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Limited Expansion  ¤d�m�� rKn�� 1.4

x = 0 TWqn�� �w� f(x) = expx T��d�� �wlF �� ­rk� ºAW�� �km§ .TyF±� T��d�� �A�� @���

.�yqts� X�� ¨�Ayb�� �Fr�� 	§rqt� Anm� dq� .y = 1 + x ¢t� A`�  wk� ©@�� , AhlZ TWF�w�

We take the example of the exponential function. You can give an idea of the behavior of the

function f(x) = ex around the point x = 0 using its shadow, which has the equation y = 1 + x.

We have approximated the graph with a straight line.

f T��dl� ¨�Ayb�� �Fr�� ,y = c0 + c1x + c2x
2
T� A`m�� ®�� @��� , �S�� 	§rq� d��  � A� C� �Ð�

¨¡ ­zym� Ty}A� Ah� T� A`m�� £@¡ .y = 1 + x + 1
2
x2

T� A`m�� ��� w¡ x = 0 TWqn�� C�w� ¨�

¸�Akm�� �Wq�� T� A`� Yl� r�`� .g′′(0) = 0 ¤ g′(0) = 0 , g(0) = 0 �� g(x) = expx−
(
1 + x + 1

2
x2
)

.f T��dl� 2 T�Cd�� �� 	§rq� d�� ¨n`§

If we want to find a better approximation, we can take, for example, the equation y = c0+c1x+c2x
2.

The graph of the function f near the point x = 0 is like the equation y = 1 + x+ 1
2
x2.

This equation has a special property: g(x) = exp x−
(
1+ x+ 1

2
x2
)
, and then g(0) = 0, g′(0) = 0,

and g′′(0) = 0. We can find the equation of the equivalent parabola, meaning we find a second-

degree approximation for the function f .

... T`��r��¤ T��A��� T�Cd�� �Am`tFA� 	§rqt�A� rmtsns� ,T� r���  wk�  � A� C� �Ð� �bW�A�

Of course, if we wanted to be more precise, we would continue to approximate using the third and

fourth degrees...
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x

y

1

0 1

y = ex

y = 1 + x

y = 1 + x+ x2

2

y = 1 + x+ x2

2
+ x3

6


rtq� ¨t�� ,T�� ©± Tbsn�A� n T�Cd�� ��  ¤d��� ry�� Yl� ��b� �wF ,�Of�� �� ºz��� �@¡ ¨�

�tyF .(0 C�w��  wk� A� Ab�A�) x Tt�A��� TWqn�� C�w� ¨� Xq� T��A} �¶Atn�� .�S�� �kK� T��d�� ��

.Ahy� r\n�� �� ¨t�� TWqn�� dn� Ty�Attm�� �AqtKm�� �� �@¡  ¤d��� ry�� 
As�

In this part of the chapter, we will look for the nth-degree polynomial approximation for any

function that provides a better fit. The results are valid only in the vicinity of a fixed point xx

(often near 0). This polynomial approximation will be computed from the successive derivatives

at the point under consideration.

Taylor formula Cwl§A� T�y} 1.1.4

,1712 �A� A¡�K�� ©@�� Cwl§A� �¤r� �AyRA§r�� ��A� �F� Yl� 
ymF ¨t�� ,Cwl§A� T�y} �ms�

Xq� ¢�®�A`� dmt`� ©@�� , ¤d� ry�� TWF�w� TWq� C�w�� ��r� ­d� �RAftl� Tl�A� T�� 	§rqt�

.TWqn�� £@¡ ¨� T��d�� �AqtK� Yl�

The Taylor formula, named after the mathematician Brook Taylor who developed it in 1712, allows

for approximating a differentiable function multiple times around a point using power series, whose

coefficients depend solely on the derivatives of the function at that point.
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1.1.4 : Theorem - T§r\�

An§d� ¢n� ¤ x0, x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt�

Let f : I → R be a function of the class Cn+1(R) (n ∈ N) and let x0, x ∈ I, then we have

f(x) = f(x0) +
(x− x0)

1!
f ′(x0) +

(x− x0)
2

2!
f ′′(x0) + . . .

+
(x− x0)

n

n!
f (n)(x0) + (x− x0)

nε(x− x0),

where �y�

lim
x→x0

ε(x− x0) = 0.

1.1.4 : Example - �A��

:¨l§ Am� T�r`m�� f T��d�� �kt�

Let the function f be defined as follows:

f :]− 1,+∞[ → R
x 7→ ln(1 + x)

.Y�¤±� T�®��� 	��rm�� �� 0 TWqn�� ¨� Cwl§A� �y} 
As�� �wqnF ,��rm�� �� T§Ah�¯A� �AqtJ²� ��A�

Differentiable infinitely many times, we will compute the Taylor series at the point 0 up to

the first three orders.

.f ′(0) = 1 d�� f ′(x) = 1
1+x

	s�� �� .f(0) = 0 :An§d�

We have f(0) = 0. Then, when we calculate f ′(x) = 1
1+x

, we find that f ′(0) = 1.

.f ′′(0) = −1 d�� f ′′(x) = − 1
(1+x)2

	s�� A¡d`�

Afterwards, we calculate f ′′(x) = − 1
(1+x)2

and find that f ′′(0) = −1.

.f (3)(0) = 2 d��¤ f (3)(x) = 2
(1+x)3

	s�� �ry��¤

Finally, we calculate f (3)(x) = 2
(1+x)3

and find that f (3)(0) = 2.

: � ���rt�A� 
b��  � �yWts�

We can demonstrate by induction that:

f (n)(x) =
(−1)n−1(n− 1)!

(1 + x)n
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Where the value can be calculated: : Tmyq�� 
As� �km§ �y�

f (n)(0) = (−1)n−1(n− 1)!.

Thus for n > 0 we have: : An§d� n > 0 ��� �� ¨�At�A�¤

f (n)(0)

n!
xn =

(−1)n−1(n− 1)!

n!
xn =

(−1)n−1

n
xn.

w¡ 0 TWqn�� ¨� f T��dl� Cwl§At�  ¤d��� ry�� ,T�A� TfO�

In general, the Taylor polynomial of the function f at the point 0 is

Pn(x) =
n∑

k=1

(−1)k−1xk

k
= x− x2

2
+

x3

3
− · · ·+ (−1)n−1xn

n
.

:Cwl§At�  ¤d� ��ry�� �®� �¤� ¨l§ Amy�

Here are the first three Taylor series expansions:

P1(x) = x,

P2(x) = x− x2

2
,

P3(x) = x− x2

2
+

x3

3
.

�Fr�� �� r���� r��� P3 ¤ P2 ¤ P1  ¤d��� ��ry�k� Ty�Ayb�� �wFr�� 
rtq� ,¢lfF� ¨�Ayb�� �Fr�� ¨�

.0 C�w� ¨� Xq� �@¡¤ f þ� ¨�Ayb��

In the graph below, the plots of the Taylor series P1, P2, and P3 approach the graph of f

more and more closely, but only in the vicinity of 0.

x

y

0

1

y = ln(1 + x)

y = x

y = x− x2

2

y = x− x2

2
+ x3

3
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Mac-Laurent formula  �Cw� - �A� T�y} 2.1.4

2.1.4 : Theorem - T§r\�

¨� Cwl§A� T�y} �ybWt� An§d� ¢n� ¤ x ∈ I �ky�¤ (n ∈ N) Cn+1(R) T·f�� �� T�� f : I → R �kt�

: �Cw� - �A� T�y} d�� x0 = 0 TWqn��

Let f : I → R be a function of the class Cn+1(R) (n ∈ N) and let x ∈ I Then have, by

applying Taylor’s formula at the point x0 = 0, we find the Mack-Laurent formula:

f(x) = f(0) +
x

1!
f ′(0) +

x2

2!
f ′′(0) + . . .+

xn

n!
f (n)(0) +

xn

n!
ε(x).

2.1.4 : Example - �A��

1) cosx = 1− x2

2!
+

x4

4!
− x6

6!
+ . . .+ (−1)n

x2n

(2n)!
+ x2n+1ε(x)

2) sinx = x− x3

3!
+

x5

5!
+ . . .+ (−1)n

x2n+1

(2n+ 1)!
+ x2n+2ε(x)

3)(1 + x)α = 1 + αx+
α(α− 1)

2!
x2 + . . .+

α(α− 1) . . . (α− n+ 1)

n!
xn + xnε(x)

3.1) α = −1 =⇒ 1

1 + x
= 1− x+ x2 + . . .+ (−1)nxn + xnε(n)

3.2) α = −1

2
=⇒ 1√

1 + x
= 1− 1

2
x+

3

8
x2 + . . .+ (−1)n

1 ∗ 3 ∗ 5 . . . (2n− 1)

2 ∗ 4 ∗ 6 . . . 2n
xn + xnε(x)

4)ex = 1 +
x

1!
+

x2

2!
+ . . .+

xn

n!
+ xnε(x)

5) ln(1 + x) = x− x2

2
+

x3

3
+ . . .+ (−1)n−1x

n

n
+ xnε(x)

Limited expansion of some common T�w��m�� ��¤d��{`b�  ¤d�m�� rKn�� 3.1.4

functions

ex = 1 + x+
x2

2!
+

x3

3!
+

x4

4!
+ o(x4) ⋆

1

1− x
= 1 + x+ x2 + ...+ xn + o(xn) ⋆
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ch(x) = 1 +
x2

2!
+

x4

4!
+ ...+

x2n

2n!
+ o(x2n+1) ⋆

sh(x) = 1 +
x3

3!
+

x5

5!
+ ...+

x2n+1

(2n+ 1)!
+ o(x2n+1) ⋆

Operations on limited expansions  ¤d�m�� rKn�� Yl� �Aylm� 4.1.4

¨� A� T��d�  ¤d�m�� rKn�� ry��  � �km§ ¢��  �Cw� - �A� T�y}¤ Cwl§AV T�y} �� Aq�AF An§�C

Xq�  ¤d�m�� rKn�� Yl� �Aylm`�� �rK� �wF �@h�¤ 0 TWqn�� ¨�  ¤d�� rK� Y�� R a ∈ TWqn��

.0 TWqn�� ¨�

We saw previously from Taylor’s and the Mac-Loran formula that we can change the limited

expansion of a function at the point a ∈ R to a limited expansion at the point 0. Therefore, we

will explain the operations on the limited expansion only at the point 0.

n T�Cd�� ��  ¤d�m�� rKn�� 0 C�w� ¨�  ®bq� 0 dn� �yt�r`� �yt�� g ¤ f �kt�¤ n ∈ N �kt�

:�y�

Let n ∈ N and let f and g be functions defined at 0 that accept in the neighborhood of 0 the

limited expansion of degree n where:

f(x) = p0 + p1x+ · · ·+ pnx
n + xnϵ1(x)

= Pn (x) + xnϵ1(x)

and ¤

g(x) = q0 + q1x+ · · ·+ qnx
n + xnϵ2(x)

= Qn (x) + xnϵ2(x)

1.1.4 : Proposition - TþyS�

:g ¤ f �yt��dl�  ¤d��� ©rK� �wm�� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ f + g •
f + g accepts a limited expansion of degree n at 0 and represents the sum of the two

limited expansions of the functions f and g:

(f + g)(x) = f(x) + g(x) = Pn (x) +Qn (x) + xnϵ(x).
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¯� ºAq�³� �� g ¤ f �yt��dl�  ¤d��� ©rK� º�d� ��m§¤ 0 dn� n T�Cd�� ��  ¤d�� rK� �bq§ fg •
:n ©¤As� ¤� �� ��� T�Cd�� ��Ð  ¤d��� Yl�

fg accepts a limited expansion of degree n at 0 and represents the product of the limited

expansion of the functions f and g, leaving only the terms with degree less than

or equal to n:

(f · g)(x) = f(x) · g(x) = Tn(x) + xnϵ(x)

.n T�Cd�� dn� ��wtm�� (Pn (x) ·Qn (x))  ¤d��� ry�� Tn(x) �y�

Where Tn(x) is the polynomial (Pn (x) ·Qn (x)) stopping at degree n.

ºz� �y� n T�Cd�� �� 0 dn�  ¤d�� rK� �bq� f ◦ g T��d��  �� (q0 = 0 ©�) g(0) = 0 
�A� �Ð� •
.P (Q(x)) 	y�rt�A� �r`� n T�Cd�� dn� ��wtm��  ¤d��� ry��

If g(0) = 0 (i.e. q0 = 0) then the function f ◦ g accepts a limited expansion at 0 of

degree n where the part of the polynomial stopping at degree n is defined by the

structure P (Q(x)).

If q0 ̸= 0 then we have: :An§d�  �� q0 ̸= 0  A� �Ð� •

1

g(x)
=

1

q0

1

1 + q1
q0
x+ · · ·+ qn

q0
xn + xnϵ2(x)

q0

.

: 	tk§¤ n+ 1 T�Cd�� �� a dn�  ¤d�� rK� �bq� F  �� f T��dl� Tyl}� T�� F 
�A� �Ð� •
If F is a primitive function of the function f , then F accepts a limited expansion at a

of degree n+ 1 and is written:

F (x) = Pn+1(x− a) + (x− a)n+1η(x)

where: lim
x→a

η(x) = 0. .lim
x→a

η(x) = 0 :�y�

3.1.4 : Example - �A��

.arctan(x) T��dl�  ¤d�m�� rKn�� 
As�

Calculate the limited expansion of the function arctan(x).
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We know that: : � �l`�

arctan′(x) =
1

1 + x2
.

We set: �S�

f(x) =
1

1 + x2

and F (x) = arctan(x) and we write: :	tk� ¤ F (x) = arctan(x) ¤

arctan′ x =
1

1 + x2
=

n∑
k=0

(−1)kx2k + x2nϵ(x).

because arctan(0) = 0, then: : �� arctan(0) = 0  ±¤

arctanx =
n∑

k=0

(−1)k

2k + 1
x2k+1 + x2n+1ϵ(x) = x− x3

3
+

x5

5
− x7

7
+ · · ·

4.1.4 : Example - �A��

.5 Tb�r�� �� 0 dn� tanxT��dl�  ¤d�m�� rKn�� •
The limited expansion of the function tanx at 0 is of order 5.

Firstly: :¯¤�

sinx = x− x3

6
+

x5

120
+ x5ϵ(x).

On the other hand «r�� Th� ��

cosx = 1− x2

2
+

x4

24
+ x5ϵ(x) = 1 + u

we set �S�

u = −x2

2
+

x4

24
+ x5ϵ(x).
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In the calculation we need u2 and u3: : u3 ¤ u2 
As��� ¨� �At��

u2 =

(
−x2

2
+

x4

24
+ x5ϵ(x)

)2

=
x4

4
+ x5ϵ(x)

then ��

u3 = x5ϵ(x).

so: :¨�At�A�¤

1

cosx
=

1

1 + u
= 1− u+ u2 − u3 + u3ϵ(u)

= 1 +
x2

2
− x4

24
+

x4

4
+ x5ϵ(x)

= 1 +
x2

2
+

5

24
x4 + x5ϵ(x).

Finely ry�±� ¨�

tanx = sin x · 1

cosx

=
(
x− x3

6
+

x5

120
+ x5ϵ(x)

)
·
(
1 +

x2

2
+

5

24
x4 + x5ϵ(x)

)
= x+

x3

3
+

2

15
x5 + x5ϵ(x).

.4 Tb�r�� �� 0 dn�
1+x
2+x

T��dl�  ¤d�m�� rKn�� •
The limited expansion of the function 1+x

2+x
at 0 of order 4.

1 + x

2 + x
= (1 + x)

1

2

1

1 + x
2

=
1

2
(1 + x)

(
1− x

2
+
(x
2

)2

−
(x
2

)3

+
(x
2

)4

+ o(x4)

)
=

1

2
+

x

4
− x2

8
+

x3

16
− x4

32
+ o(x4),

5.1.4 : Example - �A��

.3 Tb�r�� �� 0 dn� h(x) = sin
(
ln(1 + x)

)
T��dl�  ¤d�m�� rKn�� 
As�
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Calculate the limited expansion of the function h(x) = sin
(
ln(1 + x)

)
at 0 of order 3.

:¢n�¤ g(x) = ln(1 + x) ¤ f(u) = sinu �S� •
We set f(u) = sinu and g(x) = ln(1 + x), from which:

f ◦ g(x) = sin
(
ln(1 + x)

)
¤ g(0) = 0.

T��dl� 3 Tb�r�� �� ¤d�m�� rKn�� 	tk� •
We write the limited expansion of order 3 for the function

f(u) = sinu = u− u3

3!
+ u3ϵ1(u)

for u in the vicinity of 0. .0 C�w� ¨� u ��� ��

We set �S�

u = g(x) = ln(1 + x) = x− x2

2
+

x3

3
+ x3ϵ2(x)

for x in the vicinity of 0. .0 C�w� ¨� x ��� ��

We calculate u2: :u2 	s�� •

u2 =
(
x− x2

2
+

x3

3
+ x3ϵ2(x)

)2
= x2 − x3 + x3ϵ3(x)

and u3 : : u3 ¤

u3 = x3 + x3ϵ4(x).

then: :¢n�¤

h(x) = f ◦ g(x) = f(u)

= u− u3

3!
+ u3ϵ1(u)

=

(
x− 1

2
x2 +

1

3
x3

)
− 1

6
x3 + x3ϵ(x)

= x− 1

2
x2 +

1

6
x3 + x3ϵ(x).
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Primitive functions Tyl}±� T��d�� 2.4

1.2.4 : Definition - �§r`�

: �y� T�� f �kt��¤ R ¨� �A�� I = [a, b] �ky�

Let I = [a, b] is a non-empty open interval in R and let the function f : I → R.
: �y� I Yl� f T��dl� Tyl}� T�� F  � �wq�

We call F a primitive function of f on I such that:

F : I → R

:¨l§ A� �q�� �Ð�

satisfying:

.I �wtfm�� �A�m�� Yl� �AqtJ²� Tl�A� F −1

F can be derived in the open interval I.

−2

∀x ∈ I, F ′ (x) = f (x)

3.2.4 : Theorem - T§r\�

.I Yl� ­rmts� F  �� I Yl� f : I → R T��dl� Tyl}� T�� F 
�A� �Ð�

If F is a primitive function of f : I → R on I, then F is continuous on I.

4.2.4 : Theorem - T§r\�

I Yl� Tyl}� T�� �bq� f �y� f : I → R T��d�� �kn�

Let f : I → R has a primitive function on I. Then :

¨¡ f T��dl� Tyl}±� ��¤d�� T�wm��

the set of primitive functions of f is:

{F + c, c ∈ R} ,

Brahim Brahimi-Jihane Abdelli 122 University of Mohamed Kheidar, Biskra
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.f T��dl� T}A� Tyl}� T�� F �y�

where, F is a primitive function of f .

All primitive functions of f are obtained by shifting any primitive function of f by a constant.

:	tk�¤ f T��dl� Tyl}±� T��dl�

∫
f(t)dt þ� z�r�

We denote by
∫
f(t)dt the primitive function of f and we write:

F (x) =

∫
f(x)dx.

Definite integral  ¤d�m�� ��Akt�� 1.2.4

.­ ¤d�m�� ry� �®�Akt��¤ ­ ¤d�m�� �®�Akt�� :Am¡ �®�Akt�� ��  A�w� �An¡

There are two types of integrals: definite integrals and indefinite integrals.

.b ≥ a �y� [a, b] �A�m�� Yl� ­rmtsm�� ¤ f : [a, b] → R T��d�� �kt�

Let f : [a, b] → R the continues function on [a, b] such that b ≥ a.

T§r\n�� �®� �� �®�Aktl� Tt�A� �y�  A�§� ¨� ¯Am`tF� r��� «r�� Tq§rW� ��Akt�� �§r`� �km§

:Ty�At��

Integration can be defined in another way that is more used to find constant values for the integrals

through following theorem:

5.2.4 : Theorem - T§r\�

T�r`m�� F : [a, b] → R T��d�� �kn�

Let F : [a, b] → R be the function defined as:

F (x) =

∫ x

a

f(t)dt

: �q��¤ �AqtJ²� Tl�A� F T��d��  � ¨n`§ f T��dl� Tyl}� T�� ¨¡
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a primitive function of f means that F derivable and satisfying :

F ′ (x) = f (x) ,∀x ∈ [a, b] .

2.2.4 : Definition - �§r`�

f(x) T��d�� Yn�nm� ­CwO�m�� T�Asm�� Yl� rb`§ ©@�� ¨qyq���  d`�� f T��dl�  ¤d�m�� ��Akt�� ¨ms�

: z�r�A� ¢� z�r� ©@�� ,x = b Tl}Af�� ��Ð TWqn�� Y�� x = a Tl}Af�� ��Ð TWqn�� ��

The definite integral of f is a number which represents the area under the curve f(x) from

x = a to x = b denoted by: ∫ b

a

f (x) dx

	tk� ¤ f T��dl� Tyl}±� T��d�� ¨¡ F �y� F (b)− F (a) ¨qyq���  d`��

The real number F (b)− F (a) where F the primitive function of f and we write:∫ b

a

f (x) dx = F (b)− F (a) .

6.2.4 : Example - �A��

Let’s calculate the following integrals: :Ty�At�� �®�Akt�� 	s�n�

¢n�¤ ,Ah� Tyl}� T�� F (x) = ex �kt� f(x) = ex ��� �� −1

For f(x) = ex let F (x) = ex be its primitive function, then∫ 1

0

ex dx =
[
ex
]1
0
= e1 − e0 = e− 1.

¢n�¤ ,Ah� Tyl}� T�� G(x) = x3

3
�kt� g(x) = x2 ��� �� −2

For g(x) = x2 let G(x) = x3

3
be its primitive function, then∫ 1

0

x2 dx =
[
x3

3

]1
0
= 1

3
.
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−3∫ x

a

cos t dt =
[
sin t

]t=x

t=a
= sinx− sin a

.cosx T��dl� Tyl}� T�� 

is a primitive function of cosx.

:  � �tnts�¤ (Aq�¯ �¡rb�) Ty�¤E T�� Tyl}±� Aht��  wk� T§ r� T�� 
�A� �Ð� −4

If the function is odd, then its primitive function is be an even function (proved later).

We conclude that: ∫ a

−a

f(t) dt = 0.

Properties of integrals �®�Akt�� Q�w� 3.4

.�®�Akt�� TyW�¤ Ty�A�§� ,�AJ T�®� ¨¡ ��Akt�� 
As�� T�®��� Tysy¶r�� P¶AO���

The three main properties to integral calculus are the relation Chasles, positivity and linearity of

integral.

Chasles relation �AJ T�®� 1.3.4

2.3.4 : Proposition - TþyS�

.[a, b] Yl� ��Aktl� Tl�A� f  wk� A¡dn� , [c, b] ¤ [a, c] Yl� ��Aktl� Tl�A� T�� f  A� �Ð� .a < c < b �kt�

Let a < c < b. If f integrable on [a, c] and [c, b] then f integrable on [a, b].

and we have: :An§d�¤∫ b

a

f(x)dx =

∫ c

a

f(x)dx+

∫ b

c

f(x)dx.

We have the following proprieties, for a = b: :a = b ��� �� Ty�At�� Ty}A��� An§d�∫ a

a

f(x)dx = 0.
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and for a < b: :a < b ��� �� ¤∫ a

b

f(x)dx = −
∫ b

a

f(x)dx.

7.3.4 : Example - �A��

We have: :An§d�∫ 3

1

x2dx =

[
x3

3

]3
1

=
27

3
− 1

3
=

26

3∫ 1

3

x2dx =

[
x3

3

]1
3

=
1

3
− 27

3
= −26

3∫ 3

1

x2dx = −
∫ 1

3

x2dx.

Positivity of integration ��Akt�� Ty�A�§� 2.3.4

3.3.4 : Proposition - TþyS�

.[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f ,�yyqyq� �§ d� a ≤ b �ky�

Let a ≤ b two real numbers, f and g two functions have a primitive functions on [a, b].

If f ≤ g then:  �� f ≤ g  A� �Ð�∫ b

a

f(x)dx ≤
∫ b

a

g(x)dx.

:Ay�A�§� Tb�wm�� T��d�� ��Ak�  wk§ , QwO��� ¢�¤ Yl�

In particular, the integral of a positive function is positive:

If f ≥ 0 then: :  �� f ≥ 0 
�A� �Ð�∫ b

a

f(x) dx ≥ 0.

Linearity of integration ��Akt�� TyW� 3.3.4
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4.3.4 : Proposition - TþyS�

[a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f �kt�

Let f and g two functions have a primitive on [a, b]

then f + g a function integrable and ¤ ��Aktl� Tl�A� T�� f + g ¢n� ¤ −1∫ b

a

(f + g)(x)dx =

∫ b

a

f(x)dx+

∫ b

a

g(x)dx.

An§d� ¤ ��Aktl� Tl�A� ¨¡ λf T��d�� λ ¨qyq�  d� �� ��� �� −2

For all real number λ the function λf is integrable and we have:∫ b

a

λf(x)dx = λ

∫ b

a

f(x)dx.

:��Akt�� TyW� An§d� �yty�¤±� �ytWqn�� �y�A¡ �®� ��

From these first two points we have the linearity of integration:

For all real numbers λ and µ we have: :An§d� µ ¤ λ ¨qyq�  d� �� ��� ��∫ b

a

(
λf(x) + µg(x)

)
dx = λ

∫ b

a

f(x)dx+ µ

∫ b

a

g(x)dx.

1.3.4 : Remark - T\�®�

 Ay�±� �\`� ¨�  �� [a, b] �A�m�� Yl� ��Aktl� �ytl�A� �yt�� g ¤ f 
�A� �Ð� (1

If f and g are integrable functions on [a, b] then most of the time we have:∫ b

a

(fg)(x) dx ̸=
(∫ b

a

f(x) dx

)(∫ b

a

g(x) dx

)
.

¤ AS§� [a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� |f |  �� [a, b] �A�m�� Yl� ��Aktl� Tl�A� T�� f 
�A� �Ð� (2

:An§d�

If f is an integrable function on [a, b] then |f | is also an integrable function on [a, b]
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and we have: ∣∣∣∣∫ b

a

f(x) dx

∣∣∣∣ ≤ ∫ b

a

∣∣f(x)∣∣ dx.

8.3.4 : Example - �A��

We have: :An§d�∫ 1

0

(
7x2 − ex

)
dx = 7

∫ 1

0

x2 dx −
∫ 1

0

ex dx = 7
1

3
− (e− 1) =

10

3
− e

Using the calculations we saw earlier, we find: :d�� Aq�AF A¡An§�C ¨t�� �A�As��� ��d�tFA�∫ 1

0

x2 dx =
1

3

and ¤∫ 1

0

exdx = e− 1.

9.3.4 : Example - �A��

Let �ky�

In =

∫ n

1

sin(nx)

1 + xn
dx

Let’s prove that In → 0 for n → +∞. .n → +∞ Am� In → 0  � 
b�n�

|In| =
∣∣∣∣∫ n

1

sin(nx)

1 + xn
dx

∣∣∣∣ ≤ ∫ n

1

| sin(nx)|
1 + xn

dx ≤
∫ n

1

1

1 + xn
dx ≤

∫ n

1

1

xn
dx

It remains only for us to calculate this last integral ry�±� ��Akt�� �@¡ 
As� Xq� Yqb§∫ n

1

1

xn
dx =

∫ n

1

x−n dx =

[
x−n+1

−n+ 1

]n
1

=
n−n+1

−n+ 1
− 1

−n+ 1
−−−−→
n→+∞

0
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.n → +∞ Am�
1

−n+1
→ 0 ¤ n−n+1 → 0  ±

because n−n+1 → 0 and 1
−n+1

→ 0 for n → +∞.

2.3.4 : Remark - T\�®�

�wm`�� Yl� ¢��� ��Aktl� Tl�A� f · g 
�A� w� ¤ Yt� ¢�� ^�®�

We note that even if f · g is an integrable function, in general we have:∫ b

a

(fg)(x)dx ̸=
( ∫ b

a

f(x)dx
)( ∫ b

a

g(x)dx
)
.

:¨l§Am� �yt�r`m�� g ¤ f T��d�� �kt� ,�A�m�� �ybF Yl�

For example, let the functions f and g be defined as follows:

f : [0, 1] → R, f(x) =

{
1 si x ∈ [0, 1

2
[

0 si non.

and ¤

g : [0, 1] → R, g(x) =

{
1 si x ∈ [1

2
, 1[

0 si non.

: Ð� ,x ∈ [0, 1] �� ��� �� f(x) · g(x) = 0 ¢n� ¤

Hence f(x) · g(x) = 0 for each x ∈ [0, 1], then:∫ 1

0

f(x)g(x)dx = 0

although  � ��C∫ 1

0

f(x) dx =
1

2
and

∫ 1

0

g(x) dx =
1

2
.
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Primitive of usual functions T�w��m�� ��¤d�� {`� ��Ak� .4.4�®�Akt�� 
As� ¤  ¤d�m�� rKn��

Primitive of usual functions T�w��m�� ��¤d�� {`� ��Ak� 4.4

∫
exdx = ex + c on Yl� R∫
cosxdx = sinx+ c on Yl� R∫
sinxdx = − cosx+ c on Yl� R∫
xndx =

xn+1

n+ 1
+ c , (n ∈ N) on Yl� R∫

xαdx =
xα+1

α + 1
+ c , (α ∈ R{−1}) on Yl� ]0,+∞[∫ 1

x
dx = ln |x|+ c on Yl� ]0,+∞[ ¤� ]−∞, 0[∫

shx dx = chx+ c,
∫
chx dx = shx+ c on Yl� R∫ dx

1 + x2
= arctanx+ c on Yl� R

∫ dx√
1− x2

=

 arcsinx+ c
π

2
− arccosx+ c

on Yl� ]− 1, 1[

∫ dx√
x2 + 1

=

{
Argsh (x) + c

ln
(
x+

√
x2 + 1

)
+ c

on Yl� R

∫ dx√
x2 − 1

=

{
Argch (x) + c

ln
(
x+

√
x2 − 1

)
+ c

on Yl� x ∈]1,+∞[

Integration methods ��Akt�� �rV 5.4

d§rf�w� |r� d�¤ .Ahtl�Akm� �Ayq�� d§r� ¨t�� T��dl� ¨l}±� ��At��  A�§� Yl� ��Akt�� 
As� �wq§

�l� ztnb§¯ HF� d�¤ .T�Asm�� 
As�� ��Ak� Tylm� �¤� ,1675 rbm�w� 13 ¨� ,ztnb§¯ �lyhly�


��E A� Ty�AyRA§r�� £Ew�C  � Am� ��wy� �A�F� �� �qts� �kK� ¨�AyRA§r�� ��Akt��¤ �RAft��

��Akt�� :Ahn� ��Aktl� �rV ­d� d�w§¤ .Ah� �§r`t��¤ A¡rK� ��  � @n� �¶AJ �kK� �d�ts�

... ,ry�tm�� ryy�t� ��Akt�� ,{§w`t�A� ��Akt�� ,T¶z�t�A�

Integration is based on finding the primitive function of the function we want to integrate. On

November 13, 1675, Gottfried Wilhelm Leibniz demonstrated the first integral for calculating area.

Leibniz established the mathematical calculus independently of Isaac Newton, and his mathemat-

ical symbols are still in common use since they were first published. There are several methods of

integration, including: integration by parts, integration by substitution, integration by changing

the variable, ...
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Integration per partes T¶z�t�A� ��Akt�� 1.5.4

6.5.4 : Theorem - T§r\�

:  �� [a, b] �A�m�� Yl� �yt�r`m�� C1 T·f�� �� �yt�� v ¤ u �kt�

Let u and v two functions of the class C1 defined on [a, b], then :∫ b

a

u(x) v′(x) dx = [uv]ba −
∫ b

a

u′(x) v(x) dx.

: ¤d�  ¤d� �k�¤ Ahsf� ¨¡ Tyl}±� T��dl� T¶z�t�A� ��Akt�� T�y}

The formula for the fractional integral for the primitive function is the same but without bounds:∫
u(x)v′(x) dx = [uv]−

∫
u′(x)v(x) dx.

10.5.4 : Example - �A��

To calculate the integral ��Akt�� 
As��∫ 1

0

xex dx

We put u(x) = x and v′(x) = ex. .v′(x) = ex ¤ u(x) = x �S�

u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 1 T��d��  � �l`�

We know that the function u′(x) = 1 is the derivative of the function u(x)

v′ T��dl� Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤

and the function v(x) = ex is the primitive function of v′

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤
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by using the integration by parts formula we find:∫ 1

0
xexdx =

∫ 1

0
u(x)v′(x) dx

= [u(x)v(x)]10 −
∫ 1

0
u′(x)v(x) dx

= [xex]10 −
∫ 1

0
1 · ex dx

= (1 · e1 − 0 · e0)− [ex]10

= e− (e1 − e0)

= 1

11.5.4 : Example - �A��

To calculate the integral ��Akt�� 
As��∫ e

1

x lnx dx.

.v′(x) = ¤ u(x) = ln x ­rm�� £@¡ �S�

This time we put u(x) = ln x and v′(x) = a.

v′ T��dl� Tyl}±� T��d�� ¨¡ v = x2

2
T��d�� ¤ u(x) T��dl� TqtKm�� T��d�� ¨¡ u′ =

1

x
T��d�� ¢n� ¤

The function u′ =
1

x
is the derivative of u(x) and the function v = x2

2
is the primitive of v′.

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤

by using the integration by parts formula we find:∫ e

1

lnx · x dx =

∫ e

1

uv′ = [uv]e1 −
∫ e

1

u′v =

[
lnx · x

2

2

]e
1

−
∫ e

1

1

x

x2

2
dx

=

(
ln e

e2

2
− ln 1

12

2

)
− 1

2

∫ e

1

x dx =
e2

2
− 1

2

[
x2

2

]e
1

=
e2

2
− e2

4
+

1

4
=

e2 + 1

4
.

12.5.4 : Example - �A��

To calculate the integral ��Akt�� 
As��∫
arcsinx dx
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arcsin(x) T��dl� Tyl}� T��  A�§³

to finds a primitive function of the arcsin(x) function

,v′(x) = 1 ¤ u(x) = arcsin(x) �S� �y� º�d� �kJ �� Ahl`��

we make it in the form of a product, we put u(x) = arcsin(x) and v′(x) = 1,

,v(x) = x ¤ u′(x) =
1√

1− x2
An§d� �y�

where we have u′(x) =
1√

1− x2
and v(x) = x,

d�n� T¶z��A� ��Akt�� T�y} �bW� ��

then we use the integration by parts formula we find:∫
1 · arcsin(x)dx = [x arcsin(x)]−

∫
x√

1− x2
dx

= [x arcsin(x)]−
[
−
√
1− x2

]
= x arcsin(x) +

√
1− x2 + c.

13.5.4 : Example - �A��

To calculate the integral ��Akt�� 
As�∫
x2exdx.

.v′(x) = ex ¤ u(x) = x2 �S�

we put u(x) = x2 and v′(x) = ex.

u(x) T��dl� TqtKm�� T��d�� ¨¡ u′(x) = 2x T��d��  � �l`�

We know that the function u′(x) = 2x is the derivative of u(x)

v′(x) T��dl� Tyl}±� T��d�� ¨¡ v(x) = ex T��d�� ¤

and v(x) = ex is the primitive function of v′(x)

:d�� T¶z�t�A� ��Akt�� T�y} �Am`tFA� ¤

and by using the integration by parts formula we find:∫
x2ex dx =

[
x2ex

]
− 2

∫
xex dx

:d�� Tq�As�� ��¤Asm�� �� ¨�A��� ºz��� Yl� Ty�A��� ­rml� T¶z�t�A� ��Akt�� dy`�

Re-integrating by parts for the second time on the second part of the previous equations,
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we find: ∫
xex dx = [xex]−

∫
ex dx = (x− 1)ex + c,

Finally we find d�� ry�±� ¨�∫
x2ex dx = (x2 − 2x+ 2)ex + c.

Change of variables ry`tm�� ryy�t� �þ�Akt�� 2.5.4

7.5.4 : Theorem - T§r\�

.C1 T·f�� �� φ : J → I ��Aqt�� �ky� ¤ I = [a, b] �A�m�� Yl� T�r`� T�� f �kt�

Let f be a function defined on I = [a, b] and let the mapping φ : J → I be in class C1.

for all a, b ∈ J we have: :An§d� a, b ∈ J �� ��� ��∫ φ(b)

φ(a)

f(x)dx =

∫ b

a

f (φ(t)) · φ′(t)dt

.(f ◦ φ) · φ′ T��dl� Tyl}±� T��d�� ¨¡ F ◦ φ  �� f T��dl� Tyl}� T�� F 
�A� �Ð�

if F is a primitive function of f then F ◦ φ is the primitive function of (f ◦ φ) · φ′.

in another way «r�� TfO�(∫
f(x) dx

)
◦ φ =

∫
f (φ(t))φ′(t) dt.

.φ ¤ f T��d�� �� �� 	y�r� �� �tn� f(φ(t))φ′(t) T��dl� Tyl}±� T��d��  � ©�

that is, the primitive function f(φ(t))φ′(t) results from the combination of f and φ.

,ry�tml� ryy�� ®`� ��m�

∫
f(x) dx =

∫
f (φ(t))φ′(t) dt ­CAb`��

the statement
∫
f(x) dx =

∫
f (φ(t))φ′(t) dt is actually a change of the variable,

or in a simplified form we put �S� TWsb� T�yO� ¤�

x = φ(t)

after derivation, we find �AqtJ³A� A¡d`� d�� ¢n�¤

dx

dt
= φ′(t)
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�®�Akt�� 
As� ¤  ¤d�m�� rKn�� Integration methods ��Akt�� �rV .5.4

i.e. ©�

dx = φ′(t) dt

what it gives us: : AnyW`§ A�∫ φ(b)

φ(a)

f(x)dx =

∫ b

a

f(φ(t))φ′(t)dt.

14.5.4 : Example - �A��

Calculate the integral ��Akt�� 
As�∫ π
2

0

sin2 (x) cos (x) dx

by placing �Rw�

sin (x) = t =⇒ sin (x)′ = cos (x) = dt

¨l§ Am� t Y�� x �� ��Akt��  ¤d� ry�t� ¢n�¤

Hence, the bounds of integration change from x to t as follows

x = 0 =⇒ t = sin (0) = 0

x =
π

2
=⇒ t = sin

(π
2

)
= 1

from it we find d�� ¢n�¤

x = 0 =⇒ sin (0) = 0

x =
π

2
=⇒ sin

(π
2

)
= 1

∫ π
2

0

sin2 (x) cos (x) dx =

∫ 1

0

t2dt

=
1

3
t3
]1
0

=
1

3
.
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