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Differential equations are the best way to describe most engineering, mathematical and scientific
issues alike, such as describing heat transfer processes or fluid flow, wave motion and electronic
circuits and using them in issues of the structural structures of matter or the mathematical de-

scription of chemical reactions.

Basic concepts biubul gdlae 1.5

S @l (o9« Adolail) O¥sladll B malaellyg Olay yaldl (4o 4o game Juadll 10 (o
pealaedt
This chapter includes a set of definitions and concepts in differential equations, the most important

of which are:

1.1.5 : Definition - «aJ yad

= Ygsdia) Gumidl 580 ) R o \akhie ) Wbl Jo Lg53 Ga\e JS (B Gabolail) &\l
s e ;59
A differential equation is every equation that contains differentials or derivatives of one or

more functions with respect to variables and is of the form:

(E) F(x,y,y’,...,y(")) = 0.
1.1.5 : Example - Jtio
dx
@z +ydr =u

D ol Ao land Alslaed) il g
The differential equation is classified into:

2T gl aalld Wasle OMoLaT gi Olaide e (6 gond Alolal Walas o2 1 Lasle Adolas Aalas -1
Ordinary differential equation: It is a differential equation that contains derivatives or ordinary

differentials of one or more variables.
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2.1.5 : Example - Jiio

ydx + xdy = e*.

91 Al A > OMbLET i Olikde e T Aclolad Walas oo § A o Adiolal Walas -2
gy
Partial differential equation: It is a differential equation that contains derivatives or partial

differentials of one or more variables.

3.1.5 : Example - Jt

8_x_z$
oy

91 bl e UST Awitl Adad (sS3 O Aalasdl oo Adadd) Aoalall Adlaill Asleed! -3
.L@Q‘;‘Aq-ulcé}al ¥ g lghilaide g @‘3:"“
For the linear ordinary differential equation: it is the equation that is linear with respect to each

of the function(s) and their derivatives does not contain their products.
A ol OlaTael) Aeaddl Adad (68T Ll Walaed! Lo ¢ Adasdl A joudl dislait) Alalasdl —4
823 92> godl ol od! 9l =y

Linear partial differential equation: It is the equation that is linear with respect to the partial

derivatives of the existing function or functions.

é 1.1.5 : Remark - :\Jé?)&n

15 39590 Bidio S Sl po (B &Is1Ral) i pa o -1
The order of an equation is the order of the highest derivative present in it.
B Syl 15 T oo S4bo e &Is12a)) Jrgss olayg 2

\The differential equation can be converted from one form to another to facilitate its solution.

J

Order and degree &2 yddlg dd i 1.1.5

Order auw pf
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2.1.5 : Definition - wad yad

° 399! ((Lo1ai) JolRell gty by —og ,2all) S YN il Gus; ¢B 1 Gabolaill s\Rall G,
LA
The order of a differential equation : is the order of the highest derivative (also known as

differential coefficient) present in the equation.

[ 4.1.5 : Example - J 2 )

d
d—i +y° = cos(r)

S as M ve Gabolss alslre T Yo idiad) o bie ity

Contains only the first derivative j—g, which 1s a first order differential equation.

. J
2 5.1.5 : Example - JL’]’D
d3x dy
g 29y
I3 + Bzda: e

SIW) 68 ) 0o Sulioles &J5\20) 03D oing <3 §B o o1 Su3; (BIs1R 01D (b

In this equation, the order of the highest derivative is 3 hence, this is a third order

kdzﬁerentzal equation. )

Degree 42 yud!

3.1.5 : Definition - w24 yad

3 13l Sulola! GlslRall (o G ) Jo Y i) bgh Gubb\a) Gls\Ral) G s Uaied iy
The degree of the differential equation is represented by the power of the highest order

derivative in the given differential equation.

ABiasd A pedl A yuld SLATA L8 3 gisd! Badatie Alalae Adoslaill Alalaodl OsSH i o
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The differential equation must be a polynomial equation in derivatives for the degree to be defined.

6.1.5 : Example - JL’Q

dy 4 d?y ’ B
(%> - (%> +y = cos(x)
&° 291 83180 G310 (B slhxal) Subolaill Gls\Rallg 2 Gus ) e kil ¢ Jo Y WY L
SR &5 1) g sl 605 I o Gosle Subiolas GlslRe (B o) o liidiel!

Here, the up exponent is of the derivative of the highest order derivative is 2 and the given

differential equation is a polynomial equation in derivatives.

LSO it is a Second Order Three Degree ordinary differential equation D

e g LY byl 2.1.5

Sl 9381 Al Liayi oS (Analadl Aol Walasd) Yo (o Gasidl Saie o gllaetl Jiluell b
lasl I ASILY o g pddl Ba o o @iy S2d3 g (Alslaell alall Jomdl B B palall 4y ,Las Y

cAglad) 2
In the problems you are required to check the solution of the ordinary differential equation, you
can also find the optional constants that appear in the general solution to the equation, and this

is done through the initial conditions that are given at the beginning.

(i T Gals e (6 g Slie AGL A3 1 (pe Aliolad Wslasd ale d> 392 9 Jl> B9

Aslaell Gurbli) Gl ;i Guiglill s o 3
In the event that there is a general solution to a differential equation of the second order, for
example, that contains two optional constants, two additional conditions for the equation are

required to determine the constants.

Cdods W g pa do g pdd) SOl y(x2) = Yo Y(T1) = Y1 ialins uidady wie Ol padt Jlac 13)
Cdousd) dadal Wlae Tausdl do g pddl I) ABLLYL Ao Llall) Walsed! Corow 9

If the two conditions are given at two different points y(z;) = y; and y(zs) = ys, then the
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conditions are boundary conditions, and the differential equation is called in addition to the

boundary conditions: the issue of value limitation.

Solving dif. equations ddalald| G¥sladdl J>» 2.5

WL fahe Cewd LS Lo sl o ot fis daacds Ad b Adoslail dWalasdl O eSS OF (Seen
-“@ Lé
A Differential Equation can be a very natural way of describing something. But it is not very

useful as it is.

PPN - PU PSP
We need to solve it!

Lgalasinl (San @3 (40 9 cdlalaad! Gasd Sl (1 JI gl A game 5i) & AT iy Leatie Ll
gl

We solve it when we discover the function y (or set of functions y) that satisfies the equation, and

then it can be used successfully.

4.2.5 : Definition - w24 yad

:Gaboa) &ds\eld M-y = y(x) a3 LY

We call the function y = y(z) a solution to the differential equation:

F(z,y.y,y",...,y")

if sl 1)
1- is n times differentiable. Lop Swal abls _1
2- checks the differential equation i.e.: : g’\ Subo el &s\Rel) gass -2

F(z,y(x),y (z),...,y"™(z)) =0

Lol oo 9 Adolaid) W slastl (o Aaliseadl ¢ 19Y1 (haas o 5 0y LAl Iigt

So let’s look at some different types of differential equations and how to solve them:
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Separation of Variables Gf judied| Jad 1.2.5

Aol OY alasdl s P Aold Ay b oo O pdied! Juad

Separation of variables is a special method to solve some differential equations,

When can i use it? Shgolddtda! (Sad (oot
cals ) (dy =33 2 L) ¥ Olodlaiactl pas J&3 Sy thonie Ol pdiiad Juad aludiul (S
Y Lol ) (de Sadh B Ley) 7 Olmllaas J€o g« Aalaedl (o asl g

Separation of Variables can be used when: all the y terms (including dy) can be moved to one side

of the equation, and all the = terms (including dz) to the other side.

7.2.5 : Example - JL’]’.D

In this example, we will explain the stages of solving a differential equation by separating the

7

variables.
dy
d =
T 39~ d.{g &I\l ge ).>-\9 —a\s é! Y 394> d.{ ..‘JJP:S \9_\)3) oS ._*Jﬂ&'mﬁ\ oL Jass i1 69!9.5}.“

JOS A N |
Step 1: Separate the variables by moving all the y terms to one side of the equation and all

the x terms to the other side:

d
W i
y

‘oo iy 6Js18all (o, Lol 12 sghasd
Step 2: Integrate both sides of the equation separately.

/d—yy:/k‘da::m(y)—l—C:k:U—}—D

—tli%e —ols G)Q ¢ ,)-ﬂ\ __9).\11} Dy a8%amsg d.e“:“ ._u.)\ig C Yo P A
C is the constant of integration. And we use D for the other, as it is a different constant.

(a=D—C) 1Vg 0B J) 0308 Jgsss billey <L) 13 sgsd)
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Step 8 Simplify: We can roll the two constants into one (a = D — C)

In(y) =kx+a=y=ce (c=e

i) 2oleh) Bkl go 2R o A5 < g Ut Sus I o Gabolail) o Ws1Rall g il 130
This type of differential equations are of the first order, appearing in many real-world

Leaz:amples. D

- 20 )

8.2.5 : Example - J

Solve the following differential equation: DG Gubolaid) &s\Ral) Js-
zy*dr + (1 — 2%)dy = 0.
PGS Bbasas y2(1 — 2?) Jo &\ 69)3) puds ¢ Jsd)
Solution: We divide both sides of the equation by y*(1 — z?), so we get:

xdx dy
—2 =

0

1—a2 gy

o3d 1 oo+ Lled o OIS S oy ot piiall Jiod) a1 Gulols &siRe B g
Which is a differential equation that can separate the variables and the way to solve it is as

follows: By integrating the two sides

xdx dy 1 9 1
/1—x2+/? = 0:>—§ln(:c —1)—§:c

1 1
= In(z2-1)*-==¢
-yt
= 1:111(1‘2—1)7% —c
y )
So the solution to the differential equation is o® Gubolail) &dsiRall s WL g
_1 -1
yz(ln(xZ—l) 2—c> .
. J

Linear differential equation ddasd! ddolal| Walaadl 2.2.5
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5.2.5 : Definition - wid yad

L Jo Y s 0 oo Islall b Bilhideg W pRiel) oW 15) Guls Gubblaill ods\Rall ogls
The differential equation is linear if the dependent variable and its derivatives in the equation

are of first degree.
L 095 Jg o M g dabsdt Sulioaill &s12el) bl 6 g0l

The general form of a linear differential equation of the first order is:

Y4 yP (@)= Q@)

It is called linear in y. Y SO Sulas- sauig
Poygall Jo Wle x b Gubsd) &lsral) e

As for the linear equation in x, it takes the form:

P JLE g Jg 30 G5 I oo Galiolail) als\Rall Rl s
The general solution of the differential equation of the first order is of the form:

y(z) = 1@ ( / ! @Q (2) dz + c)

where : Do

and c is a constant. 2ol sae c g

~\

i 9.2.5 : Example - Jti

;G Gl el &ds\Rall o) s s o

Find the general solution to the following differential equation:
(y +y*)dr — (y* + 2zy + x)dy =0

P JWI TG o Doog olay a1 b Subs blsleel) ;s
The solution :

The equation is linear in x, so it can be put in the following form:
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189 dy(y + v%) Js &ds\rad 69,.!0 Sty
Dividing both sides of the equation by dy(y + y*), we get

dx y2+2xy+x_

dy Y+ y?
so that J\\(\
d 2 2 2 + 1 2
de y~  2zyt+ax :>d_x_ Y+ g Y
dy y+y> y+y? dy y+y? Y+ y?

135 Jo Y ads\alt 20 G831 &s\Ral) &0 loes

By comparing the resulting equation with the first equation, we find

2
Y 20+ 1
b L —
W= "1p W=—""5
Then AT
_ [ 2yl 1 2 1
] = f y+y? Y = ln<y+7!2) = _ln(y+y ) =
(y) € € € Yy d yQ
and 9
1 Yy / 1 1
/ @><m1/(/y+¢y+ly @+D2y PN
be the solution of the equation N EAN S u;
waz/fww@ﬁ@+c
L ! +c
r=—
y+y? y+1
S0 \CG\

r=—y+cy*+y),ceR

. Sybolaill &Js\2el) plell Jsdf B

It is the general solution to the differential equation. D

.
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Homogeneous equations duwdbaied! O¥alaed!  3.2.5

LIS Ao LSS O (S Letie Awdilxvie oF o) Aoyt (e Al oy Aalacdl (y 9SS

A first order Differential Equation is Homogeneous when it can be in this form:

z-r ()
.u:%.gaeth@m@m%ios:ﬁqumetmg@u&g
We can solve it using separation of variables but first we create a new variable v = %
Adolaid) Walaodt Jo LiSan ;l—i :v+x;l—z 9y =vr Ja e alasiubs
Using y = vz and Z—z =v+ xZ—z we can solve the differential equation.

I i 2 o guw Jlad! 10

This example shows how this is done.

g 10.2.5 : Example - J 20 )
Solve Jols- ).}-99\
dy z? + y?
dr xy
Can we get it in F(¥) style? $F(2) J.\/.\"\d\ So 18LLs \.\.\T.m Jo
We have: oy
2 .2
rty oz n Y
xy Yy x
1
_ ()74
T x
So SWhy
dy y>—1 y
dv (m * T
Now use separation of variables = pRia) boo 03\ Yoo
d d
y = vz and —y:v+x—v:v_1+v
dz dz
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N dv )
T— =0
dx
1
= vdv = —dx
7
02
— 5 = Inz+Inc
= v’ =2(Incr) = v =+/2(Incx)
Now substitute back v =¥ v =12 5 gl
g_ 2(Incz) =y=2++/2(Incx).
7
. J

Bernoulli equation o ¢y dd3lae  4.2.5

Coom ¥ An Hidl o Adasdl il Adola) OWalasdl (o § 95 b Adolaill I g3 o Walas
Aladl Uit sllac| @i Adastl 5l g Adasdl JISEY) (e JS 2 Walaodl L2 aalidl pdiadl yglay

TN (e Alolatll (o 93y Alalacd
A Bernoulli differential equation is a type of nonlinear first-order differential equation where the

dependent variable appears in the equation in both linear and nonlinear forms. The general form

of a Bernoulli differential equation is given by:

dy

T p(x)y = q(x)y

n

n# 1 G

where n # 1.
LT Y 53 s Alalas gt ple daladie b Logd
Jlaciwd £l 209 U ole omd ool Mss Aewds Juadll AL Adolal Walas o) Walasdl J o
Z=yl"
Here is a general outline for solving a Bernoulli differential equation:
Transform the equation into a separable differential equation by dividing both sides by y™ and

making the substitution z = y'=".

dz  pla) | _ q(@)
dr 1—n 1—n
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Jaaall ALLEY Al et Dalacdl 8 b Jalss
Integrate both sides of the resulting separable differential equation.
d
/iz/ﬂﬁm+q
z 1—n

mm:/ﬁ@m+q

—n

|Z| _ ef Il’iwgda:+01

2=y a1 g galll plasiuly Y dai o0 03 2 i e U

Solve for z and then for y by using the original substitution z = y*=".

el 78 da+Cy =
—t
Y s

( )

11.2.5 : Example - Jtis

Let the differential equation Sulolail) &1l JS:!

d
Sy ya® = 2ty
dx

ooy gl Gl b i) =T 9 Q(z) = 2° g Pa) = 2° g0 Jop s\ B

It is a Bernoulli equation with P(x) = x°, Q(x) = 2°, and n = 7, let’s try the substitution:

In terms of y that is: b y 6,

:mé!:' .s\?y::ﬂ.
Differentiate y with respect to x:

d _
dx 6 dx
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Sabo ) a2kl 5y g 2 g2

Substitute g—z and y into the original equation

__1u*7/6% + x5u*1/6 — x5u77/6
6 dx

Multiply all terms by —6u"/6 —6u™% o _b\,bg\ Js — poo

B olay 5120 oI o
y

kWe now have an equation we can hopefully solve.

Riccati equation @& ) dalw  5.2.5

ey LB AlsTld I oWl Ayl e Adads 5l Adolad Walae o Adolal Sl Walae
AL L ,la g Asieliond) Aelad Wl Jilo o @Sl
Pl ddad Blolad Walae ) Lely g b Aplblaill Gl ) Wslas do 3D Gus) d.m.u
Oiglailt ale dalaiis by Logd o) A e eals 198 ) HLin Le LG .Gl piadl il
ZZ\-’«-e.m-Z”mJt
A Riccati differential equation is a nonlinear first-order differential equation used in control theory,
dynamic systems analysis, and system theory.
One way to solve a Riccati differential equation is by transforming it into a linear differential
equation using a change of variables. This is often referred to as the ”substitution method”. Here

is a general outline of the steps involved:

e ek U Com Y = 0 fut yuikelt Jladiuls o3
ATy Adas Alialad Aalae e J guamll Aloladl Sl Kalas Lo Y o3 9e
Aoy gl Ol pdied) Jed S (4B g jaedl OLGGW alddviwly Adasad Adolad) Waladd!
Badomadl pd O Melaod!

Make a substitution of the form: y = «’/u, where u is a new variable.
Substitute y into the Riccati differential equation to obtain a linear differential equation in terms

of u.

Solve the linear differential equation for u using standard techniques, such as separation of variables

or the method of undetermined coefficients.
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Y= U a1 il labials § ole ) siall (Sen U le ) siall 3 roan
Slol @3 cu 3 W1 sl Y pey Ao W Alola) LG ) Walacd aladl Joudl slo) (San ¢ |
Y e
Once u has been found, y can be found using the original substitution y = «’/u.
Finally, the general solution to the original Riccati differential equation can be found by integrating
y to find a function for u, and then finding " from .

A Riccati equation has this form: rUSad A SISy Walas

Y Py a0y ) =0 )

Cadas Walas (1) Walesd) L2« p(x) = 0 Sl 13)

If p(z) = 0; then equation (1) is linear;
£ T 90 3 Malas 2 (1) Walasdt pld ¢ 7(x) = 0 Gl 13)

If 7(x) = 0; then equation (1) is Bernoulli;
Jaall 2L18 O e Ofs (1) Walaadl Ola c Calgd 1 9 ¢ ¢p Ol 13)

If p; ¢ and r are constants, then equation (1) is separable

dy

o e
Py taqy+r
[ 12.2.5 : Example - J 2
Gubo el &dsirel) Js-
Solve the differential equation
Yy =y+y*+1

ey y g 7 03 piell o oy D S e e s Sy ST 615120 B slagal) s \xall
JUS oo G512l pledl dsdi o Jeasdt gl 1S

The given equation is a simple Riccati equation with constant coefficients. Here the variables x
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and y can be easily separated, so the general solution of the equation is given by

dy

= y+y’+1, =
dx

S E—
y+y*+1

dy
= — = = [ dz,
/y+y2+1 /x

d
= / 5 yl 3:/dx,
Yy +y+1+z
d
= / 2y 2:/dx,
(+3)"+ (£
1 y+s
= Earctan 7 =x+C,
2 2
2 2y +1
= — arctan =z +C.
V3 V3
\_ )

Second order equation dokill 4 | w Ailae  6.2.5

16 ) (e 20U AS M1 (e Aclinlad Alslae S LiSe

We can solve a second order differential equation of the type:

&y
da?

+P@) % 4 Q= f(x)

Pl T o2 J19s oo f(2) 9 Qz) 9 P(7) cus
where P(x), Q(z) and f(x) are functions of x, by using:
““,.Jm 9l ¢ 3 gusdl suale f(7) 09Se Letie dadd Jead S| Bacmadl pud Odlelaot) Ay b —
Logion Adasd s 5 gl (alaldl o gl cocadl i
Undetermined coefficients which only works when f(z) is a polynomial, exponential, sine,

cosine or a linear combination of those.

J19ad) (e daul g Ao gamn (Ao Joad Al B palied) Col o) dds o —

Variation of parameters which works on a wide range of functions.

Al Walae Lelas 108 9) f(2) = 0 Lesd O 980 Al Amdl @daly Tud Lia

Here we begin by learning the case where f(x) = 0 (this makes it "homogeneous”):

d*y dy
Y pa)Y —0.
702 + (x)da: +Q(x)y=0
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b ogaculed Q) 9 P(r) el & ¢85 s Lianig

and also where the functions P(z) and Q(x) are constants a and b:

¥ AN BLELS) Aol Al
We are going to use a special property of the derivative of the exponential function:

" el (6 gl €7 Fidie (Aadh (6T B
At any point the slope (derivative) of e equals the value of e” :

And when we introduce a value r like this: (e T deual a0 beie g

flz) =€
We find: i

fl(x) =re™ and f'(z) =r’e™

Uaebun B gw taa . f(7) Olaclias (e LeaMss f(7) 3 20U 9 I oW1 Olaided O1d « g 457 5 yleas
N s

In other words, the first and second derivatives of f(z) are both multiples of f(x). This is

going to help us a lot!

r

1.2.5 : Theorem - 'Z\Q.J.an

Let the differential equation Gubolail &1l \;!:3

Py dy
@Jra%ery—Q(x)

) 6jnel) BIs\Rall jran A = a2 — b gLy

and let A = a® — 4b be the discriminant of the characteristic equation of her

‘rz—l—ar—irbzo‘

gD 1) 1R J8I1 016 6janal) GIs\Rall | jgis 1 g 1 ol g A >0 ol V) —(1

If A >0 and ry and ry are roots of the characteristic equation, the general solution is:

y = C1e™% + Cre™ + y,(x)
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w8 IS 4 (2) 9 ol Co g O 2>
where Cy and Cy are constants and y,(x) a particular solution.
14D 1) 12 JsII 016 6janal) &Is\Rall asbine 1 jis 7 ol g A =0 o1 1) —(2
If A =0 and r is a double root of the characteristic equation, then the general solution

18:

y = e (C1 + Cox) + yp()

Wl sy () g <2l O g Cr 2
where Cy and Cy are constants and y,(z) a particular solution.
19D B ol Y5 016 bjneall Bs\Rel Tjas 1 = a4+ iB o g A < 0 o 13} —(3
If A <0 andr = a+1if is a root of the characteristic equation, then the general

solution 1s:

y = e (C cos (Bz) + Cysin (Bz)) + y,(x)

w0\ U8 4, () g w2l O g O 2as

where Cy and Cy are constants and y,(x) a particular solution.

L J
2 13.2.5 : Example - JL’]’.?
Let the equation NNEAL \;1:3
d’y  dy
CYL Y _gy=0
dx? * dz Y
Let y = €™ so we get: 1SS Boss qieg y = €' Jljﬁ
d d?
ﬁ =re™” and d_xg = r2e™®
Substitute these into the equation above: ‘ol &ls\Rall (o voneilhy

7,,26rx _{_remr o 667"90 =0
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Simplify: TR
(P +r—6)=0=r+r—6=0.

lGosle Gan p &Is\1Re ) Sulolail) &s\Ral) W s el

We have reduced the differential equation to an ordinary quadratic equation!
f) ol 130 il Uiley 6 janad! 31201 0o\ w1 Gy ) &s\Rall 030 0%
This quadratic equation is given the special name of characteristic equation. We can factor this

one to:
(r=2)(r+3)=0=r =2 and ry= -3

and so we have two solutions: foals o cieg

2x 3x

Y1 =€ and Yy, = e~

SIS Jposd) gaiols Y o lRY Galisce s Lo o e Uiles 06 Y SS9l Y ey 038 G
banges B8 Js

But that’s not the final answer because we can combine different multiples of these two answers

to get a more general solution:

y = Ay, + By, = Ae* + Be ™"

\_ J
i 14.2.5 : Example - J 20
Py - dy
48Y 4
dz? * dz ty=0
The characteristic equation is: ) IO AN TAL

2 +4r+1=0

Then eA Y
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So the solution of the differential equation is: 1B Subolail) &s\Ral) US- cing

y = Ae(2)” + Brel-2) = (A+ Bx) el~2)®

. J
2 15.2.5 : Example - J 20 )
(1) : Zz—z +y=2
The characteristic equation is: ) 6 jpeal! &Js\%al)
r?+1=0
then Qe g
rr=1 and r9 = —i.

So the solution is in the form: Jfﬁd\ S s u; Qg

y = Cre 4+ Che™ ™ + Yp(?)

(o9} 6200 B9 & 51 6,90 (5 aR0g) ;1akall 13D Lyusd s9 5 WDy cwolsIl YN (1) 2o
Where y,(t) is the special solution, and here we want to simplify this amount (put it in another

form, which is Euler’s formula).

Cie" = Cjcos(t) +iCysin(t) and Che™ = Cycos(t) — iCysin(t)

139 (60 lied! 59281 618 1o 2a) Ra gaids\R0)) gaser

Adding the two equations together (taking into account similar terms), we get:

y = Cre + Cye™ = (C} + Cy) cos(t) + i(Cy — Cy) sin(t)

DD &Il ol 2 3 (Lol oo IS o1 &1 (1) Bds\Ral) (o vongills
And by substituting in the equation (I), that is, the special solution is equal to 2, so that the

equation becomes:

y = Acos(t) + Bsin(t) + 2,

Ghis is the general solution to the equation. &5\l o) S 9B \}.QD
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Particular solution yel&d! Jadl  7.2.5

Walaod) Gass M g @ = [(7) JSa Ao de g (o w2 Yo 98 Al Walacll [olsdl fon
oLt Aa SO ol gl @B (ead o b e Adlolail) Aslacl) Golsdl dodf BLatal ol ddislatt

Al latl) alacl! alall
Particular solution of the differential equation is a unique solution of the form y = f(x), which
satisfies the differential equation. The particular solution of the differential equation is derived by

assigning values to the arbitrary constants of the general solution of the differential equation.

d? d
T+ P2+ Q) = f(@)

ol pllaae f(7) (el 31 i ¢ Eads pey plelll cun g cond) Bl e s f(2) (esad 43
Jodl e (o (43 9> g0 omdlaadd) M (950 O cona (dadd aldld) cus mlhias 9 dadd
o 9 ol g w1 J19udl g 3 gund | Ol S ae Liasi 3 pmcdiiadt OdLelasdl day plo Sl . polindl
J 9l 13 b (1) = B red) Slivesilly f(7) =3 At 11 Z3Leld) pany parsli @3 plell|

f(z) may include both sine and cosine functions. However, even if f(z) included a sine term only
or a cosine term only, both terms must be present in the guess. The method of undetermined
coefficients also works with products of polynomials, exponentials, sines, and cosines. Some of the

key forms of f(x) and the associated guesses for y,(z) are summarized in this Table.
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Dif ferential equations Gulbo\al) = 3\Ral)

f(x)

Initial guess for y,(x)

yp(z) =3 L“,me REPES {

k (a constant)

A (a constant)

Culd Cols
Ax+ B
ar +b b=0yls ¢ i Hudhadd! M (reain O cow
The guess must include both terms even if b = 0.
ar? +bx + c Ax* + Bx +C

o € 9l b Ol o > AN Olndhainodl (reunln O coma

The guess must include all three terms even if b or ¢ are zero.

N Aoyl 4o 3 gt O ol
Higher-order polynomials

f(2) Jhie el 201 (udd (o 3 gt | ddalie
Polynomial of the same order as f(z)

aeAx

Ae)\x

ae® cos fr + be** sin fx

Ae®® cos fx + Be** sin fx

(ax? + bx + ¢)e?®

(Az? + Bz + C)e™®

(apx® 4+ a1 + ag) cos B

+(byx® + by + by) sin Bz

(AQIQ -+ All’ -+ Ao) COS BI
+(Byz? + Bix + Bp) sin S

(aex® + ayx + ag)e®® cos fx

+(byx® + by + by)e?® sin Sz

(Agz? + Ay + Ap)e®® cos Br
+(Boz? + Byz + By)e®® sin fx

Integrating both sides, we get

g 16.2.5 : Example - J 20 )
Let \:ﬂ
d
—y::z:2:>dy:x2dx
dz

Sls bty cond 0t ol

/dy:/:czdx

S8 bass 1 daad 310y GlslRal 040 Ll 1)
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If we solve this equation to figure out the value of y we get

3

=— 40
y=3

03 08 vl 7 b Alls ¥ ol & cade aule Jpasd) W LM IS o =l O s
u.ug\m.m Q.\.\JO\.QJJ\ OJ;\SZAH \s’)b _}3 t_uo: ¢ o;).)m.“ Q.\.\JO\.QJJ\ OJ;\SZAH co Y Gm.c.“
where C' is an arbitrary constant. In the above-obtained solution, we see that y is a function of

x. On substituting this value of y in the given differential equation, both the sides of the

differential equation becomes equal. D

.

Ezercise series N° 5 ady o jbald| dds 3.5

Exercise N°— 1 — a8y gd g
Sulolail) &Is\Ral) 35 5 as-

Determine the solution to the differential equation
3y +4y =0
y(0) =2 \;\)&_)?‘ b i) gaso &3

which satisfies the initial condition y (0) = 2.

Jed |
S ISt e ST Wslaed sia

This equation is written in the following form

Y :—gy

58 SN do ;) Basg SO Jomdl )

So the solution that satisfies the initial condition is

then &
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