
Matrix diagonalization T�wfO� ryWq� Exercise series N° 2 ��C �§CAmt�� TlslF .4.2

.ryWqtl� Tl�A� A T�wfOm�� ¢n�¤

So the matrix A is distillable.

:T�wfOm�� ¢� (¨�w�Aq�� xAF±� ¨�) A T�wfOm�A� ��mm�� ¨��@�� ��AKt�� ,(X1, X2, X3) xAF±� ¨� (4

In the base (X1, X2, X3), the endomorphism represented by the matrix A (in the canonical

basis) has the matrix:

D =


1 0 0

0 1 0

0 0 2

 .

:©� 	y�rt�� Yl� X3 ¤ X2 ,X1 Ah�dm�� T`J� ¨t�� Cwb`�� T�wfO� P �S� ,«r�� TfO�

In other words, we put P the transit matrix whose column vectors are X1, X2 and X3 in

order, i.e.:

P =


1 0 0

0 1 0

−1 1 1

 ,

then, P−1AP = D. .P−1AP = D ¢n�¤

Exercise series N° 2 ��C �§CAmt�� TlslF 4.2

Exercise N°− 1 − ��C �§rm�

: ¨l§Am� T�r`m�� M3(R) �� T�wfO� A �kt�

Let A be a matrix of M3(R) defined as follows:

A =


0 1 0

−4 4 0

−2 1 2

 .

? ryWqtl� Tl�A� A T�wfOm�� �¡ (1

Is the matrix A diagonalizable?
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.An �tntF� .n ∈ N �� ��� �� (A− 2I3)
n �� (A− 2I3)

2 	s�� (2

Calculate (A− 2I3)
2 then (A− 2I3)

n for each n ∈ N. Deduce An.

Solution - �þþ���

.A T�wfOml� zymm��  ¤d��� ry�� 
As� (1

We compute the characteristic polynomial of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
−X 1 0

−4 4−X 0

−2 1 2−X

∣∣∣∣∣∣∣∣ = (2−X)(X2 − 4X + 4) = (2−X)3.

,2.I3 T�wfOml� Th�AK�  wkts� ,T§rW�  A� �Ð� 2 ¨¡ ­d��¤ Ty��Ð Tmy� �bq� A T�wfOm��

.ryWqtl� Tl�A�  wk�  � �km§ ¯ ��@� , �A��� w¡ Hy� �@¡¤ 2I3 þ� T§¤As�  wktF ��@�

The matrix A accepts a single eigenvalue is 2. If it were a diagonal, it would be similar to the

matrix 2.I3, so it would be equal to 2I3 which is not the case, so it cannot be diagonalizable.

we have :An§d� (2

(A− 2I3)
2 =


−2 1 0

−4 2 0

−2 1 0



−2 1 0

−4 2 0

−2 1 0

 =


0 0 0

0 0 0

0 0 0

 ,

So (A− 2I3)
0 = I, ,(A− 2I3)

0 = I ¨�At�A�¤

(A− 2I3)
1 =


−2 1 0

−4 2 0

−2 1 0


.(A− 2I3)

n = 0 An§d� n ≥ 2 ��� �� ¤

and for n ≥ 2 we have (A− 2I3)
n = 0.

2 Tmyql� ¨��@�� ¨�A`K�� ºASf��  � ^�®�

We note that the eigen-vectorial space associated to 2

Eλ=2 =
{
(x, y, z) ∈ R3 : 2x− y = 0

}
=

{
(x, 2x, z) : x, y ∈ R3

}
= ⟨(1, 2, 0) , (0, 0, 1)⟩
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: R3
ºASf�� d`� �� �lt�§ d`� ¤Ð

It has a dimension different from the space dimension of R3 :

dim (Eλ=2) = 2 ̸= 3

.ryWqtl� Tl�A� ry� A T�wfOm��  � AS§� d�¥§ A� �@¡¤

This also confirms that the matrix A is not diagonalizable.

­¤®� .n ≥ 2 ��� �� Bn = 0 �y� A = A − 2I3 + 2I3 = B + 2I3 An§d�¤ B = A − 2I3 �S�

��@� ,T� Abt� 2I3 ¤ B �A�wfOm�� , ��Ð Yl�

We put B = A − 2I3 and we have A = A − 2I3 + 2I3 = B + 2I3 where Bn = 0, for n ≥ 2.

Furthermore, the matrices B and 2I3 are interchangeable, therefore:

An = (B + 2I3)
n =

n∑
k=0

Ck
nB

k(2I3)
n−k

: �§d��� ��Ð ��wy� �®�A`� ¨¡ Ck
n �y�

where Ck
n are Newton’s binomial coefficients:

Ck
n =

n!

k!(n− k)!
.

,n ≥ 2 ��� �� Bk = 0 An§d� k ≥ 2 ��� �� , ��Ð ��¤

However, for k ≥ 2 we have Bk = 0, for n ≥ 2,

An = C0
nB

0(2I3)
n + C1

nB
1(2I3)

n−1

= 2nI3 + 2n−1nB

= 2nI3 + 2n−1n(A− 2I3)

= 2n(1− n)I3 + 2n−1nA.

then ¢n�¤

An = 2n(1− n)I3 + n2n−1A.

= 2n(1− n)


1 0 0

0 1 0

0 0 1

+ n2n−1


0 1 0

−4 4 0

−2 1 2



=


− (n− 1) 2n n2n−1 0

−n2n+1 (n+ 1) 2n 0

−n2n n2n−1 2n


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Exercise N°− 2 − ��C �§rm�

Let the matrix T�wfOm�� �kt�

A =


3 0 −1
2 4 2

−1 0 3


.A T�wfOml� zymm��  ¤d��� ry�� d�¤� (1

Find the characteristic polynomial of the matrix A.

TFwk`�� P Cwb`�� T�wfO�¤ T§rWq�� D T�wfOm�� d�¤� �� ryWqtl� Tl�A� A T�wfOm��  � 
b�� (2

.A = PDP−1 �y�

Prove that the matrix A is diagonalizable and then find the diagonal matrix D and the

invertible transit matrix P where A = PDP−1.

.n ∈ N ��� �� An 	s�� (3

Calculate An for n ∈ N.

Solution - �þþ���

.A T�wfOml� PA zymm��  ¤d��� ry�� 
As� (1

Compute the characteristic polynomial PA of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
3−X 0 −1

2 4−X 2

−1 0 3−X

∣∣∣∣∣∣∣∣ = (4−X)

∣∣∣∣∣3−X −1
−1 3−X

∣∣∣∣∣
= (4−X)(X2 − 6X + 8)

= (4−X)(X − 4)(X − 2)

= (2−X)(4−X)2

Tmy� λ1 = 2 �yty��Ð �ytmy� �lm� A T�wfOm�� ¢n�¤ �§C@� �bq§ PA zymm��  ¤d��� ry�� (2

. Tf�AS� Ty��Ð Tmy� λ2 = 4 ¤ TWys� Ty��Ð
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The characteristic polynomial PA accepts two roots, of which the matrix A has two eigen-

values λ1 = 2 simple eigenvalue and λ2 = 4 a double eigenvalue.

�ky� .Tq��rm�� Ty��@�� Ty�A`K�� ��ºASf��  d�n�

Let’s define the associated eigen-vectorial spaces. So let

E1 = {V = (x, y, z) : AV = 2V }

We solve the system: :Tlm��� ��� �wq�
3x− z = 2x

2x+ 4y + 2z = 2y

−x+ 3z = 2z

⇐⇒

{
z = x

y = −2x

.e1 = (1,−2, 1) w¡ ¢hy�w� �A`J �yqts� w¡ 2 Ty��@�� Tmyql� ���rm��E1 ¨��@�� ¨�A`K��ºASf��

The eigen-vectorial space E1 associated to the eigenvalue 2 is a straight line whose directional

vector e1 = (1,−2, 1).

Let �ky�

E2 = {v = (x, y, z) : Av = 4v}

We solve the system: :Tlm��� ��� �wq�
3x− z = 4x

2x+ 4y + 2z = 4y

−x+ 3z = 4z

⇐⇒ z = −x

z = −x :T� A`m�� ¤Ð ©wtsm�� w¡ 4 Ty��@�� Tmyql� ���rm�� E2 ¨��@�� ¨�A`K��ºASf��

.e3 = (1, 0,−1) ¤ e2 = (0, 1, 0) T`J±� �b� �� �A�m�� �ybF Yl� , AhFAF� ºAW�� �t§ ¨t��

The eigen-vectorial space E2 associated to the eigenvalue 4 is the plane with the equation:

z = −x whose basis is given, for example by the vectors e2 = (0, 1, 0) and e3 = (1, 0,−1).

TWb�r� ¨��Ð �A`J w¡ e⃗2 �A`K��  � Tqyq� ,A T�wfOm�� �� ­rJAb� ­º�rq�� Annkm§ ¢�� ^�¯

.4 Ty��@�� Tmyq�A�
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Note that we can read directly from the matrix A, the fact that the vector e⃗2 is an eigenvector

associated with the eigenvalue 4.

ºASf�� ,¨y�At�A�¤ Tq��rm�� Ty��@�� �yq��  d`� ©¤As� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf��  A`��

.ryWqtl� Tl�A� A T�wfOm��¤ Ty��@�� T`J±� xAF� �bq§ R3

The dimensions of the sub-eigen-vectorial spaces are equal to the multiplicity of the associated

eigenvalues. Thus, the space R3 accepts the basis of the eigenvectors and the matrix A is

diagonalizable.

:¢n�¤ ,Cwb`�� T�wfO� P �S�

We put P as the transit matrix, from which:

P =


1 0 1

−2 1 0

1 0 −1


Ah� Tq��rm�� D T§rWq�� T�wfOm�� ¤

and the associated diagonal matrix D

D =


2 0 0

0 4 0

0 0 4

 ,

We have the relationship: :T�®`�� An§d�

A = PDP−1 =


1 0 1

−2 1 0

1 0 −1



2 0 0

0 4 0

0 0 4




1
2

0 1
2

1 1 1
1
2

0 −1
2

 .

.n ∈ N ��� �� An

As� (3

Compute An for n ∈ N.

¤ An = P−1DnP ,n ∈ N ��� �� ¢n�¤ A = PDP−1
An§d� ��As�� ��¥s�� ��

From the previous question we have A = PDP−1, then for n ∈ N, An = P−1DnP and

Dn =


2n 0 0

0 4n 0

0 0 4n

 ,
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 � �l`�¤ .P−1

As� Anyl� Yqb§

We are left with the calculation of P−1 and we know that

P−1 =
1

detP
(P ∗)T

where �§�

detP = −2, P ∗ =


−1 −2 −1
0 −2 0

−1 −2 1

 ¤ P−1 = −1

2


−1 0 −1
−2 −2 −2
−1 0 1

 .

then, we have: :An§d� ¢n�¤

An = −1

2


1 0 1

−2 1 0

1 0 −1



2n 0 0

0 4n 0

0 0 4n



−1 0 −1
−2 −2 −2
−1 0 1



= 2n−1


2n + 1 0 (1− 2n)

2n+1 − 2 2n+1 2n+1 − 2

(1− 2n) 0 2n + 1

 .

Exercise N°− 3 − ��C �§rm�

Let the matrix A : A T�wfOm�� �kt�

A =

(
0 1

1 0

)

.A T�wfOm�� rW�� (1

Diagonalize the matrix A.

.Ah��CAs� �FC�¤ Ty��@�� T`J±� ­d�A� ¨� X ′ = AX TylRAft�� Tlm��� �wl� �� rb� (2

Express the solutions of the differential system X ′ = AX in the eigenvector rule and draw

their paths.

Solution - �þþ���
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.A T�wfOm�� ryWq� (1

Diagonalization of the A matrix.

zymm��  ¤d��� ry��

characteristic polynomial

PA(X) =

∣∣∣∣∣−X 1

1 −X

∣∣∣∣∣ = X2 − 1 = (X − 1)(X + 1).

.ryWqtl� Tl�A� ¨h� ¢n�¤ �ytflt�� �yty��Ð �ytmy� �bq� A T�wfOm��

The matrix A accepts two different eigenvalues, therefore it is diagonalizable.

.A þ� ¨��@�� xAF±�  A�§�

Finding the eigen-basic vectors of A.

,u = (x, y) ∈ R2
�ky�

Let u = (x, y) ∈ R2,

Au = u ⇐⇒ x = y ¤ Au = −u ⇐⇒ x = −y.

¤ 1 Ty��@�� Tmyql� ���rm�� ¨��@�� �A`K�� u1 : �y� , u2 = (−1, 1) ¤ u1 = (1, 1)  � ^�®�

R2
þ� AFAF�  ®kKy� �@� ,AyW�  ®qts� Am¡ −1 Ty��@�� Tmyql� ���rm�� ¨��@�� �A`K�� u2

�y� A = PDP−1
An§d� ¨�At�A�¤

Note that u1 = (1, 1) and u2 = (−1, 1), where: u1 eigenvector of eigenvalue 1 and u2

eigenvector of eigenvalue −1 are linearly independent, so they form the basis of R2 and thus

we have A = PDP−1 where

P =

(
1 −1
1 1

)
and D =

(
1 0

0 −1

)

 Ð� An§d� PY = X �y� Y �ky� (2

Let Y where PY = X then we have

X ′ = AX ⇐⇒ PY ′ = APY ⇐⇒ Y ′ = P−1APY ⇐⇒ Y ′ = DY.

.Y ′ = DY Tlm��� �wl� ¨¡ (u1, u2) Ty��@�� T`J±� xAF� ¨�X ′ = AX TylRAft�� Tlm��� �wl�

¤ x(t) = aet ¨¡ Tlm��� �wl� ¨�At�A� y′(t) = −y(t) ¤ x′(t) = x(t) An§d� Y = (x, y)  A� �Ð�

�� ­CAb� (u1, u2) ¨��@�� xAF±� ¨� Ah��CAs�  wk�¤ .Tyqyq� 
��w� b ¤ a �y� y(t) = be−t

.­d¶�z�� �wWq�� �� �¤r� c ∈ R �� y = c/x T� A`m�� ��Ð �Ayn�n�
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The solutions of the differential system X ′ = AX in the eigenvector (u1, u2) are the solutions

of the system Y ′ = DY . If Y = (x, y) we have x′(t) = x(t) and y′(t) = −y(t) then the

solutions to the system are x(t) = aet and y(t) = be−t where a and b are real constants, and

their trajectories in the eigenvalue (u1, u2) are curves of the equation y = c/x with c ∈ R
branches of hyperboles.

Exercise N°− 4 − ��C �§rm�

Let the matrix A : A T�wfOm�� �kt�

A =


3 2 4

−1 3 −1
−2 −1 −3


.T�wfOml� Ty��@�� �yq�� d�¤� �� ���w� º�d� Y�� A þ� zymm��  ¤d��� ry�� �l� (1

Factorize the characteristic polynomial of A and then find the eigenvalues of the matrix.

.A þ� Ty��@�� Ty¶z��� Ty�A`K�� ��ºASf�� d�¤� (2

Find the sub-eigen-vectorial spaces of A.

?ryWqtl� Tl�A� A T�wfOm�� �¡ (3

Is the matrix A diagonalizable?

Solution - �þþ���

An§d� :���w� º�d� �kJ Yl� A T�wfOml� zymm��  ¤d��� ry�� T�At� (1

Writing the characteristic polynomial of the matrix A as a product of factors: We have

PA(X) =

∣∣∣∣∣∣∣∣∣∣
C1 C2 C3

3−X 2 4

−1 3−X −1
−2 −1 −3−X

∣∣∣∣∣∣∣∣∣∣
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=

∣∣∣∣∣∣∣∣∣∣
C1 ←− C1 − C3

−1−X 2 4

0 3−X −1
1 +X −1 −3−X

∣∣∣∣∣∣∣∣∣∣
L1

L2

L3

=

∣∣∣∣∣∣∣∣
−1−X 2 4

0 3−X −1
0 1 1−X

∣∣∣∣∣∣∣∣ L3 ←− L3 + L2

= (−1−X)(X2 − 4X + 4) = −(X + 1)(X − 2)2

.Tf�AS� Ty��Ð Tmy� λ2 = 2 ¤ TWys� Ty��Ð Tmy� λ1 = −1 ¨¡ A T�wfOml� Ty��@�� �yq��

The eigenvalues of A are λ1 = −1 a simple eigenvalue and λ2 = 2 multiplicative eigenvalue.

.A T�wfOml� Ty¶z��� Ty��@�� Ty�A`K�� ��ºASf��  A�§� (2

Find the eigen-sub-vectorial spaces of the matrix A.

�r`m�� E−1 ¨¶z��� ¨�A`K�� ºASf�� �ky� −1 Ty��@�� Tmyql� Tbsn�A�

For the eigenvalue −1 let the sub-vectorial space E−1 be defined as

E−1 = {u ∈ R3, Au = −u}.

let u = (x, y, z) ∈ R3, ,u = (x, y, z) ∈ R3
�ky�

u ∈ E−1 ⇐⇒


4x+ 2y + 4z = 0

−x+ 4y − z = 0

−2x− y − 2z = 0

⇐⇒

{
2x+ y + 2z = 0

x− 4y + z = 0

w¡ ¢hy�w� �A`J �yqts� w¡ E−1 ºASf��

The space E−1 is a straight line whose directional vector

u1 = (1, 0,−1).

�r`m�� E2 ¨�A`K�� ºASf�� 2 Tmyql� ���rm�� ¨¶z��� ¨�A`K�� ºASf��

The sub-vectorial space associated with the value 2 is the vectorial space E2 defined by
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E2 = {u ∈ R3, Au = 2u}.

let u = (x, y, z) ∈ R3 u = (x, y, z) ∈ R3
�ky�

u ∈ E2 ⇐⇒


x+ 2y + 4z = 0

−x+ y − z = 0

−2x− y − 5z = 0

⇐⇒

{
x+ 2y + 4z = 0

x− y + z = 0

¢hy�w� �A`J �yqts� w¡ E2 ºASf�� (3

The space E2 is a straight line whose directional vector

u2 = (2, 1,−1).

.ryWqtl� Tl�A�
sy�A T�wfOm�� ¢n�¤ ,1 d`� ¤ÐE2 ¨¶z��� ¨�A`K�� ºASf��

The sub-vectorial space E2 is of dimension 1, then the matrix A is not diagonalizable.

Exercise N°− 5 − ��C �§rm�

 A� �Ð�¤ T�¤d`� ¤� Tb�w� Tyqyq�  �d�� Ah�®�A`� 
�A� �Ð� Ty¶�wK� A ∈Mn(R) T�wfO� ¨ms�

.1 ©¤As§ A¡rWF� �� �� �®�A`� �wm��

We call a matrix A ∈Mn(R) random if its coefficients are positive or null real numbers and

if the sum of the coefficients of each of its rows is 1.

.|λ| ≤ 1  �� A T�wfOml� Ty��Ð Tmy� λ ∈ C 
�A� �Ð� ¢�� 
b�� (1

Prove that if λ ∈ C is an eigenvalue of A then |λ| ≤ 1.

.¢� ���rm�� ¨��@�� �A`K�� d�¤� �� Ty��Ð Tmy� 1  � 
b�� (2

Prove that 1 is an eigenvalue and then find its eigenvector.

Solution - �þþ���

�ky� .Ty��@�� Tmyql� ���r� ¨��Ð �A`J z �ky�¤ A T�wfOml� Ty��Ð Tmy� λ ∈ C  � |rf� (1

�q�� Az T�wfOm�� �Ay��d�� �� i ��C  wm`�� |zi| = maxj=1,...,n |zj|. �y� i ∈ {1, . . . , n}
�O�� Ty�®��� ­d�Aq�� ��d�tF�¤ TqlWm�� Tmyq�� @��� .λzi ©¤As§  � 	�§ �@¡¤

∑n
j=1 ai,jzj

Yl�
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Let λ ∈ C be an eigenvalue of the matrix A and let z be an eigenvector of the eigenvalue.

Let i ∈ {1, . . . , n} where |zi| = maxj=1,...,n |zj|. be column number i from the coordinates of

the matrix Az, make
∑n

j=1 ai,jzj and this should equal λzi. By taking the absolute value

and using the triple rule, we get

|λ||zi| ≤
n∑

j=1

ai,j|zj| ≤
n∑

j=1

ai,j|zi| ≤ |zi|

|zi| ̸= 0  ± |λ| |zi| ≤ |zi| . Yl� AnlO�� d� ¢n�¤ .
∑n

j=1 ai,j = 1 ¤ ai,j ≥ 0 AS§� �m`ts� �y�

.|λ| ≤ 1  � ¨n`§ �@¡ (�¤d`m�� �A`K��  wk§ z ¯�¤)

We also use ai,j ≥ 0 and
∑n

j=1 ai,j = 1. Then, we get |λ| |zi| ≤ |zi| . because |zi| ≠ 0

(otherwise z is the zero vector). This means that |λ| ≤ 1.

Enough take @�� ¨fk§ (2

z =


1
.
.
.

1


.1 Ty��@�� Tmyql� ���r� ¨��Ð �A`J z  wk§ ¨�At�A�¤ .Az = z  � ^�®� ¨�

To note that Az = z. So z is an eigenvector associated to the eigenvalue 1.

Exercise N°− 6 − ��C �§rm�

Explain without calculating why the : Ty�At�� T�wfOm�� ryWq� Ty�Ak�� �d� 	bF 
As�  ¤d� �rJ�

following matrix diagonalization is not possible:

A =


i 1 1

0 i 1

0 0 i

 .

Solution - �þþ���

�Ð� .i ¨¡ ­d��¤ Tmy� ¨� Tl�mtm�� A¡rW� r}An� ¨¡ Ty��@�� Ahmy� T§wl� Ty�l�� A T�wfOm��

:�q�� P ∈ GL3(C) TFwk� T�wfO�  A�§� �yWts� Amt�� ryWqtl� Tl�A� A T�wfOm�� 
�A�
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The matrix A is an upper triangular matrix whose eigenvalues are the elements of a single value i

of diagonal. If the matrix A is diagonalizable then we can find an invertible matrix P ∈ GL3(C)
check:

A = P (iI3)P
−1.

: �� �A�wfOm�� �ym� �� Ty� Ab� I3 T�wfOm��  ±¤ �k�

However, because the matrix I3 is commutative with all matrices, then:

A = iI3PP−1 = iI3 =


i 0 0

0 i 0

0 0 i

 .

.ryWqtl� Tl�A� ry� A T�wfOm��  �� �@h� �A��� w¡ Hy�¤

this is not the case, so the matrix A is not diagonalizable.

Exercise N°− 7 − ��C �§rm�

:¨l§ Am� ¨�w�Aq�� xAF±� ¨� ­AW`m�� A T�wfOm�� ¤Ð R3 Yl� ¨��Ð ��AK� f ¨qyq�  d� m �ky�

Let m be a real number and f endomorphism of R3 with matrix A given in canonical basis as

follows:

A =


1 0 1

−1 2 1

2−m m− 2 m

 .

? f �ybWtl� Ty��@�� �yq�� d�¤� (1

Find the eigenvalues of f?

? ryWqtl� ��A� ¨W��� �ybWt��  wk§ Yt� m �y� ¨¡A� (2

What are the values of m for a linear application to be diagonalizable?

.k ∈ N �� ��� �� Ak 	s�� .m = 2  � |rf� (3

Suppose that m = 2. Calculate Ak for each k ∈ N.

Solution : �þþ���
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.A T�wfOml� zymm��  ¤d��� ry��  A�§� (1

Find the characteristic polynomial of the matrix A.

PA(X) =

∣∣∣∣∣∣∣∣
X − 1 0 −1

1 X − 2 −1
m− 2 2−m X −m

∣∣∣∣∣∣∣∣ =C1+C2→C1

∣∣∣∣∣∣∣∣
X − 1 0 −1
X − 1 X − 2 −1

0 2−m X −m

∣∣∣∣∣∣∣∣
=L2−L1→L2

∣∣∣∣∣∣∣∣
X − 1 0 −1

0 X − 2 0

0 2−m X −m

∣∣∣∣∣∣∣∣ = (X − 1)

∣∣∣∣∣ X − 2 0

2−m X −m

∣∣∣∣∣
= (X − 1)(X − 2)(X −m).

.�yty��Ð �ytmy� Xq� �bq§ f  �� 2 ¤� m = 1 A�@�� �Ð� QA� �kK� 2 ¤ 1 ¨¡ f þ� Ty��@�� �yq��

The eigenvalues of f are 1 and 2 in particular if we take m = 1 or 2 then f accepts only two

eigenvalues.

: Tflt�� Ty��Ð �y� �®� �bq§ ©@�� R3
�� ¨��@�� ��AKt�� f  �� m ̸= 2 ¤ m ̸= 1  A� �Ð� (2

.(1−X)2(2−X) w¡ f þ� zymm��  ¤d��� ry��  �� m = 1  A� �Ð� ¤ ryWqtl� ��A� f An¡  wk§

1 Ty��@�� Tmyql� ¨��@�� ¨¶z��� ¨�A`K�� ºASf�� d`�  A� �Ð� Xq� ryWqtl� ��A� f  wk§¤

u = (x, y, z) ��� �� .(m = 1  � r�@�) Ty¶z��� Ty�A`K�� ��ºASf�� ¢�A¡ �� ��bn� .2 ©¤As§

:An§d�

If m ̸= 1 and m ̸= 2 then f is an endomorphism of R3 which has three different eigenvalues:

here f is diagonalizable and if m = 1. The characteristic polynomial of f is (1−X)2(2−X),

and f is diagonalizable only if the dimension of the eigen-sub-vectorial space of eigenvalue 1

is 2. Let’s find these eigen-sub-vectorial space (remember that m = 1). For u = (x, y, z) we

have:

f(u) = u ⇐⇒


z = 0

−x+ y + z = 0

x− y = 0

⇐⇒


x = x

y = x

z = 0

T�wfOm�� ¢n�¤ : 1 ̸= 2 ¨��@�� ºASf�� d`u� .(1, 1, 0) �A`K�� Ker(f − I) ºASfl� xAF�� @���

��� �� An§d� .Ker(f − 2I) ºASf�� d`u� �� ��b� .m = 2  �  µ� |rf� .ryWqtl� Tl�A� ry�

:u = (x, y, z)
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We take as a basis for the space Ker(f − I) the vector (1, 1, 0). eigen-sub-vectorial space

dimension is 1 ̸= 2 : of which the matrix is not diagonalizable. Now let m = 2. We are

looking for the dimension of space Ker(f − 2I). We have for u = (x, y, z):

f(u) = 2u ⇐⇒


−x+ z = 0

−x+ z = 0

0 = 0

⇐⇒


x = x

y = y

z = x

ºASf�� d`u� QA� �kK� .(0, 1, 0) ¤ (1, 0, 1) �y�A`K�� Ker(f − 2I) ºASfl� xAF�� @���

.ryWqtl� ��A� An¡ f ¤ 2 w¡ Ker(f − 2I)

We take as a basis for the space Ker(f − 2I) the vectors (1, 0, 1) and (0, 1, 0). Specifically

the space dimension of Ker(f − 2I) is 2 and f here is diagonalizable.

(m = 2) 1 Ty��@�� Tmyq�� ��� �� .2 Ty��@�� Tmyql� Tbsn�A� ¨��Ð xAF� Aq�AF A�d�¤ .f rWqn� (3

: u = (x, y, z) ��� �� An§d�

Let’s diagonalize f . We previously found an eigenvector for the eigenvalue 2. For the

eigenvalue 1, (m = 2) we have for u = (x, y, z) :

f(u) = u ⇐⇒


z = 0

−x+ y + z = 0

z = 0

⇐⇒


x = x

y = x

z = 0

.w = (1, 0, 1) ¤ v = (0, 1, 0) ,u = (1, 1, 0) �ky� .(1, 1, 0) �A`K��Ker(f−I) ºASfl�xAF�� @���

:¨¡ f T�wfO� xAF±� �@¡ ¨� f þ� ¨��Ð xAF� (u, v, w) ¢n�¤

We take as a basis for the space Ker(f −I) the vector (1, 1, 0). Let u = (1, 1, 0), v = (0, 1, 0)

and w = (1, 0, 1). From which (u, v, w) is an eigenvector of f . In this basis, the matrix f is:

D =


1 0 0

0 2 0

0 0 2

 .

P T�wfOm�� .(u, v, w) xAF±� Y�� R3
ºASfl� ¨�w�Aq�� xAF±� �� Cwb`�� T�wfO� P �kt�

:þ� �AW`m��
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Let P be the transit matrix of the canonical basis of space R3 to the base (u, v, w). The

matrix P is given by:

P =


1 0 1

1 1 0

0 0 1


:d�� .P−1

	s��  � 	�§ .A = PDP−1
An§d�¤

We have A = PDP−1. We have to calculate P−1. We find:

P−1 =


1 0 −1
−1 1 1

0 0 1

 .

:An§d� T§rW� D T�wfOm��  ± ¤ �k� .Ak = PDkP−1
 � ���rt�A� �tnts� A = PDP−1

��

From A = PDP−1, we conclude bu induction that Ak = PDkP−1. But since the matrix D

is diagonal, we have:

Dk =


1 0 0

0 2k 0

0 0 2k

 .

After the calculations we find in the latter ry�±� ¨� d�� �A�As��� d`�

Ak =


1 0 2k − 1

1− 2k 2k 2k − 1

0 0 2k

 .
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