf\ oo @
1 1 3
B=|5 2 8 |, then tr(B)=1+2-10=—T.
11 0 -10
\. .
Properties yal $&
r

2.3.1 : Theorem - :\g‘).ﬁp

:m?.anJini\mugibgbnABgAm
Let A and B be matriz of class nXn. Including:

dr(A+ B) = tr(A) + tr(B) e

ar(AT) = tr(A) o

Brahim Brahimi-Jihane Abdelli 24 University of Mohamed Kheidar, Biskra



Matrices —\ogaroal) Square matrices &R pa) = \ogiall .3. 1

«tr(AB) = tr(BA) e
for every a € K, caeK.l{\bf\w °

tr(aA) = atr(A)

Square matrix determinant da) y 42 gdae ddme  2.3.1

Lblﬂua\éhhldmzdﬂ}a.mﬂu.ca)a}nuuﬂmmmammubm).nﬁw_\m
.MM‘MMJ.@M.H;U:JMﬁW&duhM‘éMdﬁu!M!yﬁzw&M

1) bl Lgalond () dobuatt Oldeat! aae (Ldas Lodla d.z:.a.t G
The determinant of a square matrix is a numerical value that gives brief information about the
matrix, such as whether it is invertible. It is useful to know this information before attempting to

perform any algebraic operation involving the matrix. We always prefer to reduce the number of

mathematical operations that we need to achieve this.

K=C 4siK= Rg}&gﬂu&oacK‘,LMdmuﬂuMﬁhmﬂuhulﬂ}a.mﬂ “_,.L\Lo.d
B o dlasly A8 gan ot s Olws A,.ua...écj.«.ud}wj
In the following, we consider matrices with coefficients in a commutative field K, which can be

K =R or K =C. We will explain how to calculate the determinant of a matrix with small

dimensions.

6.3.1 : Definition - w23 yad

s M,(K) o0 A 62 pal) Sdg0el! 1)
Let the square matriz A of M,(K) where

@11 Q12 - QAip

Q21 Qg2 -+ QA2p
A=

An1 Ap2 - App

1355 g [A] o) det(4) jo b o jop CIIK oo 513 A boghaal) 5150 ous
We call the number in K which we denote by det(A) or |A| with the determinant of the matriz A

Unwversity of Mohamed Kheidar, Biskra 25 Brahim Brahimi-Jihane Abdelli



Square matrices &R pal) \ognll .3. 1 Matrices —\ogxaal)

and write:
aix G2 - G1p
det (A) _ Q21 Q22 -° G2p
Qp1 Ap2 - QApp

i p ggie ST Aais Oloniids 95 pudies 5 s JEo o8 Olauonell Tlul ol 53 Sue mad 53 2 g
Oldaall o due sl pa) (3] Al (oS0 SID (e ei 9f 4X4 43 gawnsd dume dad Ulws e
sl JiB 9 3X3 91 2X2 A3 M (e OB giins alduiwl dadd A0S (e (e 9 do sllael) Lol
e Ol 3 ety feus (O pauastl (po (e 51 (i Olsis @b Lilus Adiss HLalsl aal yi

C2X2 ag N
We will demonstrate several key properties of determinants. Each time we will give simple expla-
nations for each new concept, when calculating the value of the determinant of 4X4 or higher we
need to perform a number of required calculations. So we’ll just use 2X2 or 3X3 matrices. Before
we get started, we’ll briefly review how to compute the values of the determinants of these two

types of matrices, starting with 2X2 .

Determinant from dimension 2 and 3 ¢ 2 dad! o ddawe

oo 2X2 A 01 (pe 4B gaiacdl sue deud cowd s ddmad! Dl ia gl e ¢ 2 dadl o3
Z‘_,Si’i gl
In dimension 2, it is very easy to compute the determinant as the value of the determinant of the

matrix of order 2X2 is computed as follows:

11 A12
det = 11022 — A21Q12.
Q21  a22

More clearly, the process is as follows: B ISl Adeall @0 o 9 B guas
—a21012
= Q11022 — Q21012
21 a2
+aq1a92
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Square matrices &R pall \ogaall 3.1 Matrices —\ogxaal)

JEn e g (olel A ) (e AB gdune die Faxd Lilas Wiad 2X2 WG LI (e 4B gdiaatl LuSe ole
obuod! ddeal! daliied L e
Unlike the 2X2 matrix, when calculating the determinant of a higher-order matrix, there is more

than one option to proceed with the calculation.

Let A € #3(K) be a 3matrixX3: :3X3 48 gawme A € M5(K) S0

a1; Qa2 Qi3
A= a21 A2z A23

az1 asz g3

The formula for the determinant is as follows: AYIS el Lo O 9SS

11 Aaiz2 i3

det (A) = Qo1 Q22 (23

31 Aaz2 ass

a1 —a12—a13 aip Qiz2 a3 app Qiz2 a3
= - ’6\1\ + | ap Qg as
ap1 Q22 G23 2 3
agy  asz ass asy asp as3 A31)— 3933
Q22 A23 a12 ais Q12 A13
= a — a1 + as;
a32 Aa3s3 agz2 as3 Q22 A23

ZC'«..Y\.”'«J|MJ.J‘(',.nQ\é}&.ua.q.uY!Mysﬂ‘jwjju@)bw34wgkilﬁfﬁﬁm
 daai

There is another easy method, which is Saros’s method, which only works for 3rd order matrices:

G Jiols gamd @3 (s8¢l jemdl Siec¥I) 42 gainsd) (pas Ao o3 sec J ol frais p gad
3 ge AWM i Juols 7 plad @3 o Hlundl 1) JHLS Hadll slai¥ o Lgaromin 3 gus A3
(omen) debatl Jladlh slovl cuws dacos
We copy the first two columns to the right of the matrix (the red and blue columns), then add the
product of three terms by grouping them by the direction of the descending diagonal (left), then
subtract the product of the three terms grouped by the direction of the upward diagonal (right).
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( A
16.3.1 : Example - J 20
Let’s calculate the determinant of the matriz S0g00al) 3 a0 —anssl
2 1
A= -1 3
3 2
According to the Sarros method: tong)n Say b aso
2 1 2 1
det(A)=|1 -1 3 -1

det A = 2X(—1)X1 4 1X3X3 + 0X1X2
— 3X(—1)X0 — 2X3X2 — 1X1X1 = —6.

Properties yal &

3.3.1 : Theorem - 'Z\g.).h.p

:Qng.an_&ini\mu&ibgﬁxantAoTﬂ

Let A and B be a two matrices of class nXn. Then:

«det(A+ B) = det(A) +det(B) e

«det(AT) = det(A) e
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«det(AXB) = det(A)Xdet(B) e
det(A71) = 1/det(A) e
for every a € K, KIS Ish o o

det(aA) = adet(A)

Similar matrices dgliie! OL3 gdaed! 3.3.1

7.3.1 : Definition - «aJ yad

g 13) A Sbsnoell 6k B bbsiaall of Jsis ., (K) 68 gatall o0 caibgian B g A o)
‘2as P e M, (K) bwgle Sogian
Let A and B be matrices of the set #,(K). We say that the matriz B is similar to the matriz A

if there is an inverse matriz P € M, (K) where:

B=P'AP.

Mn(K) de gamadl Ao 3815 A8Me o AIUD) 23Mal) O A ggunr (b 40 O (S
We can easily prove that the following relation is an equivalence relation on the set ., (K).

VA, B € M,(K): AZB <= A 43 gaaells dgd Similar to B

Loy dgds A A2 ganall | dwlSad) 43Mall o
Reflexive: the matrix A is similar to itself.
A dd goasly dged B Old B 42 gamaolt dgucd A Colss 13) 1 ds ,bLS A8Mall e
Symmetric: if A is similar to the matrix B then B is similar to the matrix A.
(42 gaasly
Transitive: if A is similar to the matrix B and B is similar to the matrix C then A is similar

to the matrix C.

Oigalidin B g A (i gaasd) O 3 G J 92D
We say when since the two matrices A and B are similar.
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( 4.3.1 : Remark - :\Q?MD

o® e pmsid) iy o0 (a5 90915 1) SN 08N @it onds o Nied el i \ike olibginere
Sl vl )

Two matrices are similar then they represent the same endomorphism, but are expressed in

different bases.

. J

Matrix inverse 42gaae oglds 4.3.1

8.3.1 : Definition - uﬁ,ﬂ\

12as 1 &%) oo B 6% pe Gbgbne 159 13) 1 &% 1) o R pe Gbghne A oI

Let A be a square matriz of degree n. If there is a square matrix B of degree n where:

AB=1 and BA =1,

A ol o jo gy A bogmaal) —lhe B Lanig Sugls A of Jois

kWe say that A is invertible and we call B the inverse of the matriz A we denote it by A™!. y

( 5.3.1 : Remark - %MD

BA =T g1 AB = T &)1 b i\ g0 bbb 1819 b b oo s\ gdlgll o A
Gn fact, it is sufficient to check only, the following conditions AB =1 or BA= 1.

J

M peN U ol e dw 98 A Colss 13 dnle daay @
In general, if A is inverse, for every p € N we note:

AP = (AP =414 4L

-
3,0 p time

GL,(K) 30,30 a3 3o 0 M, (K) (po dw gSall OL8 gangl de goma o
The set of inverse matrices ., (K) is denoted by G L, (K).

Inverse of a matrix by comparison method 4 yliel| 4y plo Jheatlul 43 ghas o glde
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g 17.3.1 : Example - J 20 )
Let Jl:!

th

Eognall GV asg &1 A Gogruaall — b cuble w ;s
We study the invertibility of the matriz A, that is, the affectivity of the matrix

a b
B =
3B AB =T o35 0 BA=1qAB =T 295 K 0 = Ya\Rall 13
with coefficients in K where AB =1 and BA = 1. while AB = I is equivalent to :

1 2
AB =T e a b _ 10 — a+2c b+2d _ 10
0 3 c d 01 3c 3d 01

This equality is equivalent to the system: D adesd) Js\5 olglmal) 01
a+2c=1
b+2d=0
3c=0
3d=1

&bsﬁ:ad\&iag.d:%cCZch:—§4a2139ﬁ\ﬁl>

Its solution is: a =1, b= —%, c=0,d=z. Then, the matriz

2

B:(1 _5>.
1
0 3

Ryglhag dugle A dbghbaall oieg .BA = I slglucl) oo &S by} & jg pod) oo Sumlis W51 =3
To prove that they are suitable, it is also necessary to check the equality BA = I. The matriz A
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18 1nwvertible and his inverse is

\. .

Inverse of a matrix by Gauss method (e gub 4dd plo Jlealuls 43 pdae o glde

48 ghnn ) Lol gmi i A 4B gawaed! Jaui e Ad gi Oldes e HAaid (e dds ydall ois el
s @b ] Wb ghiacll (el walg Cdg B Ad oW Oldeall udt Ll el Cos . Bas ol

AT el Mgw Aiely S b g AT Lgiend 12 gaass
This method consists in performing several preliminary operations on the lines of the matrix A
until it is converted into the unit matrix /. Where the same initial operations are performed
simultaneously starting with the matrix . Then we end up with a matrix A=!. We will explain

this with easy-to-understand examples.

A 4b gaasd) Colo I ol A sleliel MR (o G gl udl B (ndecleall LSy p 9a0 ¢ Lilec
(A1) 33 520l 48 gain ol JSAT Bun 9¥) 48 gaine Carind ¢ Lgdd iy 5 ST

Practically, we do both operations at the same time by adopting the following order: next to the

matrix A that we want to invert, we add the unity matrix to form the augmented matrix (A | I).

Jiamid (I | B) Jgaadl le J guamdl i 4 oW1 Ollaall 4ol @i (48 gaaodl sis i e
On the lines of this matrix, the initial operations are performed until the table (I | B) is obtained.
We get B = AL

D aw ¥ e AILD Oldaall ald B gw

We will follow the following operations on the lines:

(K\{O}wwg!j‘)ﬁjmﬁcg@b:m‘;&mgiuﬂu&aﬁ (1
We can multiply any line by a non-zero real number (or any element of K\ {0}).

L y37 yaw Olackas (o aclas [ pladwd) ) cawad O LiSan (2

We can add to line L; a multiple of another line’s ;.
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We can exchange two lines. O e Walee Lisas (3

(

6.3.1 : Remark - :\Jé?)&n

ond) S o ou pbdl e bjjall Sbgaaa) g pu I S o ol o 3 of FiS
Loy

Remember that whatever you do on the left side of the augmented matriz, you have to do on the
cight side as well.

J
r

18.3.1 : Example - JL’]’.?

We calculate the inverse of the following matrix:

1 2 1
A=14 0 -1
-1 2 2
The augmented matriz with numbered lines: :6wd po )hm‘) 6jj2) Gogaal)
1 2 11 0 0 Ly
AlD=| 4 0 -1l0o 1 0| &
-1 2 20 0 1 L3

Sl ¥ bulesdl) Gty Sl o Ygi oW sqe 5 My 0 R ot iy ek

We apply a Gauss method to make O appear in the first column, first in the second line by the

wnitial operation Lo <— Lo — 4L, which leads to the augmented matrix:

1 2 1 1 00
0 -8 =5|—4 1 0 Lo<Ly—4L,
-1 2 2 0 0 1

DLy < Ly + Li Jagsdl « 23U ) (5 g g 5g®) (5 0 3
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Then 0 in the first column, and in the third line, by transforming L3 <— L3+ Ly :

1 2 1 1 00
0 -8 —5(—4 1
O 4 3 ]_ 0 ]_ L3<L3+L;

Tl s bess 18 5 8 Lo pand) o pis
We multiply the line Ly by the number —1/8 to get 1 :

1211 0 0
01 2|2 —3 0| Loe—iLs
043[1 0 1

Siy b oo Yo jd) v B i Rl w8 oS U b A 0 JRss S Gale) (B pes

Lo

We continue the process to make 0 appear everywhere under the diagonal, until we’ve finished
with the first part of the sink method:

1 2 1|1 0 O
5 1 1
oL el g —5 U
0 0 % —1 % 1 L3¢ L3—4Lo
then S
1 2 1|1 0 O
5 1 1
01 §) 35 —g0
0 0 1 _2 1 2 L3(—2L3

i) $go RS jluo YN U2 5920l ¢B g 0t Gy oo SW ¢ 8l ¢B (S o IS
All that’s left is the second part of the Gauss method which is to go up to make the zeros appear

above the diagonal:
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then 5

1 1 1
1 O O _5 5 5 L1<—L1—2L2—L3

i Jaeal) &) ) a9 Gl (Jo Wule Jeasd) Gd\ Sogonl! B A Gbguonl ——glas ylo cg\.\.\\ag
'Je basds o ghe Jo'led
So, the inverse of the matrix A is the matriz obtained on the right and after taking out the

. 1 X
expression 7 as a common factor we get:

: 2 2 29
Al = il 7 35
-8 4 8

AXAT = T o oo 855 o (8 (= blusd) Jo olabs F ) pslg
sz'nally, to be sure of the calculations, it is enough to check that AXA=! = 1.

.

Inverse of a matrix by adjoint matrix 42 saael! §3 p Jleriuly 42 sdas o glde

9.3.1 : Definition - «&J yad

—
Let the matriz A where: f2as A Sogiaal! olil
ay1 000 1,51 Qa5 a7,541 o0 a1n
@i—11 .- Qi—145-1 Ai—15 Gi—14541 --- Gi—1n
A= ;1 Qg 51 ; Qi j+1  --- Qip
Qi+1,1 - -- Qitl5-1 Giply Giplg+1 -- - Gipln
Qp 1 600 Ap j—1 Qp,j Ay j+1 50 ¢ Apon

o0 673 0glb oolad) i poud) —bisg eI ool veledl j seaR) bisy Aj; Sbghmal) slis) peis
n—1 65 M oo Goghns o biasss Gyl Gogaaa)

We create the matriz A;; by deleting the column j colored in red and deleting the line i colored
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in blue from the previous matrix, so we get a matrixz of order n — 1.

ay 500 a1,5-1 a1 j+1 50 c a1 n
a;—11 --- Ai—15-1 Gi—14541 --- Ai—1n
@ir11 - Ai415-1 Qi1 41 - .- Qigln

an1 o0 o0 Qp,j—1 Qp j+1 500 Ap.n

Sogoonl) A% jo b B jo 59 A Goga0ell GRd) o GBgROL (oS
We call the adjoint matriz of the matriz A and we denote it by A* the matrix
+ det (AH) —det (Alg) + det (Alg) —det (A14)

L —det (A +det (A —det (A + det (A
A* — <(_1)1+J et (A”)> _ e ( 21) € ( 22) € ( 23) € ( 24)
4,J<n i det (Agl) —det (Agg) i det (Agg) —det (A34)

2 19.3.1 : Example - JL’]’.D
Let the matriz be A where: f2as A Goginnl! JS:S
1 -1
A=12 0 0
1 -1
From which the adjoint matrix is: 1D 6ol el Gogainal) cineg
‘ 0 0 2 0 2 0
+ —
-1 1 1 1 1 -1
3 -1 1 -1 1 3 0 == =
A= ‘ + - =] -2 2 4
-1 1 1 1 1 -1
0 2 —6
3 —1 1 -1 1 3
0 0 2 0 2 0
\_ J
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2 4.3.1 : Theorem - Q).hp
=51 1) g det(A) £ 0 dayp w3\ 1) Bidg 1) ol b1 of Gugle A 6% pall Sogoa)) ogb
ol (Sngls A Soghon!
The square matriz A is invertible if and only if det(A) # 0.
If the matrix A is inverse, then
1
ATl = —— (A",
det (A) (4%)
. J
2 20.3.1 : Example - J 20
Let the matriz A from the previous example be: f@ ) YRl o A Sbgaioal) \;3:3
1 3 -1
A= 2 0 0
1 -1 1
Its adjoint matriz is: 1D 60 pal) \Bibg000
0 -2 =2
A= -2 2 4
0 2 —6
Its transpose matriz is: ) Q.Ogmo.a!\ Jgsuua Qg
0 -2 0
A" =1 —2 2 2
-2 4 -6
Finally the inverse of the matrixz A is: o® A Sogionll ——qlae ,»-ﬁ\ <°
. . 0 -2 0 %+ 0
A—l _ A* T _ - . _ 1 1 1
a4 T 222 2 T2 2
-2 4 -6 : -1 3
. J
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