Matriz diagonalization &oeoe phos Ezercise series N° 2 w9 o3 &l 4.2

pREY 615 A Sbsanell cing

So the matriz A is distillable.

:609200)) o (S8 wlw Y (0) A Gogmoelly dieall 1) SIS (X1, Xo, X3) laY) o (4
In the base (X1, Xa, X3), the endomorphism represented by the matriz A (in the canonical

basis) has the matriz:

10
D=101
0 0

N O O

&V e ) Je X3 9 Xo X Wisee | 6 (3 o)) Gogaon P gios & s Gy

In other words, we put P the transit matriz whose column vectors are X1, Xo and X3 in

order, i.e.:
1 00
P=10 10|,
-1 11
then, P~*AP = D. PIAP =D [oX VY
. J

Ezxercise series N° 2 fd) i yheld) dads 4.2

Exercise N°— 1 — @) 3 pd

D WS 66 2all A4(R) va Gogae A oI
Let A be a matriz of M5(R) defined as follows:

0 10
A=1-4 40
-2 1 2

¢ phisl) 6Ll A Sbsaaell 4B (1

Is the matriz A diagonalizable?
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A" wdidnd n € N JS 38 oo (A —20)" @5 (A — 205)2 s (2
Calculate (A — 2I3)? then (A — 2I3)™ for each n € N. Deduce A™.

Solution -  Jemad!

.A&}&.«MM‘JjM‘)’g&gm (1

We compute the characteristic polynomial of the matrix A.

Pi(X)=|-4 4-X 0 |=Q-X)(X*—4X+4)=(2-X)>
-2 1 2-X
2.I5 42 ghasly Agaline ) 9Siiud (A pdad GlSo 13] 2 oo Buslg WG Aed JoES A 4d sdiaed!
edadtd A8 (oSO OF 8o ¥ SIS Jlondl 9o (ued 10 9 203 I A glue O 6w SIS

The matrix A accepts a single eigenvalue is 2. If it were a diagonal, it would be similar to the

matrix 2.13, so it would be equal to 213 which is not the case, so it cannot be diagonalizable.

we have Lowt (2
-2 10\ [-210 000
(A-2L)*=|-4 2 0| |-4 2 0]=]00 0],
-2 10/ \-210 000
So (A —2I3)° =1, (A=20)" =1 S
-2 10
(A-2L)'=]1-4 2 0
-2 10

(A=2L)"=0Lad n>2 i g 9
and for n > 2 we have (A — 213)" = 0.
2 Aaall LI peladdl sliadll Of das S
We note that the eigen-vectorial space associated to 2 ) “
By = {(z,y,2) eR’: 20—y =0}
= {(ZE,QZL‘,Z) cx,y € ]Rg}
= ((1,2,0),(0,0,1))
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ZR3;L@&J1..\.1.)O.:;&.\J%..\44.33

It has a dimension different from the space dimension of R3 :
dim (Ey=2) =2 # 3

el ALIS ,d A Ad ghaaedl o Liasi Mo 5o Lo 10a g

This also confirms that the matrix A is not diagonalizable.
9Me m>2 Yl yo B" =0 o> A=A—-2[3+ 23 =B+ 2[; Lot g B=A—2[; puiad
SIAY Waliwe 205 9 B Olb ghucaedl ¢ £ald Lle
We put B = A — 213 and we have A = A — 213+ 213 = B + 215 where B" = 0, for n > 2.

Furthermore, the matrices B and 2[3 are interchangeable, therefore:

A" = (B 4+ 2I5)" chBsz

DOt SId (43 90 OMelae ‘_,.AOE LA
where C* are Newton’s binomial coefficients:

ko n!
Cn = El(n — k)’

N >2daige BF =0 Lot k> 2 Jai (e« S35 a0 g
However, for k > 2 we have B* = 0, for n > 2,
A" = COB°(2L)" + Cr B (213)" !
=2"[, + 2" 'nB
= 2" 4+ 2" In(A — 213)
=2"(1 —n)I3 + 2" 'nA.

then ada g

A" = 2"(1 —n)l3 +n2" A,

100 0 10
= 2"(1-=n)| 0 1 0 [+n2""| -4 4 0
001 -2 1 2

—(n—1)2" p2n! 0
= —n2"tt (p+1)2" 0

—n2" n2n—1 2"
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Exercise N°— 2 — a8y 4d e

Let the matrix Sbaioal) Jj:!
—1
A= 2
-1 0 3

A mgmo.eﬂ ).\aa.“ 59)}:‘\ ,.\3; )..5,—99\ (1

Find the characteristic polynomial of the matrixz A.

Sugll) P sl Soghinng So 0l D Gogioa)) 15qf w5 phil) abls A sogroal) of =il (2
A=PDP! 28
Prove that the matriz A is diagonalizable and then find the diagonal matriz D and the

invertible transit matriz P where A = PDP™!.

.nENd}‘mA"..ﬁm}-;\ (3
Calculate A™ for n € N.

Solution - Jemsd!

A 42 ganslt Py jueedl 3 gusd) pdisn Ulwe (1

Compute the characteristic polynomial P4 of the matrix A.

3—X 0 -1

= (4— X)(X®—6X +8)
(4— X)(X —4)(X —2)
=(2-X)4-X)

Aed N = 2 Gl (pdiend Soled A A2 gaaell de g oyl Sy Py jeeeed) 3 gusdl pdiss (2
.MWM‘SMAQZZ_LJMM"J
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The characteristic polynomial P4 accepts two roots, of which the matrix A has two eigen-
values A\ = 2 simple eigenvalue and Ay = 4 a double eigenvalue.

OSed . Aa8 pedl AN A ladd) Gleliaall sasd
Let’s define the associated eigen-vectorial spaces. So let
E,={V = (2,y,2) : AV =2V}
We solve the system: falead! Joma  gad
3r — 2z =2z

2=
20 +4y+22 =2y < {
y=—2
—r+3z2=2z

e1=(1,-2,1) 92 dgua 95 ¢ Lo mudiicwe 98 2 LGN doydll 331 4ol B SIAN Geladdlslinall

The eigen-vectorial space E; associated to the eigenvalue 2 is a straight line whose directional
vector e; = (1,—2,1).

Let

Ey={v=(z,y,2) : Av = v}
We solve the system: faleand! Joma a gad
3r —z=4x
2e+4y+22 =4y < z=-x
—x+3z=4z

z

—7 lAlalaedl 93 (5 giwedl 52 4 AGIAN Aedl 331l By SN eladdlsliadll
es = (1,0,—1) g e = (0,1,0) 2aa¥l Jd oo Jliadl Jurw ole ¢ Lgului slac) @in il

The eigen-vectorial space F5 associated to the eigenvalue 4 is the plane with the equation:

z = —z whose basis is given, for example by the vectors es = (0,1,0) and e3 = (1,0, —1).

Wa ye i1 ¢ lad 9o & ¢ Ladd) O Wi (A 43 gauacd) (e b piilis bel HA11 LiSay 437 dasd

4 AGIN deally
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Note that we can read directly from the matrix A, the fact that the vector é; is an eigenvector

associated with the eigenvalue 4.

el dl (L 9 2381 podl AGIAN @udll duiad (6 glad 20NN A5 jondl Ao ladd) Silelindl) slagi

oladil A0I8 A A8 9ot g AGIAN Aad¥) ulei Sy R?
The dimensions of the sub-eigen-vectorial spaces are equal to the multiplicity of the associated
eigenvalues. Thus, the space R? accepts the basis of the eigenvectors and the matrix A is

diagonalizable.

A0 g (yguall A2 g2an P bm.'
We put P as the transit matrix, from which:

1 0
P=1-21 0
1 0 —1
Lgd 4z3l oot D 40 padll 40 gawasll g
and the associated diagonal matrix D
2
D=10 4 ,
0 4
We have the relationship: TAEMaY Lons
1 0 1 2 00\ (3 0 3
A=PDP'=-21 0 04011 1
1 0 -1)\0 04/ \5 0 -2

n €N Ui po A" Ul (3
Compute A™ for n € N.
9 A" =P 'D"Pm €N Ui e dieg A= PDP7! Lot Gabead) J1 5l yo
From the previous question we have A = PDP~!, then for n € N, A" = P~'D"P and

2" 0 0
D'"=10 4 0|,
0 0 4»
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Of @lad g Pl Gl Lide oo
We are left with the calculation of P! and we know that

1

-1 _ P* T
det P (77)
where Ol
-1 -2 -1 -1 0 -1
detP=-2, P*=|0 -2 0 9 Pl=—|-2 —2 —2
-1 -2 1 -1 0 1
then, we have: Lo de g
1 0 1 2" 0 0 -1 0 -1
A"=—1-2 1 0 0 4" 0 -2 =2 =2
1 0 —1 0o 0 47 -1 0 1
2" +1 0o (1-2m
— 271—1 2n+1 _ 2 2n+1 2n+1 _ 2
(1—=2" 0 2" 41
Exercise N°— 3 — @) (d pd
Let the matriz A 1 A Sogaonl \,\Tﬂ
01
A—
1 0
A dogaasll ol (1

Diagonalize the matriz A.

AR e o fg Sl G W a6 Lo X7 = AX Guliotaill alasdt Jols oo pe (2

Express the solutions of the differential system X' = AX in the eigenvector rule and draw

their paths.

Solution -  Jumsd!

Brahim Brahimi-Jihane Abdelli
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Diagonalization of the A matrix.

BYT N (RPN | R Wh =
characteristic polynomial
-X 1

D == e,

P Ze: ik '2\.\9\5‘“_,.@54.';»3“,.44.\.«_"-..»”“’“' OO (il Juds A A2 gaaqgll
The matrix A accepts two different eigenvalues, therefore it is diagonalizable.
A3 SIS el sl
Finding the eigen-basic vectors of A.

w=(z,y) € R? (s
Let u = (z,y) € R?,

Au=u <= =y 3 Au=-u <= = —vy.

R? 3 Luluf OMSEd 10 (bdas OMETwoe Les —1 L0100 Aeall B8) yodl SSII ¢ Ladl) up
Cos A= PDP7! Lot I3
Note that uy = (1,1) and us = (—1,1), where: wu; eigenvector of eigenvalue 1 and wus

eigenvector of eigenvalue —1 are linearly independent, so they form the basis of R? and thus
we have A = PDP~! where

O3 Lot PY = X 2o VoS4 (2
Let Y where PY = X then we have

X' = AX <= PY' = APY <= Y' =P 'APY < Y'=DY.

Y= DY dlendt J gl oo (U1, Uuz) &SI 2ad¥W) (pulai 2 X' = AX Ldolaid) alemtl J ol
5 a(t) = act oo Aamdl Jsbs L /(1) = —y(t) 5 2/(t) = 2(t) Lot ¥ = (z,y) ol 13
o Bole (11, 2) AN (ulw¥) B Lgdl e O 5S35 Acduda Culgd b g a o y(t) = be!

351 31 ¢ gladll he g 98 CER 2oy = /T Walasd LI Olia
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The solutions of the differential system X’ = AX in the eigenvector (uy, us) are the solutions
of the system Y’ = DY. If Y = (z,y) we have 2/(t) = z(t) and y/'(t) = —y(t) then the
solutions to the system are x(t) = ae’ and y(t) = be~* where a and b are real constants, and
their trajectories in the eigenvalue (uj,uy) are curves of the equation y = ¢/x with ¢ € R

branches of hyperboles.

Exercise N°— 4 — a8y jd g

Let the matriz A - A boemaml! JS:S

3 2 4
A=1]1-1 3 -1
-2 -1 -3

S0gi0al) GusIi) yadll asgf w3 Jolee clas () A jreall sl pid Jis (1

Factorize the characteristic polynomial of A and then find the eigenvalues of the matriz.

A D 631 68 i) Gas \Re) e baad) asg) (2

Find the sub-eigen-vectorial spaces of A.

¢ pil) 6yls A bosmonl) JB (3

Is the matrix A diagonalizable?

Solution -  Jemsd!

Lot fJelge slis JSG Ao A 40 gawaall jcaedl 3 guad! pdiso wliss (1

Writing the characteristic polynomial of the matrix A as a product of factors: We have

e Cs

3_X 2 4

PO =1"_, 3-X -1
9 1 _3_-X
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Ch +— C) — Cy
o —1-x p 4 L
B 0 3-X -1 Ly
1+ X 13- X| I
1-X 2 4
| 0 3-X -1
0 1 1-X| ILye—Ly+ Ly

=(-1-X)(X?—4X +4) = (X + 1)(X —2)?
.l&.cl.«'a.n@|3MA2:23M@‘3M>\1:—1&,AAMM PUEINS (R ev-1g
The eigenvalues of A are \; = —1 a simple eigenvalue and A\, = 2 multiplicative eigenvalue.

A 48 gawael A0 jod) 4SS deladd! Olelndll alon) (2

Find the eigen-sub-vectorial spaces of the matrix A.
b yaedl By o8 jondl peladdl sladll oS0 —1 20100 dardll dddly
For the eigenvalue —1 let the sub-vectorial space E_; be defined as
E={ucR® Au=—u}.

let u = (x,y,2) € R3, w=(z,y,2) € R® &

20 +y+22=0

r—4y+2=0

dr +2y+42=0
ue kb | < —r+4y—2=0 <:>{

—2r—y—22=0

D dg> o3 tl.gﬁb‘n:«.ﬁlms}bEfl slaall
The space F_; is a straight line whose directional vector

Uy = (1,0, —1)

b yasll By peladdl sliadll 2 dedll 3ol poll o8 jaudl peladd) sliadll

The sub-vectorial space associated with the value 2 is the vectorial space Fy defined by
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Ey = {u e R® Au=2u}.

let u= (z,y,2) € R? u=(z,y,2) € R? (s
r+2y+42=0
r+2y+42=0
u€ by <— —x4+y—2=0
rT—y+z2=0
—2r—y—>52=0

dgu> 93 tMﬁM}AEQ slaal (3
The space Es is a straight line whose directional vector

up = (2,1,-1).

.M@@MAMM!Mﬁ&l.\yﬁhEggS}aJ‘gcb.&J‘gL@.éﬂ

The sub-vectorial space Fj5 is of dimension 1, then the matrix A is not diagonalizable.

Exercise N°— 5 — @y 3 pad

ol 1slg G910 91 Gus-go Suiads o1xe | WNeIRe =3V 13) SuSlgis A € 4, (R) Soghon o
1 Colw 1® an oo JF = Yoo ¢ ga%o
We call a matriz A € M,(R) random if its coefficients are positive or null real numbers and

if the sum of the coefficients of each of its rows is 1.

& &

JAl <1 olo A Gogmanl) Guily bud A € C w8 1) ou) st (1
Prove that if X € C is an eigenvalue of A then |\| < 1.

o 8813l S 2126 sqT 5 il b 10} s (2

Prove that 1 is an eigenvalue and then find its eigenvector.

Solution -  Jumsd!

OSed LS Ayl 3B ye S5 plad 2 (St g A Wb gdaclt 4G Aedd A € O O o pas (1

Juad LAY suclal alusiiwl g dalla ol Ao all ..\:-L A2 S glew Ol G 102 g Z?:l a; jZj
w
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Let A € C be an eigenvalue of the matrix A and let z be an eigenvector of the eigenvalue.

Let i € {1,...,n} where |z;| = max;_;__, |2;|. be column number i from the coordinates of

the matrix Az, make 2?21 a;j7; and this should equal Az;. By taking the absolute value

and using the triple rule, we get

n n
Mzl < aislz] < aiglal < il
j=1 j=1

.|>\|§1Qig.’uf‘f.\.b (‘43..\.1.6.” tmm Q}S:izfﬂﬁ)

We also use a;; > 0 and )7 a;; = 1. Then, we get |A|[z] < [z]. because |z # 0

(otherwise z is the zero vector). This means that |[A| < 1.

Enough take A asy (2

1 G el 3B pe S0 ¢ lad 2 O 950 SLIL g Az = 2 O das M S

To note that Az = z. So z is an eigenvector associated to the eigenvalue 1.

Exercise N°— 6 — gdy id w2

Ezplain without calculating why the : &)W\ Sogianl) phss Q.u“:! P —aw — s gop ¢4l

following matrix diagonalization is not possible:

7 1 1
A= 0 2 1
0 0 =

Solution -  Jumsd!
13) 0 o8 Bislg dad B Aol i jolic o WS lged Wgle adlin A 4bgandl
(3423 P € GL3(C) dwySe 484amm0 slou) adaind Lelismd pdadill ahld A b gamoll cols
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The matrix A is an upper triangular matrix whose eigenvalues are the elements of a single value 7
of diagonal. If the matrix A is diagonalizable then we can find an invertible matrix P € GL3(C)
check:

A= P(il;)P".

TOLe Old gaasdl pres e Adald I3 42 gaaddl ¥ g (ST

However, because the matrix I3 is commutative with all matrices, then:

i 00
A=ibPP'=ils=| 0 i 0
00 i

this is not the case, so the matrix A is not diagonalizable.

Exercise N°— 7 — a8y od g

foh W e wle Y Lo slhmall A Gbghowl) gy RY o SV S £ inds a0 m ol
Let m be a real number and f endomorphism of R with matriz A given in canonical basis as

follows:

¢ f kil Gt wdl) g (1
Find the eigenvalues of f?

¢ phil) Bl s kil ogly s m b Blo (2

What are the values of m for a linear application to be diagonalizable?

keNYE I8 oo A sV m =20V o085 (3
Suppose that m = 2. Calculate A* for each k € N.

Solution : (emsd!
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A 42 gansll et 3 gusd! udiss sl (1

Find the characteristic polynomial of the matrix A.

X -1 0 -1 X -1 0 -1
PA(X) = 1 X -2 —1 =Ci4+Cs—0, | X —1 X —2 —1
m—2 2—-m X —m 0 2—-m X —m
X -1 0 -1
=Lo—Li—Lo 0 X-2 0 = (X -1) ro2 ! ‘
2—m X —m

0 2—m X —m
= (X — 1)(X =2)(X —m).

1S (e dadd Jdy f Ol 2 9T m = 1 Lasi 3] pols JSdn 2 91 o f 3 AGIA) gl

The eigenvalues of f are 1 and 2 in particular if we take m = 1 or 2 then f accepts only two

eigenvalues.

D Aalisne A0y @B OMS by W R e SSIAN JSslaidl f pla m #£ 2 g m # 1 plss 1) (2

(1=X)22=X) 38 f 3 jaadl 3 gasdl pdisn Olam = 1 Hles 13] g pdadild I3 f L & oS0

1 A1) agdll GIAT 5 jondl poladd) sladll day Ol 13) dadd ,dadill Juld f O 9Su

u=(2,y,2) Jai o (m =1 01 ,£05) S 3ot Lucladdl Slsladll il (o Eomdd 2§ gl
Lt

If m # 1 and m # 2 then f is an endomorphism of R?® which has three different eigenvalues:

here f is diagonalizable and if m = 1. The characteristic polynomial of f is (1 — X)2(2 - X),

and f is diagonalizable only if the dimension of the eigen-sub-vectorial space of eigenvalue 1

is 2. Let’s find these eigen-sub-vectorial space (remember that m = 1). For u = (z,y, z) we

have:

z =0 r = T
flu)=u <=  —2+y+2 = 0 <= S y = =
r—y = 0 = 0

Wgamell dieg i 1 #2 AN sliaatt war (1,1,0) ¢ ladt Ker(f — 1) sliaald jululss 2l

Jai e Lot Ker(f — 21) sbiaddl das e o 1 = 2 O 0¥ o pad - pudadill ALlE i
w = (z,y,2)
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We take as a basis for the space Ker(f — I) the vector (1,1,0). eigen-sub-vectorial space
dimension is 1 # 2 : of which the matrix is not diagonalizable. Now let m = 2. We are

looking for the dimension of space Ker(f — 2I). We have for u = (z,y, 2):

—r+z =0 r = x
flu) =2u <= —r+z = 0 <~ y =y
0 =0 z =

sladl dms gold JSén (0,1,0) o (1,0,1) cueladdt Ker(f — 2I) sbaall gulwls asxb

udadilt 13 L f 92 ga Ker(f —21)
We take as a basis for the space Ker(f — 2I) the vectors (1,0,1) and (0, 1,0). Specifically
the space dimension of Ker(f — 21) is 2 and f here is diagonalizable.

(m =2) 1 &8I0 Zaydl Yol (e 2 AGI Aen@ll Bl 315 pulai Lolw L 5 .f ez (3
fu=(7,y,2) Jal (e Lo
Let’s diagonalize f. We previously found an eigenvector for the eigenvalue 2. For the

eigenvalue 1, (m = 2) we have for u = (z,y, z) :

y4 == O €T g €T
flu)=u <= < —2+y+2z = 0 <= < y = =z
z =0 z =0

w=(1,0,1) gv = (0,1,0) cw = (1,1,0) x5 .(1,1,0) g Laaht Ker(f—I) sLiaalt pululss asls
iop [ A2 ghmn ulu¥I1Ma B f 3 S5 ulad (u,0,w) 4 g
We take as a basis for the space Ker(f —I) the vector (1,1,0). Let u = (1,1,0), v = (0,1,0)

and w = (1,0,1). From which (u, v, w) is an eigenvector of f. In this basis, the matrix f is:

1
D=10
0

S NN O
O O

P adgamett (u,0,w) pula¥ I RS clnall 59306 juluw¥l yo ygll Abgawme P (S
— Ollaagd
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Let P be the transit matrix of the canonical basis of space R? to the base (u,v,w). The

matrix P is given by:

10
P=111
0 0

— o

HEE R Pt e O e A=PDP! Lot g
We have A = PDP~!'. We have to calculate P~!. We find:

1 0 —1
Pl=1 11 1
0 0 1

Lot & ,dad D a2 gamedt 0¥ 9 oS3 AP = PDPP7! (i aat )00 it A = PDP™! (e

From A = PDP~!', we conclude bu induction that A* = PD*P~!. But since the matrix D

is diagonal, we have:

1 0 0
DF=110 28 0
0 0 2F
After the calculations we find in the latter ).:_&S'! 5,3 womd Ot | g
1 0 2F—1
AP = 1—2k 2k ok _1
0 0 ok
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