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Limited Expansion 3 gdaxed! yidd! 1.4

T =0 sl Je> f(7) = expr W D glu po 5,58 clhas) HSou Aew) AN Jle 25D
p#mm;hmgsw‘ e M) o pai Lied wald Y =1+2z ddalan {55 S Lglld Aau 9o

We take the example of the exponential function. You can give an idea of the behavior of the

function f(z) = e® around the point x = 0 using its shadow, which has the equation y = 1 4 z.
We have approximated the graph with a straight line.

[ aal Sled) muw 3 @y = Co + T + % Walaed! Mie 45D « Jundi o a3 asd OF Layi 13)
o2 Bwes duols Lgt Walaadl ol oy = 1+ 2+ 527 Walaodl Fia 9o 7 = 0 2l i b
GASet adadt Walas Ao iad .¢"(0) =0 9 ¢/(0) =0 g(0) = 0 3 g(z) = expx — (1 +z + 322)

S ANALY 2 B 501 (e s AT s
If we want to find a better approximation, we can take, for example, the equation y = co+ciz+coz?.

The graph of the function f near the point z = 0 is like the equation y =1+ x + %xQ.

This equation has a special property: g(z) = expx — (1 +x+ %xg) , and then ¢(0) =0, ¢’(0) = 0,
and ¢”(0) = 0. We can find the equation of the equivalent parabola, meaning we find a second-
degree approximation for the function f.

- Mg AUL Al Jleaiwly copE0l elwiwd A3y Sl O9S5 O Layi 13 adally

Of course, if we wanted to be more precise, we would continue to approximate using the third and
fourth degrees...
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y=l+ao+s 42" 0 1 z

O 5AT A AN (Y Bl Ayl (pe 3 gudl ;S e G (B g (Juadl (o 5 pndl 1 B
s (0 193 0985 Lo LILR ) 7 ALt Aadill )l g B dadd Amtlio ilidl . Juadi JSn W3S (e

Leud il @3 i) Aladidl wie Aliied! LA (e 148 3 guondl jdifs Glus
In this part of the chapter, we will look for the nth-degree polynomial approximation for any
function that provides a better fit. The results are valid only in the vicinity of a fixed point xx
(often near 0). This polynomial approximation will be computed from the successive derivatives

at the point under consideration.

Taylor formula jeild ddwa 1.1.4

AT12 ale lasl @il Habli &g o Oludly 3 @lle @l e Cocow il ) sbl3 Aho mocsd
dadd a5dalas delad I 0 gus Hdiso Aawl g9 Adadd H) goms O e Sue Juolaild ALlS W co Man

AsU sis L2 W Slaide e
The Taylor formula, named after the mathematician Brook Taylor who developed it in 1712, allows
for approximating a differentiable function multiple times around a point using power series, whose

coefficients depend solely on the derivatives of the function at that point.
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2 1.1.4 : Theorem - 'Z\Q.J.an

boxd oue g 2,2 € T olilg (n € N) C"L(R) &dall g &l f: 1 — R oIl
Let f: I — R be a function of the class C"*(R) (n € N) and let xo,x € I, then we have

f@) = flao)+ T2 prag) + EE gy

I 0 40) 4 (@ )l — 20),

n!

where Zas

zlggo e(x —zp) = 0.

. J

2 1.1.4 : Example - JL’]’.D

tb WS &b pall £ &IV oI
Let the function f be defined as follows:
fil-1,40] — R
z — In(1+xz)

oY BN SN el e 0 GBI b eb 210wt pehin ol padl 0o Gy HLEREY 16
Differentiable infinitely many times, we will compute the Taylor series at the point 0 up to
the first three orders.

FU0) =1 385 /() = L s 5 £(0) = 0 :liga)

14z
We have f(0) = 0. Then, when we calculate f'(z) = 1+me we find that f'(0) = 1.
J7(0) = =1 889 f'(2) = — g s B
Afterwards, we calculate f"(z) = —ﬁ and find that f"(0) = —1.

Finally, we calculate f®)(x) = —2 and find that f3(0) = 2.

(1+2)3
We can demonstrate by induction that:
1) 1(n — 1)
(n) _ (=D)" " (n—1)!
4) I+ o)
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Where the value can be calculated: : Gadl) s Jl:» Zas-

F0) = (=" (n = 1)
Thus for n > 0 we have: \»)Jn>0d.>—9\wac§\ﬂ\:9

D 0 el (o f &I ;e\ sqasdl piS cowle Giey
In general, the Taylor polynomial of the function f at the point 0 is

e 2 (—1) g
P@)=) g =e gty
k=1

bW sgas =V pid 295 Jg) b Leyo

Here are the first three Taylor series expansions:

Pi(zx) = =,

2

x
Py(zx) = T =

x?2 23
Py(z) = x—;%—?

\am)ﬂ UR )3;9\9 )ﬁgb\ P39 P, g P ;9).>J\ ._J,.\ﬂ.\ Qu\u.\\ \osm)ﬂ ._,).ﬁu codaw | gs’\‘““ \am'“ §9
0 Sl <° boo \1Bg f c;\u&\
In the graph below, the plots of the Taylor series Py, P, and P3 approach the graph of f

more and more closely, but only in the vicinity of 0.

I, x2 z3 oY =
Y =2 5 T 3 Sl

<
S

\. .
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Mac-Laurent formula §lyed - dlw ddee 2.1.4

2 2.1.4 : Theorem - Q).hp
o Jobl 62uo bt Wl aie g 2 € I ol (n € N) C™1(R) &l oo &5 f: 1 — R ol
)9 - Db SRuo a8 2o = 0 Shail)
Let f: I — R be a function of the class C"*'(R) (n € N) and let x € I Then have, by
applying Taylor’s formula at the point xo = 0, we find the Mack-Laurent formula:
% i T . 5"
f@) = fO) + 7 £0) + 3£ (0) + ... + —£0(0) + —e(a).
J
g 2.1.4 : Example - J 24 )
z? gt 1f n T 2n+1
l)cosle—g—i-ﬁ—a—i-...—i-(—l)w—l—x e(x)
) I3 5 . J]2n+1 _
2)s1nx:x—§+5+...+(—1)m+x e(z)
—1 -1)...(a— 1
3)(1+a:)°‘:1—1—04.75—1—%:624—...—1—&(@ ) '(a nr >x”+x”5(:fv)
! n!
1
3.1) a:—1:>H—m:1—:I;—i—:c2+...+(—1)"9c"+a:”€(n)
1 1 1 3 1x3%5...(2n—1)
32) a=—= = =l 4+2224 4 (=1 n_ .n
) =73 T+ R S S A P ey R
. W W
4)e :1+ﬁ—i—§—|—...+m+x e(z)
z? a2 1"
S)In(l+z)=2——=+—=+... + (-1)""— + z"(x)
2 3 n
\. J

Limited expansion of some common 42 gJied| J1 gud| paaed 3 gdmmed! piddl  3.1.4

functions

N 2?2 2 a2t A
e=1+x+§+§+ﬂ+0(az)*

1
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2 1174 xQn
3 2P 2l ,
== —_— — - n+1
Sh(x)—1+3!+5!+...+(2n+1)!+o(x ) *

Operations on limited expansions 3 gdaed| phdd| e Oldes  4.1.4

‘;éLn'Z\J‘_\J.\3..\:-..4.")ﬁg’dl):«.i."()iMM?Q‘)}J-&L&W}J%%WQ&L@M@?J
dadd 3 guoed) pdidl e Oldoad! 7 pdd B gw 1agl 9 0 2l 8 3 guioms i (I R a € Adazid

0 syl ‘“,3
We saw previously from Taylor’s and the Mac-Loran formula that we can change the limited
expansion of a function at the point a € R to a limited expansion at the point 0. Therefore, we

will explain the operations on the limited expansion only at the point 0.

n'&:‘nju.\ﬂo.n.\j..\a.d\).ﬁt.‘d‘OJ‘RQQMOM&'&HMngfﬂanNOS;U

LTS

Let n € N and let f and g be functions defined at 0 that accept in the neighborhood of 0 the

limited expansion of degree n where:

flz) = po+pix+-+pz” + 2" (x)
= P,(x)+ 2" (x)

and 9

g(x) = q+qr+--+g.a" + a"e()
= @Qn(x)+2"e(x)

.

1.1.4 : Proposition - dmsiad

19 9 [ o)Al 5g a8 £ 45 ggetne Jlarg 0 258 1 &yl 00 39 a0 4 il [+ @
f + g accepts a limited expansion of degree n at 0 and represents the sum of the two

limited expansions of the functions f and g:

(f +9)(@) = f(2) + 9(z) = P () + Qn () + 2"e(z).
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A Y 2o g9 f sl s9adl s chas Bimg 0 1S 1 6y 00 sgase 45 iy fg @
n \Cg\.\\u 99\ OR \15‘\ é),-))..“ -y ;9).)«.“ 619
fg accepts a limited expansion of degree n at 0 and represents the product of the limited
expansion of the functions f and g, leaving only the terms with degree less than

or equal to n:
(f - 9)(x) = f(z) - g(z) = Tn(z) + 2"€(x)

n &8 M Be _adgiall (P, () - Qy (2)) 3948V pdS T, (z) 2as
Where T, (z) is the polynomial (P, (x) - Q, (z)) stopping at degree n.

sjs 2as 1 63 ) go 0 58 sqae pis Jabs fo g IV ole (g0 =0 &) g(0) =0 =31 13} o
P(Q(x)) =8 B —oy% 1 b5y I) 58 _abgiall 5918d) pif

If g(0) =0 (i.e. go =0) then the function f o g accepts a limited expansion at 0 of

degree n where the part of the polynomial stopping at degree n s defined by the

structure P(Q(x)).

If qo # 0 then we have: o ole g0 #0 ol 13) o

1 B 1 1
9(r) Q14 Bp4... 4 gy
q0 q0

z"ea(x)
q0

:._._&\ggn—l—léé.-p.“ma).ig-39m)ﬁx3d4ﬁFu;bf&\)ﬂé§boe\&\aF.:—é\g\5! °
If F is a primitive function of the function f, then F accepts a limited expansion at a

of degree n + 1 and is written:
F(z) = Poi(z — a) + (z — a)"*'n(z)

where: lim n(x) = 0. Jimn(z) =0 ‘o

r—a T—ra

8 3.1.4 : Example - Jk

arctan(z) &3\l sgasal) phisd) \ws-

Calculate the limited expansion of the function arctan(z).
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&

We know that: o) s
arctan’(z) !
1+ x2
We set: 205
1
and F(z) = arctan(z) and we write: :.._.51?9 F(z) = arctan(z) g
arctan’ r = ke (=1)*z%* + z* ().
k=0
because arctan(0) = 0, then: tole arctan(0) =0 oag

" o(=1)k 3 5 7
arctanz = Z %x%ﬂ + z*tle(z) = 2 — % + % - % 4o
k=0

\. .

4.1.4 : Example - J 20 )

D 003)3\ oo 0 8e tan z&M A gg)ée.n“ )ﬁ\ﬂ\ °

The limited expansion of the function tanx at 0 is of order 5.

Firstly: : Yge\

, @ 5

smm—a:—g—km—kx ().
On the other hand épf\ SRS ye
2 4
COS$=1—%+;—4+JZ56<I’) =1+u
we set 95
2 4
W = —% + 3—4 + ()

Unwversity of Mohamed Kheidar, Biskra 119 Brahim Brahimi-Jihane Abdelli



Limited Expansion yqasal) pisd) 1./ ._,}l.om\ — s g 3ga8all g}

In the calculation we need u? and u: DUt g u? s (o clss
2 4 2 4
R 5 _ v 5
u—( 2+24+x6(x)> 4+xe(:1:)
then »

u’ = 2°¢(x).

s0: FSWhy
1 1
= =1—u+u®—u®+vie(u)
COS T 1+u
2 zt T
_ LT T s
TR
2
)
= 1+%+ﬁm4+x5e(x).
Finely ,»-Sl\co
i 1
tanx = sz -
cos T
W 5 # B . &
= (]3—?4—504-336(1'))-(14—?4‘%1' + 2°€¢(z))
3 2
= $+%+1—5$5+$56(1’).

.4&43,3\@0&9-%&\)“ 39)&«3\ ).\'\\.U\ °

The limited expansion of the function ;i—ﬁ at 0 of order 4.
1+ 1 1
= (+2)5
2+JZ 21"‘5
1 x T\ 2 z\3 z\4
e (154 (- )+ (3) e
2( +x)< 2+ > > + > + o(z*)
1+:v a:2+x3 x4+ (2%)
= —4+-——+———+0(x
2 4 8 16 32 ’
. J

5.1.4 : Example - J 20

3 e M e 0 58 A(z) =sin (In(1+ z)) &34l sqaseall phudl ——\ws-
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Calculate the limited expansion of the function h(x) = sin (In(1+ z)) at 0 of order 3.

‘oiwg g(z) =In(l +2) 9 f(u) =sinu gos e
We set f(u) =sinu and g(z) = In(1 + z), from which:

fog(z)=sin(In(l+z)) ¢ g(0)=0.

A1 3 & N posgaseal) i) 3L o
We write the limited expansion of order 3 for the function

u3

flu) =sinu=u— ) + ude; (u)
for u in the vicinity of 0. 0 e GO U 9 o
We set 205
2 3
u=g(x)=In(1+x) :x—%—l—%—l—aﬁ?’@(a;)
for x in the vicinity of 0. 0 Jlgs- GO 98 oe
We calculate u?: TR, S )
2 3
u’ = (z— Sohet Pey(2))” =2 — 2 + 2°e3()
and u? : Ll g

then: HoA VY

= u— gy + u’er (u)
1 1
= (x — 29(:2 + gx?’) 73 + 23e(x)
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Primitive functions ba¥l &M 2.4

1.2.4 : Definition - u,ua'.'?

P zas & f oIy R b e 1 = [a,0] ol
Let I = [a,b] is a non-empty open interval in R and let the function f : I — R.

Deas T Jo f oV Galof &ty F o Jeis
We call F' a primitive function of f on I such that:

F:I—-R

S SR PR T DS RLY
satisfying:

I rgaal) il Jo plaiby) el F —1

F can be derived in the open interval I.

-2
Veel, F'(z)=f(x)
. J
2 3.2.4 : Theorem - :\g.).hp
I Jo bpeime F oo I Jo f: 1 — R &N &abol &lly F 518 1)
(TfF 1s a primitive function of f : I — R on I, then F s continuous on I. D
r

4.2.4 : Theorem - :\g‘ﬂép

I Jo bulof alls Jais f s f: ] — R &N ol

Let f : I — R has a primitive function on I. Then :

oD f oM aabo Yl Yl 65 gasee

the set of primitive functions of f is:

{F +c¢,ceR},
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f &IV suols Galio &ty F zas

where, F' is a primitive function of f.

All primitive functions of f are obtained by shifting any primitive function of f by a constant.
LGSh g f AN Ao ¥ Al [ f(E)dE = w0

We denote by [ f(¢)dt the primitive function of f and we write:
Fla) = /f(ac)dm.
Definite integral 3 gdmed! JSUII  1.2.4
53 gimadl yul OIS g 53 grisad! LS las OMALSII e Ole g3 Slia
There are two types of integrals: definite integrals and indefinite integrals.
b>a cus [a,b] Jlowad! e 3 poiwnadl 9 f 1 [a,b] = R a1 S0

Let f : [a,b] — R the continues function on [a, b] such that b > a.

W, M (e O SLelSE AlS @ud slowl o8 Yleatul ysai ¢ a0 A ylay JolSUI cia pad (Ko
PRIE]
Integration can be defined in another way that is more used to find constant values for the integrals

through following theorem:

2 5.2.4 : Theorem - 'Z\Q.)Jap

60 20 F: [a, 5] — R &1 o1
Let F : [a,b] — R be the function defined as:

F(z) = / F(t)dt

D 8sSy SWaY abl F ol o) S £ el sybel &ty (B
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a primitive function of f means that F derivable and satisfying :

F'(z) = f(z),VYx € [a,]].

2.2.4 : Definition - wid yad

F(2) BN o &ypm3al) 65-lmall 18 2y I i) 532\ £ S sgaenlt ST soms
Db o jop A o = b Sloal sy sl J) = a dbolal) oty Gl g

The definite integral of f is a number which represents the area under the curve f(x) from

/abf(x)dx

.,dbgfo!\moxboﬁl\cdm\cmeF cm»d\g).sd\
The real number F(b) — F(a) where F' the primitive function of f and we write:

/ f(x)dr =F(b) — F (a).

g 6.2.4 : Example - JL’ZD

xr=a tox =0 denoted by:

Let’s calculate the following integrals: e\ .,mYE!\ —ausa)

cieg «\R) éabo) &)y F(z) = e” \;mf(x) = 351 oo —
For f(x) = € let F(x) = e be its primitive function, then

1
/ e’ dr = [eﬂé:el—eoze—l.
0

odeg (B dabol &ty G(x) = 2 gl g(x) = 22 JsH ge —
For g(z) = 2° let G(z) = 2;—3 be its primitive function, then

1
| et 5],-4
0
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-3
/ cost dt = [Sint]zz =sinz — sina

cosz &IV c».boé\ &Iy

is a primitive function of cosx.

ol idnig (e o p5) Gusgj &)y Subo I BNy o5 Gus b &1s ol 13) —4
If the function is odd, then ils primitive function is be an even function (proved later).
We conclude that:

Properties of integrals QWS 4ol 95 3.4

Ol ddas o dalea) (JLd A8Me o2 JelS Claom? 5N A J31 pailasd

The three main properties to integral calculus are the relation Chasles, positivity and linearity of

integral.

A

Chasles relation JLi 4% 1.3.4

2.3.4 : Proposition - duad

Ja, 8] o oGl 6% f gl Waie ¢ [c, 8] ¢ [0, ] Jo JoTl &6 &Ity f oW 1) a < ¢ < b oIl
Let a < ¢ < b. If f integrable on [a,c] and [c,b] then f integrable on [a,b].
and we have: o adg

/abf(a:)dx _ /acf(x)der /be(x)dx.

We have the following proprieties, for a = b: la =0 Jal (e Al Aot Lod

/a " f@)dz = 0.
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and for a < b: a<bdaiie g

/baf(m)dm S /abf(m)dm.

g 7.3.4 : Example - JL’]’.D
We have: \»)J
3 373
27 1 26
20, = |2 240 _2_2°
/1 oo {3 T 37373
1 371
1 2 2
/ 2dr = [a:_] :___7:__6
3 313 3 3 3
3 1
/ 22dr = —/ x2dx
1 3
\_ )

Positivity of integration JolSU! dwlad| 2.3.4

.

3.3.4 : Proposition - dusad

Ja, 5] JWedt o JoTE uibol uidls g g f copbyas o338 a < b ol

Let a < b two real numbers, f and g two functions have a primitive functions on [a,b].

If f < g then: olo f < g o\ s
b b
/ f(z)dz S/ g(x)dz.

olou) A godl A JolST O 980 ¢ o guaddl dx 9 e
In particular, the integral of a positive function is positive:

If f > 0 then: ol f >0 calss 13

/abf(a:) dx > 0.

Linearity of integration S| ddas  3.3.4
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.

4.3.4 : Proposition - dusad

[, 0] Yl 1o JolE iyl gaidls g o f ol

Let f and g two functions have a primitive on |a, b

then f + g a function integrable and 9 d.om b &y f+ g oiw g —1
b b b
/ (f +9)(x)dx :/ f(x)dx—I—/ g(x)dx.

Ko g Jolill 6l (B AF SN A hais- 51 JF U1 oo —2

For all real number X the function \f is integrable and we have:
b b
/ A (x)dr = )\/ f(z)dz.

toTE Gabs o s oxinde ) gaihad) oas® JYS o
From these first two points we have the linearity of integration:

For all real numbers X\ and p we have: o g9 A (ds yso 34 351 oe

/ab (Mf(2) + pg(z))dz = )\/abf(x)dx + M/abg(x)dx.

1.3.4 : Remark - 7\1&?)&\

ol Y e 5 ol [a,0] Yol S5 JoTGY oaills aaills g ¢ f =3V ) (1

If f and g are integrable functions on [a,b] then most of the time we have:

[wn@a# ([ s ) ([ ot ar).

g Loy [0, 5] Jisad) o JoTBY &6 Wy [f] ol [a, 5] Jisad) o JolY b6 &ty £ wstd 13) (2
oy

If f is an integrable function on |a,b] then |f| is also an integrable function on [a,b]
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._,}l.e‘\rﬂ\ — s 9 ”M\ ).\‘n.'\ﬁ\

and we have:

/a b f(z) do

g/ab\f(:r)! da.

Using the calculations we saw earlier, we find:

1
1
/xQd:c:—
0 3

and

\ J
[ 8.3.4 : Example - J A
We have: oy
1 1 1 1 1
/(7$2—6I)d$:7/ z? dx —/e$da::7——(e—1):—0—e
0 0 0 3 3

L5 e BT, (S o blusd) ol Sy

It remains only for us to calculate this last integral

n

9
1
/e“’da::e—l.
0
. J
i 9.3.4: Example-dlin
Let \;-m
In:/” sin(nx)
1 1‘}‘(17”
Let’s prove that I,, — 0 for n — +o0. .n—>+oo\d]n—>00¢\_~'41ﬂ
’[M:/deg/wxg/ 1 dxg/idx
1 1+an 1 l+an 1 1+ . x"

A5 Lo T 13D —ws bbb by

n 1 n x—n—i—l n—n+1 1
— @i = / " dr = = -
. x" 1 -n+1], -—n+1 -—-n+1 notoo
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—n+1

n— 4oo W — —>09n”+1—>00U

L)ecause n="tt — 0 and _n1+1 — 0 for n — +oo.

2.3.4 : Remark - :\.Tsi?)d.mN

poa (1o o5l JalBl 616 £+ g wsld of g i ol b

We note that even if f - g is an integrable function, in general we have:

/ o)) # / ' f@)s) / o)

{ Glaled kb p2al) g g f AN oI il dam o
For example, let the functions f and g be defined as follows:

1 si x€l0,3

0 s2 non.

f:[O,l]—HR,f(:U):{
and 9

g:[O,l]—>R7g(x):{1 si r € [5,1]

0 sz non.
108} @ € [0,1] 3 -V oe f(2) - g(z) = 0 i 9
Hence f(z) - g(x) =0 for each x € [0,1], then:

1

i f(x)g(x)dz =0

although o) ey

Brahim Brahimi-Jihane Abdelli 129 University of Mohamed Kheidar, Biskra



= YT s g sqaseal! gl

Primitive of usual functions omgﬂa.\\ g\ va d.;\f 4.4

Primitive of usual functions 43 gdiad! JIgddl jany JolSS 4.4
[e'dr=e"+¢c on e R
[coszdr =sinz+c¢ on e R
[sinzdr = —cosz+c¢ on e R
anrl
fxdx:ntll—i-c «(neEN) on e R
:L.O(
f:io‘d:c: il +c¢  (aeRyy) on e 0,400
f;dx:1n|x|+c on e ]0,+00] o | —00,0]
[ shx dx = chx + ¢ [che dv =shx+c¢ on e R
dx
f1+$2:arctanx+c on e R
f dzr arcsinx + ¢ |- 1]
- = on _
V1—2? g—arccosx—Fc e ’
dx Argsh (x) +c
= on R
N {ln(m+\/x2+1)+c e
dx Argch (z) + ¢
—_— = on z €|l,400
f\/xQ—l {ln(x—f—\/xZ—l)—Fc e | |
Integration methods JASId 3 o 5.4

a3 9E (s e uB g LgilelSes ALAT Uy O G AT oW1 aslidl sl ol JolS Gl p 9y
e e Gl a8y Asluwdl Olust JolSS ddes J9i (675 ,ad gd 13 3 Gl elgld
S ) Le aludly pH 0y gy OF Lefm (45 0 Blowas) (o s JSido Slusly 31 Sl g Juslant!
oSl ilghe JolSIY (3 pbo Bue > gag ey ey Lo pdd @3 Of de pild JSdn pasid

et iTad) et JelS (pa gailly LS (AS il

Integration is based on finding the primitive function of the function we want to integrate. On

November 13, 1675, Gottfried Wilhelm Leibniz demonstrated the first integral for calculating area.

Leibniz established the mathematical calculus independently of Isaac Newton, and his mathemat-

ical symbols are still in common use since they were first published. There are several methods of

integration, including: integration by parts, integration by substitution, integration by changing

the variable, ...

Unwversity of Mohamed Kheidar, Biskra

130 Brahim Brahimi-Jihane Abdelli



._,gnYKM — s g 3ga%ll piid) Integration methods d;\ﬁ.\\ O 54

Integration per partes & il KU  1.5.4

2 6.5.4 : Theorem - :\,U.BD

Dol [a, 5] Ysadl WIS xkb p2a)) 1 G g ol v g 1 oI

Let u and v two functions of the class C' defined on [a,b], then :

/ " u@) () di = ]! — /  AolE
) _J

13 g (O gy ST g Lgudd oo Ado¥) ANal A5 joith JelSi daiws
The formula for the fractional integral for the primitive function is the same but without bounds:

/u(az)v’(x) dr = [uv] — /u’(a:)v(a:) dr.

[ 10.5.4 : Example - J 2
To calculate the integral d.eﬁ/ij\ — s
1
/ xe® dx
0
We put u(z) = x and v'(x) = €*. V'(x) =e® g u(r) =z @05

u(z) 3 Gdkial) S (B v/ (z) = 1 &IV o) pls
We know that the function u'(x) = 1 is the derivative of the function'u@)
v SNl Gabo YN GBIV (B v(w) = e eIl
and the function v(x) = e is the primitive function of v’

118 65 jill Jo B 620 JWeiwy g
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by using the integration by parts formula we find:

fol retdr = fol w(x)v'(z) dx
[u(@)e(@)ly = Jy v (@)(@) do
[ze®]y — 01 1-e*dx
(1-e' —0-¢e% — [e‘”](l)

e— (el —ef)

= 1
\_ J
g 11.5.4 : Example - JL';'.D
To calculate the integral d.oﬁ‘ — s

/ zlnz dx.
1

This time we put u(z) = Inx and V'(z) = a.

v S Gybo ¥ & (B 0= 5 1 g ulr) G Gkl I B/ = &1 e g

V(r) = qu(z) =Inz sl 01D @05

1
The function u' = - is the derivative of u(x) and the function v = %2 is the primitive of v'.

118 65 jill Jo B 6200 Jeiwy ¢

by using the integration by parts formula we find:

e e e 27¢€ 61 2
/ lna:-xd:v:/ uv':[uv]i—/ v = |:1ngj-x_:| _/ ~T
1 1 1 2 1 1 1'2

e? e 1 [¢ ez 1 [z2]°
=|lne——Inl— | — = der = — — = | —
(meg-mg) -3 [=e=5-33]

B e  e? n 1 B e2+1
2 4 4 4
\_ _J
( 12.5.4 : Example - J 2
To calculate the integral da\-ﬁ.“ — s

/ arcsin x dx
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arcsin(z) &3 &ubo &1y sl
to finds a primitive function of the arcsin(z) function
@'(x) = 1 g u(r) = arcsin(z) @05 Las 12 Jl/.\”u oe B

we make it in the form of a product, we put u(z) = arcsin(z) and v'(x) =1,

w(z) =z 9 u'(r) = Gosd 2as

1
V1—a?

where we have u'(z) = and v(z) = x,

1396 65 530 Yok R0 {85 05

then we use the integration by parts formula we find:

x
1- in(z)de = i — d
/ arcsin(z)dz [z arcsin(z)] / Vi x

= [zarcsin(x)] — [—\/ 1-— xﬂ

= zarcsin(z) + V1 —22 +c
\. J
[ 13.5.4 : Example - JL’ZD

To calculate the integral dnﬂ/.’d\ — s

/xQezd:c.

V(z) =€" qu(zr) =2 gos
we put u(x) = 2% and v'(z) = €*.
u(z) SI A Sakdal) S (B v/ (2) = 22 S o) i
We know that the function u'(x) = 2z is the derivative of u(x) .
V() 631l Gubo I Gl (B u(z) = e” &l
and v(z) = €* is the primitive function of v'(x) '
89 68 3L ol 6Rpo JWeiwh g

and by using the integration by parts formula we find:

/x2ez dr = [xZeﬂ - Z/xem dx

185 Sl glued) o SWY ¢ ) o Gl 6 pald 86 il Jo T 1y

Re-integrating by parts for the second time on the second part of the previous equations,
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w0 itk
/xew do = [ze”] — /ew iz = (z — 1) +c,
el we fHod 5 s Y o
/ 2 dr = (2 — 20 + 2" +c.
L J
Change of variables jaied! putdd JutlSU|  2.5.4
-

7.5.4 : Theorem - :\g.).hp

CLasa) oo o J — T Ha) oL g 7 = [0, 5] JWadl 1o &6 20 &1 f oI
Let f be a function defined on I = [a,b] and let the mapping ¢ : J — I be in class C.
for all a,b € J we have: ol a,be J I I8 oe

©(b) b
x)dx = - o' ()d
éwf() tAf@@)wwt

(fop) ¢ allall GaloW I (B Fop ol f allall dalol iy F std 13
if F' is a primitive function of f then F o ¢ is the primitive function of (f o) - ¢'.

in another way < 5 Gmay

([ 1@ ds)oe= [ reenet e

\. J

D 9 [ AN (e S s )3 (e id ()@ (1) Al Ao ™1 Al Of @i
that is, the primitive function f(p(t))¢’(t) results from the combination of f and .
alell cad Sad Sl [ f(2) do = [ f (p(t) ¢'(t) dt 3 yleatt
the statement [ f(x) dx = [ f(0(t)) ¢'(t) dt is actually a change of the variable,

or in a simplified form we put ol Aowes daoay i
x = ()
after derivation, we find BLAaYL Loas td dle g
dx ,
— =t
=7
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1.e. i

what it gives us: lhcdaas Le

( &
14.5.4 : Example - J 20

Calculate the integral JD\T,J\ — s

[ME]

/ sin® () cos (z) dx
0
by placing 209

sin () = t = sin (v) = cos (z) = dt

&Mté\xm&“ﬂ\:gbgﬁ&hg
Hence, the bounds of integration change from x to t as follows
r = 0=1t=sin(0)=0
= I —t=si <W> =1
T = 3 =sin(5 )=
from it we find 19 Gieg
xr = 0=sin(0)=0
T = g = sin (§> =1

. J
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