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Ezxercise series N° 1 fd) o jhedd dsds 1.1

Exercise N°— 1 — @) (d w2

(AW o qaseal) (polis JS slhely &) Juosilly —ast
Write in detail (i.e., by providing all elements) the following sets:

A = {integers between 2m ¢ V2 v &&ado0 el (1

B={ze€Q; I(n,p) eNXN, =2 and 1<p<2n<7}. (2

Solution : (e

Lo
A=1{2,3,4,5,6}.
1/2<n<7/2=n=1,2 4 3.

:Q&JMg:pJM‘NJJ‘#AnJOMMMJSJ
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42«2").53..\.93'343/332/2_}\4'4&%J}M‘@&!j;1&1,.&3..\.:;.&53914.33&:-)43
.6/334/232/1_3\.&\.:%‘;31‘3

Exercise N°— 2 — @ (4 w2

CCCBICCAGY: IR CCAUB K oW 1)
If we have C C AU B does that mean C C A or C C B ¢

Solution : (Jemsd!

C=1{2,3} g B=1{3,4} A= {1,2} Mo asls ¥

Exercise N°— 3 — @ (d w2

0o A, B,C 63 logabe &5Y5 Jo Coiso M) ¢ JW) a0 bk el o as s

E gea,b,c,d,e, f,g,h poliddl g 68 gaseal!
We consider the following Venn diagram, which contains three partial sets A, B, and C of
the set E, and the elements a,b,c,d, e, f,g,h from E.

(S o Gsgsoo Sl ) 518 1) Lo s as
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Determine whether the following statements are true or false:
1)ge ANB 2) g
e

4) f € A. 5)
7) {a, f} C AUC.

AN B. 3)gc AUB.
NBNC. 6){hb}C ANB.

Solution : (Jemsd!

g¢ B SLgge BoY s (1

aed) puaid Uas (2

g EALY ms (3

SEALY s (4

e€ALY s (5

s s g:b€e ANB gh ¢ ANB o Old) I 1as a0 (6

.&«.ﬁ.«aﬁ.\.@j2f€AUCja6AUCQiQL331‘,JJ‘L\ABﬁ (7

Exercise N°— 4 — @ 3 w2

AUB=BNC 295 = \Sqate 25 C g B, A I8
Let B, A and C be three sets where AUB = BNC.
ACBCC gl s
Prove that AC B C C.

Solution : (jemsd!

ACB MLy e Byigia € BNC JABbigcx € AUB dieg.x € A (S
BCCAbgcreCipigiawe BNC Jbgcr € AUDB e g v € B 4l o¥I

Exercise N°— 5 — @y d w2

S X jopb jop ¢« X CE IS oo F 6Sgasal) g S5 j = \Sgase 535 C g B, A o)
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Let B, A and C be three subsets of the set E. For X C E, we denote by X¢ the complement
of X in E.

Prove the following Morgan’s laws: g SUTUIR T PRRRTITY |
1. ANB)UC =(AUC)N(BUC) 2. (A)=A
3. (AN B)¢ = A°U B¢ 4. (AUB)¢ = A°N B°.
Solution : (e

T3 sl g T (B pdw B 40 U5 B

srxeB grecAplss ) 2e€C gizeB greAawgwe (ANB)UC o3 (1
old Bgdaddr € (g5« S5 My sl g ¥ OGS pogcx € BUC gr e AUC
2 E€BUC gz € AUC Lasi Loy W=t

cx € C Olsm 13 (Gl o e ald 2 € BUC gz € AUC Ol 13) ¢ Jolasdls
b9 2 ¢ C o= AMs € (ANB)UC JSbgr € C giz € (ANDB) diay
O ceda lba v € B ol v € BUC O ke (Jiadlo g .xeA\:e_xJC_f.me‘xeAuCgi

T €(ANB)UC JSBLyr e ANB

a € (A9)© ‘:,mej

T ¢ Aoz € ApES B bladth €A MLy x ¢ AT ey € (A9 (S (2

T EB greAyiglir g B girgAlod 3 o g ANDB @3 v € (ANDB) I (3
v g Ao Gler € B gl x € A° O3) . € AU B° (Sd « Jaladl v € AU B O i
.ZEE(AﬂB)c‘»_,Jl:d\..vjx¢AﬂB¢0.43.«4:'4“\:.-3‘_,.\.:.1:¢Bji
FALSA 23 g0d o Gualud! Blatell @and Wi Lises (4
xr € (AU B)° r¢ AUB
r¢Agx ¢ B
r e A® g€ B
xr € A°N B°.

(N

Exercise N°— 6 — @d ) (d w2

UQ\VQS‘,@(E)MWWQS&CchAcQQ—WEIA
Let E be a set, A, B and C three elements of Z(E). Prove that:
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IfANB=AUB , then A=B . A=Byb ANB=AUB ¥ %) (1

toab il 4t A UD.B=C o« AUB=AUC g ANB=ANC ¥ 13} (2
IfANB=ANC and AUB=AUC , then B=C . Is one of the two conditions
sufficient?

Solution : (e

A C B i OLS) a5 B g A o8 dundll ;LS JMS (e (1
nglmgjx¢AﬂBQﬁ31}€AUBQ\;és\.’m3 .JJ%BQTU.'ajﬂle’GAOS_A
T € B Ola &Il (LdlG 14a o« lialisne AUB 9 AN DB (ibe goadl

B C Oyl old) Ga8s O 9 B o2 auasll HBLS I e (2
ol L ed . € B S
T €C JWLygr € ANB=ANC W= oin Sd € ALl (A
LY s 2 eC gizeA MMBbgre AUB=AUC « Dt ol 3 ar ¢ A i (B

2 € O Ol pidduwd Lold 7 ¢ A Wt 2

‘“_,slé:ﬁ;é..\_s!jdaj.aBCC":,JCJ\;3¢$€C\:C@?4Q¥\:.J|&Q‘;A

By g pd (b ;0 ST L Jladt 251 O dadd Lide « AUB C AUC O dadd Lus 4581 1)
C={2} 9 B={1} A={1,2} psu
BCClow jud S3cAUB CAUC Lo

B=1{1,2}. g A=C = {1} Jliess da2d 131 Oi bede c ANB C ANC yi dadd Lus 381 13)

Exercise N°— 7 — gy id w2

Find the set of parts of the set &8 gaseal! ;\}>,9\ S gasco A%q)

E ={a,b,c,d}.

Solution : (emsd!
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LS et 4 jodl Ole gmadl pcan e S 9imd B = a,b,¢,d 4 goms sl ja¥ P(E) 4o gamal!
Ole gomed! pren S| Lewdd Ae gemally 2RI Ac genedl 213 3 Ley B e gammeld

{5 o1
The set P(E) of parts of the set £ = {a,b,c,d} includes all possible subsets of E, including
the empty set and the set itself. Here are all the subsets:

P(E) = {¢,
{a}, {0}, {c}, {d},
{a,0},{a, c},{a,d}, {b, ¢}, {b, d}, {c, d},
{a,b,c},{a,b,d}, {a,c,d},{b,c,d},
E}

Exercise N°— 8 — @y (4 w2

Let E and F be two sets, and let A and C' be two subsets of E and B , D be two subsets of
F .

Prove that R

——C
L >
"

(AXB) N (CXD) = (ANnC)X(BND,).

Solution : (jemsd!

T3l sl g (8 pew

YEBxeAIILy (1,y) € AXB dinyg (7,y) € (AXB) N (CXD). (s
YyeEBND gre ANC 1y yeD greC Jbg(z,y) € (CXD) Liayi Lot
(z,y) € (ANC)X(BN D) yi el 108

2 €C gr € AJSWLygr € ANC Ui s (7,y) € (ANC)X(BN D) oS « Jaliatly
(r,y) € CXD g (x,y) e AXB.:ud.yeD gye Bidcye BND (Jaallsyg

(7,y) € (AXB) N (CXD) ui poicdicsds
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Exercise N°— 9 — @ (4 w2

B o0 op¥s5j 05 gase B g A g 68 g0 B 1)
Let E be a set, and A and B be two subsets of E.
A =2 =3V 13) haog 1) (& HU §,8)) AAB = B o) w3}
Prove that AAB = B (symmetric difference) if and only if A = @.

Solution : (e

JSE e Liayl dbliss Sen L BLA 3 pal Of ¥ gl <05

AAB = (ANB)U (AN B)

E 2 A de gomell main Jiod A Cos

‘g sl | Dl

ANB=B g A=¢ 0% 9§ ANB = B Loud (s ;LA 3 5all Cay yal wiad ¢ A = ¢ Ol 13)
A= ol cid O e« AN B = B l&s 13) ¢ Julaetls

Foed () OLAY @i

ANB = ¢ ol ccda 1Y i

2 €ANB giz € ANB i il iy 9«7 € ANB (o guastl da g e g € B (S

2 € AN B puuall 38 HSLI Jlaa ¥ Lagdd JE3Lg (2 € B 0¥) Jusian Jo¥1 Jleis Y|
ANB =6 by A b Liasi 392 50 B de gonell (o piolic (po maie J5 Old  JTL

ANB = ¢ o bagi el

¢ ANB =B 48 Loyl jaiall 148 O 9w AN B G2 jaic sleu) LiSay a3 (o 2 « a81 931 2
.BjB@MC&}J‘@QM&%’Wﬁ?}A}

A= ¢ Ol Ghan (uldalad! (lceoladl (o dgal goll Y1 2

Exercise N°— 10 — @dy ja pd

1594%%e 91 Gu S 10 « Gy HIS ¢ SuulD) S BRI 3l 13 Lo 518
Determine whether the following relations are reflexive, symmetric, anti-symmetric, or

transitive:

E=7 and zXy <= z= -y (1)
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E =R and 2Ry <= cos’x +sin’y =1 (2)

E=Nand 2%y < Tp,q>1, y=pz? (3)
where p and q are natural numbers. Saub shas q9pLa>

Solution : (e

17 =1 aBigl 2 Lguwats a8Me gt (pued 1 OV ¢ ArwlSadl Cowed a8Matl (1)
X =—y = y=—1 O¥ LS A3
1# —1. ko « (—1D)Z1 9 12(—1) 0¥ « L, bLS o Cewd 483al
5 poLce O 980 Leilad W) g ¢ dacatin Condd 283at

i 3 ABMe W g ¢ $OIST ABMe e ABMall oi8 dis g

-

Exercise N°— 11 — @) (d ped

In R? we define the relationship % as follows: b Wf Z o3\ R? SO =0 R
(x, )% (2, y) <= z=2

Prove that Z is an equivalence relation. ’99“? sode 7 ol w3t (1)

(20, 90) € R? pos)) W5 a0 s391 (2)

Find the equivalence class of the element (xg,1yo) € R

Solution : (e

LPY 32T d3dMe o Z 43t
(2, 9) (2, y) s g T 583 Laga 7 = 7 OF pwlSas) (1)
SRS i 2 = 7 Lyl dblis (Seo gl o =2’ Old (z7,y)R(2', ) Ol 13 tdn LS (2)
(@, y") % (2, y)

her (oo 0 = 17 5 g e 1= 21 OB (2 Y)R(" ) 5 (5, YR, Y) olm 1) e (3)
(z,y)R(2",y") W gl gz = 1" as (g 31
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(z,y)Z (0, yo) a3 ! (7,y) SLALEI causd ST (70, Yo) il 3IST o e 0¥ oo

L

(2, y) % (x0,y0) = & = 0.
.?.\.a:éLngiajs,jy\.nixoggjhueQiﬁl’&ih@id}&&i@b&u&j
A goxadl 92 (T0,Y0) padial! 3BT i O poiddiad

{(z0,y);y € R}

Exercise N°— 12 — @8y ja pad

We define the following relation on the set R Gl o R & qasal) Jo w0y
TRy = 2 —y =2 —y.

Prove that Z is an equivalence relation. §_9E &dNe Z o) st (1)

Find the equivalence class of the element x of R. R e z poisd) pmw ).>.-9¢\ (2)

How many elements are there in this category? 165a)) 0i® (o poiS oo A e (3)

Solution : (e

Of asMy (1)

2

Ry = P —r=y" —y = f(z)=[f(y)

WBMe o Z O Guedaldl 10 IS o BE=UI SID day gl (po ¢ f 1z 27 — 1 S
Aoiatie g Ao L0 g dwlSad Leai ST ¢ 30ISS
TRY s R (o Y juoliall e omd o € R (S (2)

(v 52) Balaadl g Lide comy a3l

Jlenials
-y (r+y) —(r-y) =0 <= (z-y)(r+y—1)=0.

Unwversity of Mohamed Kheidar, Biskra 13 Brahim Brahimi-Jihane Abdelli
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.{$,1—9§}hW\}AZE}BﬁMQ?@MQﬁ.y:1—$3y::l?g.bzua\_1.didj.b- (3)
DR ee (pe 4D gSe (B 9
4o gomadl 98 T juciall pmm‘wwton‘",&.le—xﬁle/z. ol 13)
{1/2}

Let’s prove each of these properties:

(a) Reflexivity: For any x € R, we have:
2> —x =z — 2 (Subtracting x from both sides) 2? —z = 0.

This shows that xZx since 22 — x = 0.

(b) Symmetry: Let z,y € R such that xZy. This means:

-y =a—y.

We can rearrange this equation by adding y to both sides:

=y ty=x—y+y
2~y +y=ux.

Now, we have shown that 2%y implies x = 22 — y? + y. Similarly, if we start with yZu,

we will arrive at the same conclusion: y = 2*> — y? + y. Therefore, Z is symmetric.

(c) Transitivity: Let x,y, z € R such that xZy and yZ%z. This means:

=y =x—y and yP—2*=y—2z.

We can add these two equations together:

(@ =)+ =) =(@—y) +y—2)

Now, we can simplify each side of the equation:

Pyl =r—yty—zat -2 =z — 2.

Brahim Brahimi-Jihane Abdelli 14 University of Mohamed Kheidar, Biskra
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This shows that %z, and therefore, Z is transitive.

Since Z satisfies all three properties (reflexivity, symmetry, and transitivity), it is indeed

an equivalence relation.

(2) To find the equivalence class of the element z € R, we need to determine all elements
y € R such that zZy.

From the definition of #Z, we have:

TRy = 1 —y =1 —y.

Let’s simplify this equation:

-y =r—y (@ —-y)(z+y) =z —y.

Now, we have two cases:
Case 1: x —y = 0. This implies = = y.

Case 2: © —y # 0. In this case, we can divide both sides by (z — y):

r+y=1

Now, we have two equations:
(i) x = y from Case 1.
(ii) x +y = 1 from Case 2.

Therefore, the equivalence class of x consists of all real numbers y such that y = z or
y+ax =1

(3) To determine how many elements are in this equivalence class, let’s analyze the
possibilities:

(a) If y = z, then there is only one element in the equivalence class, which is x = 1/2

(b) If y # z, then there is only two elements in the equivalence class, which is {z,1 —z}

Unwversity of Mohamed Kheidar, Biskra 15 Brahim Brahimi-Jihane Abdelli
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Exercise N°— 13 — gdy Ja pad

:).>,-9°\.A:[—1,4]Jl/iigx»—>x2.;§>-f:R—>RJﬁS (1
Let f: R — R where z — 2% and let A = [—1,4]. Find:

[ kil dlawlep A & gaseall 6 el 6)9al) (A
The direct image of the set A by application f.

f opbill Ghulg A &S gasal) SulR) 690l (B
The inverse image of the set A by the application f.

Let the function be sin : R — R sin : R — R &1t oI%) (2

€[0,7/2] g €[0,27] g ‘R 6 gasall sin Ghwle 640hal) 6,90l) DL (A
What is the direct image by sin of the set R? And [0,27]¢ And [0,7/2]?

€[1,2] 9 93,4] ¢ €[0,1] &S gateald sin Sbwey Sunl) 6,90\ Dl (B
What is the inverse image by sin of the set [0,1]¢ And [3,4]? And [1,2]?

Solution : (e

Wil 0 g —1 ud 2 € [—1,4] Lectie 77 Wlawl g3 33 g5 Lot @l pies o S (A (1
.f(A)Z[O,lG]zéJL\J1630&@#!&44300&}41&!0&&@#‘@4@

We are looking for all the values taken by x? when x&€ [—1,4]. Between —1 and 0,

all values are taken from 0 to —1, and between 0 and 4, all values are taken from 0
to 16. Therefore, f(A) = [0, 16].

ALl @mal sladiul @F adatls 27 € [—1,4] Colss 13) dakd g 3) € fT1(A) Luwt (B

Lot 03 @ € [-2,2] OF GBIy $Hgmall ed « [0,4] B 22 0T STy
S7HA) =[-2,2]

We have z € f—1(A) if and only if 2% € [—1, 4], of course, excluding negative values.

To have z? in [0, 4], it is necessary and sufficient for x to be in [—2,2]. So, we have

f7(A) =1-22].

(=1, 1] [0,27] (po 1Liial R 3 3 yaliad) 3 guadt (2
[0,1] [0, 7/2] 23 3 yalead! 5 5 gualtl
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i g sin(z) € [0,1] Lo 7 i@t Mae ¥ e G ([0, 1] 3 4 glaat) 5y gual) it
Llhs Lokl .k €Z gu € [0,7] po u+ k2T o Lgnliss (Sea S| LGl @udll

ac ool
U 2km, (2k + 1)7].
keZ
Ao garmadl oo [3,4] 3 AuSall &) guall Glb JLSLg [3,4] B Ar A due da g Y
ag yLat

Solud 29 ¢ {1} 2 deSal 3yl daslhe [1,2] 3 AcuSall 3 guall o juii
An/2 +2km; k € Z}

Exercise N°— 14 — @) (d pad

9 f(z) =20 s \af 68,20\ N g5 N oo &b 4200 Jlgadl g g f o)
Let f and g be the functions defined from N towards N defined as follows f(x) = 2z and

5 if v an even number
g(x) = .
0 i x an odd number

Find go f and fog. .fogggof))_-;\
Q(’){.L\\SS ?6,.9‘3— Qosxe\xx.og?fd‘gﬂ\ J9

Are the functions f and g Injectionts? surjections? bijections?

Solution : (e

fog 590 f cusa ¥ 5wt (1
Let’s first find the compositions g o f and f o g:

(go f)(z) =g(f(x)) =g(2z) =z
On the other hand: (6 A e

f(z/2) =« if z an even number
fog(e)= .
f(0)=0 if x an odd number

In particular, we have: Lo (Aol Lawn

Jog#gof
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because oY
Fog(l) =04 go (1) =1

(gl padilas o Lges O (2
Now, let’s analyze the properties of the functions:

For the function : A YT e
f@) =2

095y o9 T1 walme (puacds udde JS Jai (e Y Zulde WA sld (fplad)

Oalina f(2g) = 229 9 f(21) = 219
Injection: Yes, it’s injective because for any two different natural numbers x; and s,
f(x1) = 2z, and f(xy) = 2x4 are different.

9o Lgd e A ,al Mae ¥ OY 5 yeld Cowd Lgh) [y gaidl

Surjection: No, it’s not surjective because the odd numbers don’t have images.

QLA e g8 5 el Cowd Lgd Y I ytan 1 alEnd

Bijection: No, it’s not bijection because it’s not surjective.

For the function : AN Y e

”2—” if z an even number
g(r) = 0

if z an odd number

9(3) = g(7) = 0 OY Aulie Cawd AT 602 : Ll
Injection: No, it’s not injective because it maps different even numbers to the same
value (e.g., ¢(3) = g(7) =1).

MN&W‘Q,A(yZI)Mdﬁ%‘w%HMQEﬁL&WZ\MM!oM:JM‘

.|J.9Léuu¢JgQigJu:an!M3NhW|gélﬁeLuL@
Surjection: No, it’s not surjective because there exists at least one element (y = 1)
in the domain N which is not the image of an element in the domain N under g, which

means that ¢ is not surjective.

Brahim Brahimi-Jihane Abdelli 18 University of Mohamed Kheidar, Biskra
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JlET Cewd g8 Aol Cawd 9 5 yeld Cawd LY | ta [ Julan

Bijection: No, it’s not a bijection because it’s neither injective nor surjective.

JolES Ladd g 9 f Gl S G Lo I3 (ye
From the above, both functions f and ¢ are not bijective.

Exercise N°— 15 — @) i pad

¢l 964018 Tailiie Gl g UO

Are the following functions Injectionts? surjections? bijections?

fi:Zo—>7Z, n—2n, fo:7Z —7Z, n— —n
fs: R>R, z—2% fi:R—=R,, z— 22

fs:C—=C,z— 22

Solution : (e
Let’s analyze each of the functions: e e W s Wl
The function A (1

fi: 2 —7Z, n— 2n,
2n = 2m Ol&s 13) (1, M) douall sae¥l (pa 7 9y JSI Y Lolde WA ola 1oL
n=m ola

Injection: This function is injective because for every distinct pair of integers (n,m) if

2n = 2m, then n = m.

VnomeZ: fi(n)=fi(m)=2n=2m=—=n=m

e Jlaedl 8 Ammall slue ¥l peen Shadd ¥ LY 5 peld Cawd WA 0la 1) goidl
.2n=1¢«.3:-n&o~.mab\.cb\q-5:\Y4Jm‘w
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Surjection: This function is not surjective because it does not cover all integers in the

domain. For example, there is no integer n such that 2n = 1.

QLA e g8 5 el Cowd Lgd Y ) ytan 1 alEnd)

Bijection: Since it’s not surjective, it’s not a bijection.

The function A (2
fo:Z — 7, n— —n,

—n = —m HlEs 13) (1, M) dsmiall Mue ¥ (po 7 9 I Y Lolde WA sl Ialad
n=m ola
Injection: This function is injective because for every distinct pair of integers (n,m) ,

if —n = —m , then n = m.

Vn,meZ: fa(n)=fa(m)=— —n=—-m=n=m

Jai (0 Z 4o gamall 5B dovmuall lae ¥ pes il LY 5 elé WAl ol 1) goidl
.—n:—m:&»n&mm;m.\ex‘zuém&mm;mdé
Surjection : This function is surjective because it covers all integers in the domain Z.

For any integer m in Z, there exists an integer n such that —n = —m.

JolET g2 5 yeld g Aulie LgdY | ,tan 1 Jalawdl
Bijection: Since it’s both injective and surjective, it is a bijection.
The function ana (3
f3: R =R, z— 22
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Injection : This function is not injective because for example, f3(—2) = 4 and f3(2) = 4,

so it’s not injective.

S Jai (e R de gomell o8 Adamtl slac W1 A8lS Llaid LY 5 ,ald Wl olig! ) goidl
.xQZyC&pxu@bamb\qﬁ‘y‘,&}bam
Surjection : This function is surjective because it covers all real numbers in the domain

R. For any real number ¥, there exists a real number x such that 22 = y.

JlET Gl g8 Tulie Cuwd LY | yay 1 alETy)

Bijection: Since it’s not injective, it’s not a bijection.

The function anan (4
fi:R—= Ry, z— 2%

Cos ddias Mael Ty 9 21 oS fs Fie cocad! Guaid Aolise Cawd SAMAN oia Lol
Injection : This function is not injective for the same reason as f3. It maps distinct real

numbers z; and x5 to the same positive value if 1 = —x5. So, it’s not injective.

J>i e R e gasadl & WG Gt Mlae ¥l Al Llaad LY 5 ,0ld WIS oia 1y goall

I =Y G T GAds ML A g (Y (LA M 5
Surjection: This function is surjective because it covers all positive real numbers in
the domain R, . For any positive real number y, there exists a real number = such that

2 =y.

LT G g2 Aoldie Cowd LY 1 pdas 1 Jalany

Bijection: Since it’s not injective, it’s not a bijection.

The function anan (5

fi:C—=C, 2+ 22
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Injection: This function is not injective because it maps distinct complex numbers 2;
and z; to the same value if z; = 2. For example, f5(—2i) = —4 and f;5(2i) = —4, so it’s

not injective.

e e C de gammadl 2 ¥l 281 Llaai ¥ LY 5 peld Ceacd At ola [ gaall
AL A @) Alae S Gl g o) pSas W (JLLad)
Surjection: This function is not surjective because it doesn’t cover all complex numbers

in the domain C. For example, it cannot map to negative real numbers.

JlET e g8 5 peld Cowd g Aoliie Cuad LY | yay 1 lad

Bijection: Since it’s neither injective nor surjective, it’s not a bijection.

Exercise N°— 16 — @) (d paad

Show that 5 divides n® — n. n® —n omdy 5 o on

Solution : (jed!

) L IV Wi alasviuls 1 dacdall Alae ¥ JS da i (e 1® — 1 iy 5 adadl O codld
DASUS O glasd adiiw

To prove that 5 divides n® — n for all natural numbers n using mathematical induction, we will

follow these steps:

953 Le Bale il g cAwlew¥ ) Aol oo Ot OLES (3] Loe B ¥ of :icwla 1 Al
Lot =1 3 Al = 1

Base Case: First, we'll check if the statement holds for the base case, which is typically n = 1.

For n = 1, we have:

1°—1=0.

Ao Arwlu ¥ Wt G185 Sdd LB Lo (o 3 $T e Aowall il aiall OY 1 Hda)
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Since 0 is divisible by any integer, including 5, the base case is true.

ST b aedall saall Jai (o doviomo Ao 20 Lot OF o ey TAS) ya0uwY) Lo yal
K — k@l 5 01 o yiad
Inductive Hypothesis: We assume that the statement is true for some positive integer k,

i.e., we assume that 5 divides k% — k.

G TN ) Lol b+ 1 3 dois dualadl Of cadd of Lude T80 40wl 5 glastl
Ayl Ald yalt (Lo ds Lied
Inductive Step: We need to prove that the statement is true for k41 based on the assumption

made in the inductive hypothesis.

o e M Coes K — k= 5m Lgd (o) 58 Y (pe ley

Starting with the assumption, we have: k> — k = 5m, where m is an integer.
Now, we’ll consider: D) e (O
(E+1° —(E+1):
(k+1)° = (k+1) = k°+5k"+10k> + 10k* + 5k + 1 — (k + 1)
= k° —k+ 5k* + 10k* + 10k + 5k
= 5m+5 (k' +2k° + 2k* + k)

= 5+ (m+ k" + 2K+ 2k + k)

= 5m/,m’ € Z.

5 ole dewdll Juld (k4 1)5 — (k+ 1) of Loudi ad o3
So, we've shown that (k + 1)° — (k + 1) is divisible by 5.

N° =N ey 0 Aaedaldl Mo W aoremd Arwddls 437 LGS 08 (ol 3 JY Y Tie Cox gon

By the principle of mathematical induction, we have established that for all natural numbers

n, b divides n®> — n.
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Exercise N°— 1 — @) (d w2

Calculate the following limits if they exist. 839%90 o\ 13 Gadd) = bied) —ans- |
2 — 1l 2 2 1 2
1 e B e D e

z—5+ z2 — 25 T—5~ 72— 25

. 22 —92+20 . 2?2 —92+20

3. lim e 4. lim ——————
z—5+ 22— 25 T—5~ z2—25

Solution : (jed!

O plaedt B yla) I ol Lade . lim,52° — 25 =0 g lim, 52 — 11z + 28 = —2 Laut (1
D e limy 5+ 22 — 25 = 01 die g 2 > 25 Lot > 5 Jai

" x2— 11z + 28 -
eost z2—925 o
Lo At oia 8 lim, 5o 22 — 25 = 07 1of dam M ST (A el judi e (2

o2 —11x+ 28
lim ——~ = —

L5 x2 — 25 oo

25
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el (3 5o (e Ll 3w 0/0 (ol puie Al o SEIL o dimg 527 — 924+ 20 = 0 Lgad (3
Y i UL 5 & el Hlodl ) plied) g dacud)

2? — 25 = (v — 5)(z + 5)

§ T Al (e
22 — 9z +20 = (v — 5)(z — 4).

:‘nst&i ”In -
> —9r+16 (z—5)(x—4) x—4

2—-25  (z—5)(xz+5) x+5
ade g (Gead! aue W us o5Y L

limzx—-4=1 o limaz+5=10.
T—5

x—5
o gk €(1
o 22 —9x 416 1
lim —mm———— = —.
=5 12— 25 10
Syl 9 Lices d0lgidt Al jud dalon Lt o

Exercise N°— 2 — @ (d w2

Calculate the following limits. DG bR s

1.lim o ovVr+4—+vVz—4 2.lim,, ooVzi—1—12

Solution : (jemsd!

@‘N‘?u@;ﬂbd&gﬁ
(1

- WrH+d-Ve-4)(Vax+4+Vr —4)
Ve+4—Vr—4= N N
(v +4)— (v —4)

Vot d+Vr—14
8

T Vrtdt+Va-1
ot e dde g ((ead e Dl Cewd) +00 I pliet) J 950

lim Vz+4—+Vz—4=0.

T—r+00
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2

= _%__(\/m2 I —2)(Va?—1+x)
ol - Va2 -1+

i

\/7+x

\/ —l—:v
Lowd zla 4 g +00 (A plaed! J 95

lim Va2 —-1—2=0.

r—r+00
4 Exercise N°— 3 — @d ‘,.1,.0\
Calculate the following limits. e\ RS L T s
2x 1
1. lim e?® —¢® 2. lim et
z—~+00 z—4oo I -+ 3
. xe"+2e% =5 r? + zsinx
3. m —— 4. lim ————
z-5+00 et — 3 z+o0 X2 + T COS T
. J

Solution : (e

D G e Jalass 27 g s (1

€T x X ex €T —X
X — " = e? (1—€T)=62 (1 —e™").

g lim, 1ol —e =19 lim, 4o €2% ——|—oou.c-‘_,s

lim e* — e = +00.
xr——+00

i alded) (L2 7 g dawd! (B & idee d.nl_ﬂéehcj_‘»_t(Z

eQz + 1 - 621 1 + 6—230

r+3 142

Lot e (2
3 1 —2x
lim 1+e =1, lim 1+—-=1= lim +—6)3:1.
T—>+00 T—+00 X rz—+oo 1 —|—
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Lot (o0l 3331 IMS e (331 Ay (e

2x
. e
lim — = +o0
x—+o00 I
90 OLilgdl O o Jolows il oy
) e?x + 1
lim = +4o00.

z—+oo T+ 3

i aldedl (pe €f g dawedl (po I yidie Jule TET gy (3

we® +2e —5  we® 1—1—%—9531._ 1—1—%—;

_— = =z
et —3 er 1—3e* 1—3e"

ey Timy oo €7 = 0 OY (el pue Wl ) limy oy we” = +00 ¥

2 5 1+2 -5
lim 1+=-——=1, lim 1-3¢%=1= lim r  wer _
T——+00 X xrer T—+00 rotoo |1 — 3e—*

P OT ialgid) @ s Juolons geiiiand

. xe®+2e" =5
lim = 400
r—+00 em_g
fasd alied) g dawdl (o & ke Jlaso 2% 7 30 (4
2 +xsine  2? 1+Si%_1+si%

24+ xcosx x?2 1+ T R

x>0 g5 Jai e Lot —1 <sinz < 1 0¥

—1 sinx
— <
T T

K|~

<

.\:'-dhmm_woo% :Obi :\.a:t#‘ u.ﬁé..i..i OAJ-,‘-.’ 1lmw_>+oo si;x =0 ;\e).'é.'«.” et 6\:“3

22+ rsinx 1_1

z—+o0 T + T COST 1

Exercise N°— 4 — gdy i3 w2

1 858 27 GM ) S Gl c(,0) 139 e LB 8y ;8 YloRiw

Using the definition of limits, find (¢,0) to study the limit of the function x® at 1.
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Solution : (e

a1 oo 2olgidl OF) |28 — 1] < e oo [z — 1] < 6 Oleo 13) b > 0 (e Comdr € > 0 051
€21 381900 I puad e =1 Jai o 0w g 1312 € < 1 OT o 23 O
sl 3ie 78 aSe AN OY 9B bYW ceaSu 1 - <o <140 old oz — 1] <0 Gus § > 0SS
tola

1—30+36% -6 <a® <1+435+36%+6°
A CRNT

—35+35% -0 <2® —1 <36 +38%+ 6.

Do 0 €]0,1] 3B O s
—36 +35% — 5 > —e

36 +36% +6° <e.
g calic >0 90 <ce i (o pad
30 + 36% 4+ 8% = 3ce + 9%€® + e < (3¢ + 9% + e

9e<1 oY
—30+36% — 8% > =30 — 362 — 0 > —(3c + 9¢® + P)e

Juitws e 3c+9¢ + ¢ <1 i ¢ > 0 Ghidadl saall dsd OF a8y (Olbilwsdl uad ¢ LaL 9
Ol2 0 = €/2 Ulea 13) 3T Ho 0 € €]0,1] Jai o .0 = 1/2 Jliad

lz—1]<d = |2° -1 <e
1 olad 1 e 2° Wilgd Of cudas 1

Exercise N°— 5 — @ (d w2

Let f be the function defined by: P Go el S f Iﬂ

V1t z—V1+a?
T

f(z)

f &N Dy _ay ) b gesn 1591 (1
Find the definition set Dy of the function f.

TR o) i P o xail) 616 (B D clim f () s (2
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LCalculate lin%f(m), is it extendable continuously over R? J
T—>

Solution : (femsd!

V1t —V1+a?

f(x) .
th.&fﬁd‘l.c}w °
Dy = {z#0},
Dy = {l+z2>0,1+2>>0 }

— Dj={x>-1} = Dy =]-1,0[U]0, +o0].

2SI dacid 9 321 podl (B Ol Dl Clu=d @

V1itxr—1+ 22 \/1+x—\/1+x2*\/1+x+\/1+x2
x x V1+x+v1+ a2
1+x—(1+2?

z(V1+z+V1+2a?)
2

. r—x
v (VIi+az+vV1ita?)
1—2x

- _1
T (VItz+Vitad) = /@) =3

Dot Batesd! WA 9 R le )l peiw¥ly dpelll ALLE f

Fo Yite—viter Vita? x40,
%, x = 0.
c Exercise N°— 6 — @d gﬁ}ﬁs\
Let the function g defined on R be as follows: P GOHWS R e 60 y2al! g &3\ o JJ:S

g(z) = mm o ©¢{0,-1,1}
0 if ©=0,-1,1

Brahim Brahimi-Jihane Abdelli 30 University of Mohamed Kheidar, Biskra



Real functions &aamesd) Jig ) Ezercise series N° 2 0 ) 93! &lwlw 7.2

At which points is the function g continuous? 96 padane ogg BRI \(\ <°

Solution : (e

lgalin puaio ¥ 5 ,aliwe Wy wglde Ldely R\{-1,0,1} e 3 yalwe Wy o g A1)
O 0 e g AN Ao ) patial (o yold

lim In |z| = —o0
z—0
Lo
: . 1
ol = Jlim 5 =0=90)

O¥ 9 a3 0 i B yolas g ATIASI

lim In|z| = 0"
z—1t

ola
1
i ote) = g 5 = ree 29l

—1 e B yetins Cawd g OF o 0 dds dall judain ] die B petias Coaed g AT

Exercise N°— 7 — @ d w2

b WS 66,2 R o R &N o (1
Let the function f: R — R be defined as follows
(ax)? if ©<1,

fz) =

asin(x) if x>1

% potae f &I 09 G @ b Blo ik wolia € R 2ys
where a € R s a real constant. What are the values of a for the function f to be

continuous?

6 padone S g R o R &I ogB S8 0, 8,7 € R ol b IS 591 (2
Find all values of the constant o, B,y € R such that the following function g : R — R

1S continuous:
1 if © <0,

9(z) = ae™® + Be* +yx(e* —e®)  if 0<z <1,

R if ©>1.
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Solution : (jemsd!

[ Ol 13) dadd g 15) 3 yetiwe [ O¥ ] —00; 1] e g |1;+00] Jlmad! e 3 yatue atiatl (1
O Adoled)  glutS O i 9 ied (w3 O T e Hlundl (e g Gted! (e Aalgd il
Lo

lim f(r) =asin(n/2)=a ¢ lim f(x)=a*

z—1t T—1—

.a:03ia=1Ql&‘bjdcﬁﬁjﬁ!uiueazzaglélhjghﬁﬁj‘bj1..\.'«.:.3).Mf.&.ﬂ..\ﬂ

e Hled) Gl g Gued! e Ayl pedw ¥ Awl s Lide 8 pol) 00 ST 2 Al yudd Jadd (2
e 9 ]0; 1] Jlowadl 9] —00; 0] Jlonadt e Wb 1 yoliw) zeddl 931 (po g ALY (1 9 0 (plidadidd
tiga (e Lot g J1; oo

lim g(z) =1 ¢ lim g(zx) =a+ 5.

z—0~ xz—07F
Lot 5T dg> o9

lim g(x) = ae™' + Be' +v(e' —e™ ') o9 lim g(x) =e'.

r—1— z— 1+

TASLL dlesdt GasI (), 8,7) 4SS SOl 13) Jadd g 13) 3_peluwe ¢ AT

a+p =1
elate'lf+ (el —e )y = el

DAL Alentl i Lo (e 0T Ly g pdad JUed! Jiou (e g Alasndl St

a+p =1
(el —e )+ (et —e )y = el —e ™t

T RO Walaodl (e ef — o7 dealt JI 55 adatiad

—_ =

+8 © =7
« =

— = 1-
{5‘1‘7— B gl

Y=

00,1,0) +7(1, =1,1) : v € R} 150 3 yaliwn g AN Lglani [y I OLAML) Ao gone
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Exercise N°— 8 — @y i w2

D WS R\{~1} Jo 662l f 63101 oI
Let the function f defined on R\{—1} as follows:

1+

fe) = z3+1°

[ &

—1 ahall 5o ) pain YU £ AN pae 5Ty oo w3l (1

Prove that we can extend the function f by continuing at the point —1.

2 R —1 e s3gs-Lod) Gandll sas (2

Find the value taken at —1 for this extension.

Solution : (jemd!

Bl Clus e Gl poe Wls Load Sadit (—1 dedl e alielly dawdl e J&o adain
T o el Jeladl z sl ST dawed d38 Geaid| ade WY —1 wie f AN
P 4rl=(+1) (2> -z +1)

ZZ\J‘..\J‘H@S‘\.LGj
1

ALy

lim f(z) =1/3
USA) e COST Badeed! AT gyl peliw MLy et ALILE AN O phiid
1+2
fla)=q 2% +1
/3 ol z=-—1.

ol 1) oz # -1,

Exercise N°— 9 — @ (3 pad

¢ 0o Hlaiil bl Gul) el 4B

Are the following functions differentiable at 07

- o) zsin(x)sin(1/z) if ©#0 2 — Lol sin g
fx) = : g()—{o fre0, h(z) = |z]sinz.
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Solution : (Jemsd!

0 Zexdl) e dlgd (a3 COLEs 13) Laud G 9 AN ol 350 deadd crvusmd oy yaid) o

fl@)=f0) wE 1

= = —
x x 1+ |z|

1

Lot g Alal el ] Lgatida g 0 e BLATAM ALl Wt 2 — 0 Lesie

9(x) —9(0)

. = sin(x) sin(1/x).

101 i [sin(1/x)| <1 g [sing| < |2| Joadiad

;9(0)‘ < |z

03 J95 7 Lad 03 J 955 cof 3 e (A0 Hlaed! 2o pla) Jleatiwls
Lot h Joi e .0'(0) = 0 e 0 e Blaiadly ahld g adiad

sin x
a3 A e 9 0 A J 930 T L3 0 A I 932 7] 90 A J9s 2 Led 1 U Jgdasina/z o¥
P(0) =0 e 0 e Flaiad a3 h a9 0 A J9 2t 03 J 955

Exercise N°— 10 — @) (d paad

\sL‘ \ﬂgRJr \:‘9' 0‘9)2“-“ e u$.:.o.>u a,bE]R)&,-ge\
Find a,b € R such that the function f defined on R, is as follows:

f(x):{\/i if 0<az<l,

ax’+bzx+1 if z>1,
differentiable at 1. 1 6s plaiby &hle

Solution : (e

d e 3 paliiwn fATIA) O 9SCOT Coma (Y g
D Lo
lim f (z) =lim (vVz) =1=1lim f (z) =a+ b+ 1.

31 31 31
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tde 9
a+b+1=1= b= —a.
1 e Blaia¥ aduld wyad
10, 1] Jlowadt e 7 = /7 WA pe Gallats f adial)
1/2 aied il g 1 suall Hlan (pe Fidie Juda [0 5= 98 T /T AN Fhdee
92 Lgdiine die g & = az” + bz + 1 WA pes [1, +00[ Jlowadl le GollalSf WA (g 550 Aga (o
X 2ax + b
20+ b & gl Lgaidn g ] i BFlaiady aLild 13) f atiad
TOlEs 13) dadd g 13) 1 e BLAAMN ALLE [ AN o s

fx) = f(1)

lim = ()= lim L&) = /() =11 (1)
51 r—1 31 r—1
1
= §:2a+b
= “=5
b=}

Exercise N°— 11 — a8y ja pad

'R Jo sl Yot plaidk) Gubsle u\u;\
Study the differentiability of the following functions on R :

B 22 sin (%) x#0 B 23 sin (%) x#0
f<x)_{o z=0 g(x)_{o z =0,
Solution : (e

(0¥ 0 e B peiws [ OT das S
lim f () = 0 = £(0)
z—0
R e Ao CF Latall (o oo [ AN (g 451 dga (o
P 5 Ad Aaled e panild g pTl g 0 e BLATAY Aduld u juld

f(z) = f(0)

1
= xsin (—) — 0,2 — 0
x x
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.|a:sin(%)|§|x|4aﬁglm$g;3h»akjgéwmﬂmjﬂiuatpd.@
Giall e f ATl Colss 13) Le it SI.f(0) = 0 pe (0 e Flaiadt alyld f ariad) JSLL
0 e 3idead!) 4oyl el Al yd w0 e CF

L 7 £ 0 Jal (e ile s
F(z) = 22sin G) _ cos (i) |
190 M J 95 Ty dds g Ty = 5, gl
Flan) = % in(2n7) — cos(2nm) = —1 £ £/(0).

Ch ial (po Cawd [ ANl O G100 e jolias (e [/ 1AL g

Co 0 e FLETAM AL R e O auall (yo LedT (18 50 ST g AT Jolad G ylall bty
£ 0 Jai (e EID e dsls) .¢'(0) =0

¢ (z) = 32°sin (i) — T oS (%)

|9 (2) = ¢'(@)] < 3Jaf” + |z].
Ol Gauall (o g die 9 0 e yolws ¢ OF Joo 1o

Exercise N°— 12 — a8y ja pad

Bk 15 &1 R 6 gate G- Y (5 A

In each case, find the definition set of the function and then its derivative:

1) f(z) =42 —522+2—1, 6) f(x)——x+2+3%,
2) flz)=55° = Z+3V5, 0 1) = ——s

3 f@)= (@ + 1) - 20), 9 flo)=(@2o+ 1%

Y @)= 9) f(x) = V(5 —3)
5 )=,
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Solution : (e

lgaidee g R e Blaiady ALl o 42 jae f Al
f(z) = 4X32® — 5X27 + 1 = 122> — 107 + 1

ALld Lglde W Dy =|0;+00] dey .xZOgm#OQgSgQi%ﬁi\éﬁnfgﬂgﬁ
e BLATAM ALIS Lao ) Hasd A Of W3LL¥L 05 +oo] e 9 | — 00 0] Ao Flaiady
Hgdidie 9 ]0;400[ Ao @LaTaM ALLE [ aie 9 |0; +oo]
—1 1 3
flx) =152 — — +3X—== 150"+ < + —=

T T

1
2T 2T

R e BLaiad abld g 43 ,ae f aliudl

fl(z) =2z (2% — 22) + (2® + 1) (32" — 2)
=2t — 4x? + 34 — 22% + 322 — 2

=b5rt — 322 -2

25 Jai ge 274+ 7>0 0¥ R Lle Blaiad aLl8 g 43 yae f
Ao (2?2 +7) — 22 (222 — 3
f/(x): ( )2 2( )
(x247)
 4a® 4+ 28z — 42® + 6x

(x2 + 7)2
34x

(z2 +7)°

J =00 —1[U] = 1; +00[ (e Blaiad ALL8 9 48 pae f ATIAT

, 2z +1) — 2z — 1)
) = (x+1)2
_2x+2-2x+1
(12
B 3
C (z+1)2

J = 00; 0[UJ0; +00[ (e Blaiadt ALils g 4d pae [ Al

2.,—1
(2) = -1+ =X—
2

N 32
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Real functions &amesd) Jig ) Ezercise series N° 2 0 ) o3;Wi) &lwlw 1.2

Wyae fawgrt+at=a(r+1) gla+a”#0 ol 13) BLALEI ALLB g 48 e [ 43I O 98T
R\ {~1;0} ole BLEisN abis 4

14 2x

fl@)=-———713

(x + x2)

fl@) =224+ 1)2x+1) R e BLAGN AL 9 42 yan [ aliud

f(z) =22z +1) + (22 + 1)X2
=42z + 1)
=8r+4

J0; +00[ e Blaiad alLld [0; +00[ e 42 yae f ATl

f’(:v)=%(5x—3)+5\/§
B 5z — 3+ 10x
=
B 152 — 3

2Vx

Exercise N°— 13 — @3 (d s

D S gl n 68 ) oo Shdhal) s

Calculate the derivative of degree n for the following functions:

1).z — ze® 2).x — 2" n(1 + z).

Solution : (emsd!

A35e Jaxiass g (1) = ¢ g(0) = 7 e [(2) = g(2)h(x) 35 5 [(2) = 26 s (1
fOUz) =Y Crg®(@)h P (x).
k=0
g (2) =0 g (x) = 1 g(x) = 7 Lot . 2319l o2 Jadd ods (4o g gemed! laa alliy

o k>0 Js dai e M) (7) = €% Luayi Lot a3¥ 9 k> 2

() = ze® + ne® = (z +n)e”.
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Ezercise series N° 2y 93;Wei) &lwlw 1.2 Real functions &aaas! Jig

AN 0 Ayt e Bdeed) (2
2" In(1 + )

9 R Ol ot (Ao C® avall O @ ool h(x) = 1D(1+I) 9 g(x) — g1 &m."
e L O3] 8 0 el T e | — 1 400]

g (@) =(n—1)...(n— k)" = %x"—l—k,

oY
(—=1)* Yk —1)!
(1+ )k
Jexiwss . f (z) = g(x)h(x) ‘we write: A g f(x) = 2" In(l + 2) paad k>0 Jai (e
o g = 0 Go Sdnd A8de

¥ () =

ey = (n— 1S () T
P = -0 ()

dasies ¢ gome daxt T e @uwdd @ # 0 Yl 13 Fn)(0) = n! Hi i 7 =0 Hlss 13
e dond) (LS A83Me Jleatwbs g

- 22502
' +

Exercise N°— 14 — ady ja padd

) z"e/T W n+ 1 &8 )l go ikl ol et neN \,Tﬂ
Let n € eN. Prove that the derivative of degree n + 1 of the function x™e/* is

_1 n+1
<xn)+2 61/55‘

Solution : (e

N Al pa UL G pllasd) A8Mal codid RY e OF aiuall (e 41101
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Real functions &amesd) Jig )

Ezercise series N° 2 0 ) o3;Wi) &lwlw 1.2

n—Od}owaw‘mj

Ao i @5 7

(l,nel/w) (n+1)

(l,n—lel/r) (n) _

(mnel/x) () _

(x (mn—lel/x (n+1)

Co-x(o)-(x" ! 1/9”)Wrl 0 + O g

—Lel/T ga VT AN Gide i = 0 i (pe Lo
.g|nktww2§>&ﬂ|¢i@,&&

(_1)” 61/36
ZETH—l

e/t S e amel/T ANal LaSG 1agt m+ 1 Y e Lgimws (b 4] g

s ST eed
(=)™,

xn+2

n+1

=2 Cuw

n+1—k
e 161/3:)( +1-k)

) (xn_lel/x) (n+1-1)

1.2. (mn 1 1/x)( )+ (n+1)- (l_n—lel/x)(n)
n 1/m (_1)” 6l/z
z- ( $n+1 ) (n+1) —m—
i (1) et
xn+3 e (&4 na+ 1)+ (n+1) -
(_1)n+1 i
xn+2 ‘
Exercise N°— 15 — ady ja padd
1S Jlgald n s M oo @ GBI (0 s aseall gl a5
Find the finite diffusion at point a of order n for the following functions:
1)  In(cos(z)) =6, a=0
2) % =2 a=0.
sin(z) — x
x m
3) ln(tan(a—i—Z)) =& @— Uk
4)  In(sin(x)) n=3, a=7.
5 (1+z)= n=3, a=0.
Solution : (emsd!
Unwversity of Mohamed Kheidar, Biskra 40 Brahim Brahimi-Jihane Abdelli



Ezercise series N° 2y 93;Wei) &lwlw 1.2 Real functions &aaas! Jig

arctan(z) —z 11 3
Cosin(x) —x 10 +o (@)

In(tan(1/2x 4+ 1/47)) =z + %:U?’ +o(z') e

In(sinz) = In(1/2v2) + z — % - <m - %)2 + ; <x — %)3—1—0 ((m— %>3> o

n(l+z 11 7
.(1+$)%:el(lw+> :6—1/26$+ﬂ6x2—ﬁex3+0(3€3) 3

Exercise N°— 16 — @) (d pad

3688 00 0 158 h(x) = cos (In(1+ 7)) &I sqaseadl pisdh s8]
Find the limited expansion of the function h(x) = cos (ln(l + :c)) at 0 up to the order 3.

Solution : (jemsd!

tc‘a_'s °
f(u) = cos(u) and g(x)=In(1l+ x)
Al g
fog(z)=cos(In(l+z)) and g(0)=0

Wl 3 AT B e gusned| ol LOSS e

2

f(u) =cosu=1-— % +ule; (u)

0 Hle> 2 udai e

bﬁa." °
S
u=g(m)=1n(1+x):x—g—i—?—kxgeg(m)

051> G270 dai (e
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Real functions &amesd) Jig ) Ezercise series N° 2 0 ) o3;Wi) &lwlw 1.2

2u2%3 °

2 28 2
u? = (x Y + 3 + 1’362(1')) =1 — 2% + 2ie3(2)
ud
u? = 2® + ey ()
ey ®

u

= 11— g +U361(u)
-z,

= 1- 51 + z°€(x)
1

= 1- §$2 + 2e(x)
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EILU Juald!

Vector Spaces &us-\=id) Ve Lol

Ezercise series N° 3 @d) i yheld! dhiuds 1.3

Exercise N°— 1 — @) (d w2

:\FL) WS ._ol.ﬁ.n“* \F\S.U'“ .__o.{,ﬂ\ U?\Q’RQQ‘W‘ 391 (1

We provide the set R with the internal composition law Y defined as follows:

Va:,yER:x*y:xy+(x2—1) (y2—1)

{5\:.54\ M\@luﬁgcﬂ.\m\mﬂg ggb)‘”*\)“ ._.439\

Prove that % 1s commutative, not additive, and that 1 is the neutral element.

\s"’ WS __b)ia“ * \FLS-\)J\ ._.,_\.4).\.“ 09)\_6_) Rj_ QQ«W\ 398 (2

We provide the set R with the internal composition law % defined as follows:

Vo,y € Ry : ¥y = /22 + y2
L34 paisl) ¢ 0 olg (et g Jhas o) =8 (4

Prove that ¥ is commutative and additive and that 0 is the neutral element.

e Gulel) Gaily pBs pois CIRY o ¥ ol wusl (B

45



Vector Spaces &as-\)) Ve Linal) Ezercise series N° 3 0 o3} &lwlw 1.3

Prove that there is no element in R% that is an opposite with respect to the

operation ¥ .

Solution : (e

O das (1
wky =2y + (2* = 1)(y°" = 1) =yz + (¥ = 1)(2° = 1) = ykz

TRV R RPLIE- [P

et 2 9 Y 9T e ) giall oS hiaend ued O 93LAN T CLSY

ke (ykz) # (vdky)kz

T poliall HLis] o3 1 anD ¥ O cong dde g (@alemdl puatall ga 1 Of oliaf &y Lo
z2=3 9gy=2.0=0 Jle Jrw e 23D .2 9y o

¥k (ykz) = 0%k (2%3)
= 0% (2%3+ (22 - 1)(3* - 1))
= 0% (6 + 3X8)
= 0%30
= 0%30+ (02 —1)(30* — 1) = —899

(rky)kz = (0%2)%k3
= (0X2+(0°—1)(2* — 1))%3
= (—3)%3
= —3X3+((=3)*=1)(3*—1)
= —9+82
= 55

Lacamd (et K O galat!
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Vector Spaces &as-\)) Ve Linal) Ezercise series N° 3 0 o3 ;\Wi) &lwlw 1.5

Ikr=1-2+(1*-1)(2*-1) ==z
OB aad (o galat OY (SN ALY
xxl = 1%z
Skt ymiall 9o 1kl =1k = x Lo

Lot (A (2

kY = \/x2+y2 = \/y2+:c2:y*x

(g O galal

(kg ks = Va5 s = \ (V) + 22 = g

P (?Ja%x) - (%?Ja Z) s G0 b e oMel Clud dalels

(ykz)dkx = \/y? + 22 + 2°

M*g}lﬂ.ﬂ‘@j;@f@*uy

(ykz)kr = ok (yhz)(vhky)kz = 25k (yk2)

Skl juaiall 98 0 O LLiad e O 2k (yk2) 8 il Clasmd! LilSels ol

Okz = V02 + 22 =|z| ==z, o¥ >0
O¥x = %0

Ovr=2%0==x

y ..!‘. !.”“x&iu’a ....’ (B

thky=0& V2 +y2=0r’+y =02=y=0

gt T gl >0 ds ol o Juomis ThY =0 s gy >0 92> 0 Hu> B
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Vector Spaces &as-\)) Ve Linal) Ezercise series N° 3 0 o3} &lwlw 1.3

Exercise N°— 2 — @) i w2

toh W G b 5,2l op\all K g G = R*XR gl
Let G = R*XR and % be the law defined in G as follows:

(z,y) % (', y) = (z2’, 2y +y)

Salyad and 6p0j (G, %) o) =31 (1

Prove that (G, %) is a non-commutative group.

(G K) 00 698 80 (10, +00[ XR, k) 0f ) (2
Prove that (]0, +00[ XR, %) is a sub-group of (G, %).

Solution : (e

' £0 b a’ £0 g1 #0 oles 13) (A-1
(z,y) %k (2',y) = (z2’, 2y +y) € R* - R.
N NPT PPN EIPVS gupTIFi]

S/ /o0

(@, y) k() (2",9") = (w,9)  (@2", 2y" + o)

/i /1

= (za'2", x(z"y" + ) +y)

/.1

= (za'2", x2'y" + 2y’ +y)

(@, )k (2", y) K (2", y") = (x2’ 2y +y)* (2",y")
= (a2'2" zay" +zy +y)
(rend O gILAY Ale g
Hr,y) € RXR Js= Jari (o cees (a,0) oS8 (B -1
(a,b)%k(z,y) = (z,y) = (z,y)%k(a,b)
) WIS O gluadl oia

p— :1
(ax,ay +b) = (z,y) = (ra,xb+vy) & = & “
ay+b=y b=0

Skl juaiall g2 (1,0) aia 9
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Vector Spaces &as-\2id\ Ve Linal) Ezercise series N° 3 0 o3 ;\Wi) &lwlw 1.5

o (,y) o Comsi (2,y) € RXR oSt (O — 1

(z,y)k (2, y) = (1,0) = (z/, 9 )k (2, y)

) A1 Ol glewadl oiia

zr' =1 =1
(e 2y +y) = (1,0) = @zay+y) &3 T eq "
vy +y =0 Yy ==

B ey JSaS (RPXR, %) aie g (5, 72) 98 (2,9) 3 ,daidl puaiall

Cod B pa 30 Of fam il gl ed (2,0)%(1,2) = (2,4) 9 (1,2)%(2,0) = (2,2) of Lea (D —1
el

sy

(1,0) €]0, +00[XR ga (R*XR, ) 3 Gabemt! jiaiall (2
aia g .(2,y') €]0,+00[XR g (z,y) €]0, +00[XR (<

1 —y x —q/ r —yr+ay
(z,y)% (;>7> = (;Jﬁ( 7 ty| = o

e &by 3,0 (€]0,+00[XR, %) aie g (%W) €10, +00[XR olad = > 0 o Lew
(R*XR, %)

Exercise N°— 3 — @) (d w2

' W a0 Rl piplalh A = RXR & gasal) 395
We provide the set A = RXR with the two laws defined as follows:

() + ()= (x+2",y+v)

and 9

Prove that (A, +) is a commutative group.

Prove that ol st (2
The law * is commutative. \Shas x pplal) (A
The law * is associative. Swss o+ gelel) (B
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Vector Spaces &as-\)) Ve Linal) Ezercise series N° 3 0 o3} &lwlw 1.3

Find the neutral element with respect to the law *.

by s Gals JIGS (4, +, %) of st (D

Prove that (A, +, %) forms a commutative ring.

Solution : (e

(z,y)+ (@ y) =(x+2",y+y) €A
(A1 O LAt die
(z,y) + [ y) + @"y")] = (z,9) + @ +2"y +")
= (z+ @ +2"),y+ (Y +y"))
(z+2)+2" (y+y) +y")
[(z,y) + (=", 9)] + (2", y")

.M+Q33Lﬁ| dia 9
(z,y)+ (@ y) = @+ ,y+y)=0G"+2,9 +vy)
= (2",y) + (z,y)
(S O gIlal de g

e g1l paiall g (a,5) = (0,0) OF gl 31 ¢ra «(2,y) + (0,0) = (2,) o (a,b) oSt
TR |

e (Sl,’/,y/) OS'J"
(z,y) + (2,y) = (0,0)

A 1

+al =0 I
(x+x’,y+y’):(0,0)<:>{x v <:>{x !

y+y =0 Yy =-y
Ao B ey (A +) O it (=2, —y) 92 (2,Y) pdaidl juaiall die g
(A—2
(z,y) * (2, y) = (z2’, 2y + 2'y) = (22, 2"y + 2y) = (2", 9) * (z,)

(D Al g
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Vector Spaces &as-\)) Ve Linal) Ezercise series N° 3 0 o3 ;\Wi) &lwlw 1.5

(B -2

1/

[(z,y) * (2", )] * (2",9") = (w2’ 2y +2'y) * (27, 3")
— (xxlwll,xx/y”—i_SE”(I‘y/—‘FI‘/y))

— (l’l‘/l’//,l’.ﬁ?/y”—l-x//l’y/—l—l’”l‘/y)

/4 /.1 ", 1

(z,y) = (2", y) * (2", ¢")] = (z,y)* (22", 2"y" + 2"y)

/i /.1 /) /s

= (2’2" x(2'y" + 2"y") + 2'2"y)

— (SL’JJISL’”,xxly”—l-xl‘”y/—l—l’/l’”y)

ae g
[(z,y) * (', y")] * (2", y") = (z,y) * [(2, ) * (2", )]

(2,9) € A I I o i (e, ) oSt (€ —2
(2,9) * (e, f) = (,y)

Tre =2x e—=1
=
of +ye=y f=0

F O 9lal At A 3 gald! paiatt (1,0) € A

:d.a_ﬁsfje

ol e slaandt Aan 55 (D — 2
(@,y) = [(@",y) + (@" +y")] = (z,9) =@ +2"y +y")
:U(a:/_i_x//)’x(y/ +y//> + (a:/—i_x//)y)

JZI’—}-fo’”,ZEy/ _’_.Ty”“f‘l‘/y“f‘l‘”y

/"

)
IZE/—FIZ‘H,[Ey/ +x/y+xy//+x//y>
' xy + 2'y) + (e, xy” + 2"y)

z,y) * (2, y) + (z,y) * (2", ")

Al Bl (A, 4, %) ;¥ b
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Vector Spaces &as-\)) Ve Linal) Ezercise series N° 3 0 o3} &lwlw 1.3

Exercise N°— 4 — @ d w2

1ol 620 Y Glanle W) w5 I Gus1Ril) e bl e Ys\0 a5g

Find the equations of the victor spaces created by the following rays:
u = (1,2,3) e
u; = (1,2,3) and ug = (—1,0,1) e

u; = (1,2,0) cug = (2,1,0) and ug = (1,0,1) e

Solution : jemsd!

ais g Uy g laddly A gedl 3 sl peladd) slaall F auad

r = a a =z
(2,y,2) €EF <= JaeR, { y = 20 <= FacR, S y—-2x = 0
= 3a z2—3x = 0
—9r =
<~ Y v
z2—3x =

e g Ug 9 U Z\.a.cbs’\.t A gadl (At eladd! clndll Gbm.‘F_Y OY¥alae Jaally Lias o wat

xr = a—>
(r,9,2) €EG <= F(a,b) eR* { y = 2
= 3a+0b
a = y/2

< J(a,b) eR* ¢ b = z—3y/2
0 = 2—-2y+=z
— rv—-2y+2=0.
g g Up Uy AadNL o3 godt 5 pmdl eladdl sladtl H piad .G Walas 0 5 5> ¥ Walaot ola
tde g
r = a+2b+c
(z,y,2) € H <= F(a,b,c) ER®>, ¢ y = 2a+b

= C
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Vector Spaces &as-\)) Ve Linal) Ezercise series N° 3 0 o3 ;\Wi) &lwlw 1.5

a+2b+c = =z
<= 3(a,b,c) € R, —3b—2c = y—2x

C =

H =R Sl 9.2 9y & mud SOl Loga M Jual dlasntl

Exercise N°— 5 — @d gﬁ)ﬂsw

R g W) ud ) o febioal) 6 adgelt 626 YN s3-q
Find the generated rays of the following subspaces of R3:

F={(z,y,2) €R’ +2y—2=0} o

G={(z,y,2) ER% 2 —y+2=0 and 20 —y—2=0} e

. J
Solution : (e
Lod o
T =-2y+z
(x,y,2) € F <<= r=-2y+2 < y €R
z€eR

— (‘T7y’z):(_2y+zay7'z)ay€sz€Ra
= y(_27170)+2(17071)7y€R;ZER

. .

= vect(uy, uz) amd ade g up = (1,0,1) g up = (=2,1,0) auaad

r—y+z = 0 . {x—y+z =0

r,y,2) € G —
(,9,2) { y—3z — 0

2 —y—2z =
= (1,9y,2) =2(2,3,1)

u=(2,3,1) cus G = vect(u) a=d din g

Exercise N°— 6 — @) (d w2
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Vector Spaces &as-\)) Ve Linal) Ezercise series N° 3 0 o3} &lwlw 1.3

Let be in R* the vectors &6 R <° Jl:!
v1 =(1,2,3,4) and vy = (1,-2,3,—4).

¢ (z,1,y,1) € Vect{vy, v2} La> y 9 7 s1%0) pahiws JB o
Can we find x and y where (z,1,y,1) € Vect{vy,vs}?

¢ (z,1,1,y) € Vect{vy, v2} <a> y 9 7 s1%) pahiws JB o
Can we find x and y where (z,1,1,y) € Vect{vy,vs}?

Solution : (e

(z,1,9,1) € Vect{vi,va}
= IpeR (2, 1y,1) = N1,2,3,4) + u(1,—2,3, —4)
< INpeR  (x,1,y,1) = (N2 3N 4N) + (1, —2p, 3, —4p)
<~ INpeR  (z,1,y,1) = (A4 1, 2X — 20, 3N + 3, 4\ — 4p)

= I\NpeR 1=2A—u) 9 1=4\—p)
1

1

2,y Fie Ao giall LiSes ¥ I (2, Y Ol Li) Jusdius 309
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Vector Spaces &as-\u)) e Linal)

(z,1,1,y) € Vect{

U1, U2}

I URIRY 2 e

iff I peR  (x,1,1,y) = (AN+ p, 22 — 2, 3N + 3, 4\ — 4p)

.
x
1

<~ d\pueR
1

<~ 3\ pueR

\y

=A+pu

=2\ —2u
=32+ 3u
=4\ —4u

(3,1,1,2) cewlio @1 (2,1, 1,y) dum ol ¢ Ladiht ola 13

Brahim Brahimi-Jihane Abdelli
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Linear applications &alasd) —\anlail)

Ezxercise series N° 4 ady o jbald| ds 1.4

Exercise N°— 1 — gdy id w2

Y ol Gabhs ok oo 6)he GuI kil w5\ 1) s s
Determine whether the following applications are linear applications or not:
[R5 R (z,y)— (x+y, z—2y,0) (1
[RE=S R (z,y)— (z+y, z—2y,1) (2
fR2 SR, (z,y) —~ 22 —¢? (3

Solution : (e

deg AER g R Lav=(2,y) gu=(z,y) 830 .Sas Godai f o (1

flutv) = (@+2)++y) (z+2") =2y +¢).0)
= (z+y,z—2y,0)+ (' +y,2" —2y,0)
= f(u)+ f(v).

o7



Linear applications &asd) - \anhsl) Ezercise series N° /4 w9 o3\ &lwlw 1.4

N V)
fu) = (Az+ Ay, Az — 2)y,0)
= Mz+y,x—2y,0)
= A(u).
£((0,0)) #(0,0,0) 0¥ las Guddal cuwd & f (2
O Glas Godad cowd f (3
F((1,0) =1, f((=1,0)) =1 5 [((0,0)) =0# f((1,0)) + f((~1,0)).

Exercise N°— 2 — gy id w2

Let the linear application f : R* — R? be defined o e\ f: R* - R? &) ki) Jl/.\.\

flx,y) = (r+y,z -y, 2 +y).

?)Ja\s"— foalie 99 @9.031930 g <f \Y\DJ\ @il é\g.') )..5,—99\

Find the kernel of the linear application f, and its image. And is it injective? surjective?

Solution : (jemsd!

] et Gaedatd 31 g0 sl (1

Ker(f) ={(z,y) € R?: f(z,y) = (0,0,0)}.

- | LNV
r+y =
T+ =
Y { i =
r+y =

Ker(f) =1(0,0) i pocciwsd
mliie [ Olb A il e Ker(f) = (0,0) o Loy (2

Ao gama (o (U, 0, W) OF J 943 R (e g lad (u,0,0) (S0 .f Glasd! Godaill 3 ) g sl (3
W= 1) dasa "Ajf‘“,.hé-«..ﬂ A Zirk [ PO
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u = xr+vy
A(z,y) €R?, (w,v,w) = f(z,y) <= I(z,y) €R*, { v = z—y
w = r+Y
u = r+vy

< J(z,y) € R? ut+v = 2

w—u = 0

u;v _ y

< J(r,y) € R? uty x

w—u = 0

‘:)i .won -

Im(f) = {(u,v,w) € R* u—w =0},

ol el f ade g JIm(f) kwgdﬁeﬁ(l,l,m (hols doiny

Exercise N°— 3 — @) (d w2

Let the linear application f : R* — R* be defined o) f: R* — R* S ekl ‘;L/x.\

flz,y,2)=(x+2, y—=z, 2z+4+y, z+y+22).

Find a basis for Im(f). Im(f) I \wl )}9‘ (1
Find a basis for Ker(f). Ker(f) 2wl ).}-99\ (2
Is [ injective? Surjective? Bijective? f b8 ¢l Cholie £ B (3

Solution : (e

s f laddl Gedatd) (ay pal Jeatnd (1
fler) = (1,-1,0,1)
f(€2) = <0717171)
f(e?’) = (1a07172)
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01 das D O pSen
fles) = flex) + f(e2)

fler), flea), fles) aaa¥i OF plad Lok ibdas alas yo {f(e1), f(e2), fes)} aa¥t OF (i
gt bl 0S5 2 9 {f(€1), fle2)} (o Bud g0 Im(f) 4 g Im(f) =3 53 90

Lot (2
r+z = 0 r+z = 0
-+ 0 +z 0
(x,y,2) € ker(f) <= Y — {7
y+z 0 y+z 0
r+y+22 = 0 y+z = 0
T = —z
— Y —Zz

= Z
s g Ker(f) (ulwi 9gd (p gann jul adY L)Ja.' Ker(f) &2 (—1,—1,1) g ladd) O piddenss

dim(Ker(f)) = 1.

Aoy G (o8 1 e ) O3 31 g O jeld (ued f Baedadl (L8 3y guall g 31 o0 A HIaY o (3
Q‘Y3‘“53Lu:a¥[m(f)

Im(f) = Veet{f(e1), f(e2)} = dim(Im(f)) = 2.

Exercise N°— 4 — gdy id w2

tY el s £ enbill ol 1) Lo sas

Determine whether the application f; is linear or not:

fi:R2=>R? fi(z,y)=2r+y,x—1y)
o R =R folz,y,2) = (zy,7,9)
3R =R fy(w,y,2)=2x+y+2,y—2z,2+7Yy)
f1:R2 =5 RY fy(x,y) = (y,0,2 — Ty,x + y)
f5(

f5 1 Ry[X] = R® fs(P) = (P(=1), P(0), P(1))
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Solution : (e

DY) ER? g (2,y) €R? (SI Gas Gudad fy (1
fillzy) + (@ y) = Az +2'y+y)

= Q2@ +2)+y+y) (@ +2) ~ (y+))
=2e+y+22'+y, o —y+a —y)
= 2z +y,z—y)+ 2 +y,2" )
= fl(x7y)+f1(x/7y/)
TAER 5 (2,y) ER? S

(A (z,y) = LAz, \y) = Az + Ay, Az — Ny) =X 2z +y,z—y) = A+ filz,y).

S2(2,2,0) 3 i slace cead fo(1,1,0) 4 fo(1, 1,0) Jlidt e le plase e st f (2
Of (2, 2') 5 (2,9, 2) dai (pe Gamid © Glad Gadal f3 (3
fa((z,y,2) + (2,9, 2) = falw,y, 2) + fa(2, ¢/, )
Js(A - (2,9, 2)) = X fa(@,y,2) Lasd X g (2,9, 2) Jai o Lavas .
Gl (2,1) 9 (z,y) Jaf (e a0t las Gadad fy (4
fil(z,y) + () = falz,y) + ful@'y)).
JiA - (2,y)) =X fa(z,y) Lot A g (2,y) J2T (e g daay

old PP € Ry[X] oS 1 pasd Gudal f5 (5

fs(P+ P = ((P + P')(=1), (P + P')(0), (P + P')(1))
= (P(=1) + P'(=1), P(0) + P'(0), P(1) + P'(1))
= (P(- 0), P(1)) + (P'(=1), P'(0), P'(1))
= f5(P) +f5( )
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Z)\GR}PERg[X]Q\&B!j

Exercise N°— 5 — @ (d w2

b pall f RS RS Jbsd) gnbil) o)

Let the linear application be f : R® — R? defined as:
flz,y,2)=(-3x—y+2z, 8r+3y—2z —dr—y+22).

10125 s by £ o) oled wlni s5qh (1

Find a basis for the kernel of application f and calculate its dimension.
Is the application f injective? foalie [ o) B (2
Find the range of f. Is the application f surjective? ¢po\& f o) I® .f &3, ).}-99\ (3

Find a basis for Im(f). Im(f) 3 ol ).>.-9¢\ (4

Solution : (e

DOl 15 dadd g 13 (2,y, 2) € ker(f) Lot (z,y,2) € R3 s (1

-

—3r — y + z =0 z — y — 3r =
8r 4+ 3y — 2z = 0 = -2z + 3y + 8 =
—4dr — y + 2z = 0 22z — y — 4z =

faamd (Sl Mg Ae) SIS ) J oW sl Cands (15 e A1) Adlols ¢ @S

z -y — 3x =
z —xr =
y + 2¢ = 0 == .
y + 2z = y +2v =0
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ST el ol > (2,y, 2) Ol 13) dadd gI3) (2,Y, 2) € ker(f) AL
(,y,2) = (z, —2x,2) = x(1,-2,1).

Ay paie o 0980 whe¥! T (1,-2,1) g laddl f Gdaidll 3150 ululs 250 4y
dim(ker(f)) =1 han

Oaldos pud [ aie g {0} p giacdl slindll pe Gallail ¥ 51 g3t (2
Lot 45 8 A plas cws (3

rg(f) =3 —dim(ker(f))=3—-1=2.

92 U1 J g0 o) clind (o Lalicn 2§ ghan 5y guall sliad s 0¥ 1 jelé pued fGaadald
.3..\.1;.”351@3

Lot L f Geadalill gl slind alow) (4
]m(f) = {x(_3787_4)+y(_1737_1)+Z<1a_2a2) : :L‘7yaZ€R}

= wvect(uq,uz, uz),

WSy obd Gl J1 5t o uz = (1,-2,2) gup = (—1,3,—1) cug = (3,8, —4) auad Coe
.]m(f)qu!d&mu@LdaaM(ul,UQ)M ST Ag> (e 2 o [ Gudad

Exercise N°— 6 — gdy jd w2

f b WS 6620 (€1, €2, 65) SPW I b aloghas 2o R? g f SN JHUN ol

Let the ondomorphism f of R3 whose matriz in the canonical basis (e1, ez, e3) is defined as

follows:
15 —11 5
A=1 20 —-15 8
8§ —7 6
Prove that the vectors a2 of s

e] =2e1+3ex+e3, €y =3e;+4des+e3, €5 =e;+ 2ey+ 2e;3
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oI 130 Sl f Sogoe 1590 w5 R? sbadl) wln i JT&s

form a basis for the space R?, then find the matriz f with respect to this basis.

Solution : (e

A gaine P (S B = (€], €h, €5) = dguadl (ulud 9 euadll ulud B = (61,62, €3) = o 52
Ao Gl Aa sl GLEs ya (po joatdl (po a1 Aaa ¥ Ol jo (b Lgiaec] G ) grall
it B aaaddt pulw¥) ¥ B

2 3 1

P=|(3 4 2

112
PRI () ALL YL (el IS B O i Lga glde Ol 9w gSe P (1 3asio

—6 5 —2 100
P'l=|4 -3 1| cwsaB=P'AP=|0 2 0
003

B pulw¥ 2 [ Godaid) 48 gane oo B

Exercise N°— 7 — gy id w2

Giog0s Las R go [ SI! df\mﬂ‘\;m

Let the ondomorphism f of R? where its matriz

) 2

_ 3
A= <_§ _z>

2 3

on the canonical basis, so let Ig.ig ceg.‘\sd\ ol 3 <°

=2 —7
er = and ey = )
Matp (f) Goqnaal) 1591 w8 R? sbod) winl B = (e1,e0) o) =31 (1
Prove that B' = (ey, e3) is a basis for the space R? and then find the matriz Matg (f).

Calculate A™ for n € N. neNJISY oo A" s (2

YIS cﬂ\ Gumasd) = Wiel) 6o gatee 34> (3
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Determine the set of real sequences that satisfy:

Tnt+1 = 2xn + = YUn

Yn+1 = _§mn - gyn

Solution : (e

B = (e1,63) pukaw¥) g3 B = ((1,0),(0,1)) 5 $3LaM ula¥1 (o 5 guall 42 gans P auas (1
Dy 961 bWl Andi (e A 9Se
-2 =2
P =

.u.uLwiB/‘:,J\JJ\ej'Mjs.cPM3detP:—4#o

Dot B el B f A ghme dia g

Bopiap_ L[® 2 2 3\ (-2 -2\_(10
4\-3 —2)\-2 -2 3 5 0

Wl

PA" aaay it A= PBP! Ui Les

6 4
A" = (PBPY) = pBipl =L Woa Ao
4\-15+2 —6+ 12

JSEd) e LGS OLALGRY did Gdass od OYslacdl dwg X, = (x”> Lacs g 13) (3
) Yn
Xn_;’_l - AXn

Zo

> € R? Sl do pidf Liads g 13)
Yo )

WO G 9 X, = A" X iole X = (

Ty =

(10 = &)+ (4 = )0
(=15 + 22)zo + (—6 + ;-2)%).

N

Yn =
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